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Abstract 

Determination of packing density of a particulate mixture is still an open problem for researchers 
and scientists. The complex and random nature of particle behavior in a mixture and effect of 
various external factors have made it more and more complicated to develop theoretical and 
analytical models to predict the packing density. This study focused on the effect of vibration 
frequency, particle shape and surface texture on packing density. Initially, laboratory experiments 
were carried out to determine the use of packing concepts in concrete mixture design for 
interlocking concrete block pavers (ICBP). The approach found to be successful. However, 
determination of packing density of aggregate mixtures in laboratory was time consuming and 
difficult. Hence, the use of packing models to determine the packing density was studied. Validity 
of existing packing models for the aggregate mixtures was studied and as a result the 3-parameter 
model was found to be the only model that incorporates loosening effect, wall effect and wedging 
effect and the percentage error of 3-parameter model found to be lesser than that of Toufar model 
and compressible packing model.  Hence, the 3-parameter model was selected for the 
modification. The results obtained from experiments were then analyzed and relationships were 
developed isolating the effect of vibration, surface texture and particle shape. Three effects were 
combined, and the packing density variations were obtained to incorporate the effects and modify 
the 3-parameter model. The packing density and vibration shows a 3rd order polynomial behavior 
while shape and surface texture shows a linear relationship with packing density. The developed 
model was validated for more than 300 independent data. The behavior of loosening effect, wall 
effect and wedging effect with vibration, surface texture and shape were also analyzed. The wall 
effect is affected by both surface texture and vibration frequency. The loosening effect is affected 
only by particle shape and the wedging effect does not affect by any of these factors. 

Key words: Packing density, Vibration, Shape, Surface texture, Packing model 
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CHAPTER 1 

1 INTRODUCTION 

1.1 General 

Densification of particulate mixtures to obtain desired characteristics is a main 

requirement and a challenge in materials engineering and science. The packing density of 

a mixture is an indication of how well the packing is occurred. It is measured as the solid 

volume of a mixture over total volume. Higher the packing density, higher the solid 

volume of the mixture, which indicates that the density of the mixture is higher as well. 

Higher packing densities are often desired in material industry to achieve both high 

strength materials and impermeable materials. (i.e.: high strength concrete, impermeable 

concrete, aggregate base course etc.). However, sometimes it is required to obtain 

mixtures that has the lowest packing density which may carry higher volume of voids (i.e. 

open graded friction course, permeable concrete, porous asphalt etc.).  Thus, it is important 

to determine the packing density of a mixture beforehand in-order to achieve required 

properties of a mixture.  

Determination of packing density of a mixture is practically a tedious process. The process 

gets more and more complicated when the particles are of various shapes and textures. 

The compaction process also affects the packing density. Hence, simulating or replicating 

similar conditions in a laboratory is difficult. To overcome such difficulties and predict 

the packing density of a particulate mixture, researchers have been trying to develop 

theoretical packing models over the past few decades. However, most of these models are 

based on basic assumptions like spherical, smooth particles with random or loose packing. 

Therefore, applicability and reliability of such models are limited for more advanced 

applications.  

Hence, development of a theoretical model that can accurately predict packing density of 

a given complex mixture accommodating shape, texture and packing method (vibration) 
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is a need of the industry and scientific community.  This study focusses on developing a 

theoretical packing model incorporating shape, texture and vibration frequency.  

1.2 Objectives 

The objective of this study is to develop a theoretical packing model incorporating 

vibration frequency, surface texture and particle shape. It is proposed to, 

1. Determine the validity of existing theoretical packing models 

2. Determine the effect of vibration frequency on packing density 

3. Determine the effect of surface texture on packing density 

4. Determine the effect of particle shape factor on packing density 

5. Develop a theoretical packing model incorporating vibration frequency, surface 

texture and shape factor 

1.3 Significance of the research 

Particulate mixtures and materials are widely used in many industries. Concrete 

technology, mining and mineral processing industries, ceramics processing, powder 

metallurgy, asphalt mix design etc. have shown an interest in packing of solid particles 

for the advancement of respective field. Most of these industries try to achieve highest 

packing density for better performance while some try to achieve lowest packing density 

for certain applications. Either case, prediction of packing density of solid mixtures 

without going through rigorous trial and error process is preferable to save time, money 

and effort. However, determination of packing density of a particulate mixture is a 

challenge due to complexness. The task becomes more challenging when number of 

factors such as particle shape, packing method, particle surface texture etc. affect the 

packing.  

Several attempts have been made to develop theoretical packing models to accurately 

predict the packing density of a particulate mixture. Still, most of these packing models 

are not accurate enough for complex mixtures such as optimization of concrete aggregate 
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packing, determination of asphalt aggregate blend etc. The main reason for this limited 

reliability is because these models are based on several basic assumptions such as 

spherical smooth particles with random loose packing. Nevertheless, the real conditions 

of a particulate mixture are different. For example, aggregates used in concrete are of 

different shapes, different textures and vibration is used for better compaction. Hence, the 

basic packing models that do not incorporate these factors, thus may not provide the best 

packing density values. Several attempts have been taken to develop packing models by 

taking these realistic conditions into account. These attempts are successful to a certain 

extent. However, majority of these models consider only one factor at a time into account 

and they do not consider the combined effect to predict the packing density of a mixture. 

Thus, they cannot be used for more complex situations.  

This study identifies the significance of developing a new theoretical packing model. The 

study incorporates three most critical parameters; shape, texture and vibration in a new 

packing model. By accounting these three factors in to the model, this study will 

significantly improve the understanding of packing of particulate mixtures.   

1.4  Thesis overview 

Chapter 1 presents an introduction of the study with importance of determination of 

packing density of particulate mixtures. Also, this chapter explains the thesis structure and 

overview.  

Chapter 2 reveals the findings of literature review. Literature review presents particle 

optimization methods, influence of packing on concrete properties, applicability of 

packing models on mixture designing of interlocking concrete block pavers (ICBP), effect 

of vibration, shape and texture on packing density.  

Chapter 3 presents the methodology of the research. It includes the method followed to 

measure the packing density, apparatus and the techniques used for applying the vibration, 

method of measuring shape and surface properties etc.  
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Chapter 4 describes the validity of particle packing models in mixture design for the 

application of ICBP. The chapter evaluates the existing particle packing models and 

selects the 3-parameter model for further modification.  

Chapter 5 reveals the effect of vibration frequency, size ratio and large particle volume 

fraction on packing density of binary spherical mixtures. The chapter further explains the 

development of an analytical model to predict the packing density of binary spherical 

mixtures subjected to vibration.  

Chapter 6 explains the combined effect of shape, surface texture and vibration on packing 

density of binary particulate mixtures. This chapter explains the individual effect of shape 

and surface texture on packing density and develops analytical equations. Further the 3-

parameter model is modified to account the combined effect of vibration, surface texture 

and shape factor.   

Chapter 7 contains the conclusions, limitations and recommendations of the study. 
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CHAPTER 2 

2 LITERATURE REVIEW 

2.1 Introduction 

Particle packing optimization is of paramount importance in the field of materials 

engineering and science. The ultimate objective of the study is to develop a theoretical 

packing model that incorporates the effect of vibration, surface texture and shape 

parameters of particles on packing density of a mixture.  To develop the model, a 

systematic approach was adopted, and this chapter presents the literature published under 

the subject.   

The section 2.2 presents the particle optimization methods available and analyses the most 

suitable method to incorporate vibration, shape and texture. The section 2.3, 2.4 and 2.5 

studies the influence of particle packing on concrete properties and applicability of 

existing packing models for ICBP mixture design. The section 2.5 reveals the shortcoming 

and loopholes of existing packing models and provides an idea to improve the packing 

models to predict more realistic values by incorporating shape, texture and vibration. The 

section 2.6 describes the basic theory behind conventional two parameter model and 

development of 3-parameter model incorporating wedging effect. The section 2.7 explains 

the effect of vibration, shape and surface texture on packing density and how to measure 

each parameter. The final section concludes the literature review.  

2.2 Particle optimization methods 

Packing optimization in concrete mixture design is the process of selecting suitable sizes 

and proportions of different aggregates to achieve desired properties in concrete. Simply, 

smaller particles should be selected in a way that the size and proportion of the smaller 

particles can fill up the gaps in between larger particles to obtain the maximum packing 

density. Higher the packing density, lesser the voids in the mixture.  
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Optimization of particle packing can be divided into three categories:  

• Optimization curves.  

Optimization curves use particle size distribution curves of group of particles (continuous 

gradation of particles) and provide an optimum curve to achieve the maximum packing 

mixtures from the available group of particles.   

• Discrete element models.  

These models use numerical analysis and produce virtual packing structure using 

advanced computer applications to predict the packing density and packing arrangement 

of a given particulate mixture.   

• Particle packing models.  

Particle packing models are analytical models which calculate the final packing density 

of discrete or continuous particle groups by analyzing the geometry, packing 

characteristics and inter particle effects.   

2.2.1 Optimization curves 

Feret (1892) studied the influence of aggregates on concrete strength in early 1892. Based 

on his studies, researchers experimented ways to determine the ideal grading curve that 

provides the best packing. One of the most prolific finding in this area is the Fuller curve 

which was found by Fuller and Thompson (1907). This curve is still in use for the 

calculation of concrete mix designs. The Fuller curve is given in Equation 2.1 (q = 0.5). 

Various researchers modified the equation for the value of q (Talbot & Richart, 1923). 

Andreasen and Andersen (1930) proposed a q value in the range of 0.3-0.5. Further, they 

proposed that this factor may vary with the particular aggregate characteristics such as 

angularity, surface texture etc. and the precise value needs to be determined 

experimentally for the given aggregate group. For angular particles q becomes lower (0.3) 
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and for ideal spherical particles q becomes 0.5 and the equation gets identical to the Fuller 

curve (Kumar & Santhanam, 2003).  

 

𝑃𝑃(𝑑𝑑) = � 𝑑𝑑
𝑑𝑑𝑚𝑚𝑚𝑚𝑚𝑚

�
𝑞𝑞

                 …………………………………………. Equation 2.1 

 

P(d)  -  Size cumulative distribution function  

d  -  Particle diameter in meters 

dmax  -  Maximum particle diameter in the mixture in meters 

q  -  Parameter (0.3-0.5) which adjusts the curve for fineness or coarseness 

Funk et al. (1980) documented that every particle size distribution should have a finite 

minimum size dmin. Hence, they modified the equation to accommodate the minimum 

particle size and the equation is given by: 

 

𝑃𝑃(𝑑𝑑) = 𝑑𝑑𝑞𝑞−𝑑𝑑𝑚𝑚𝑚𝑚𝑚𝑚
𝑞𝑞

𝑑𝑑𝑚𝑚𝑚𝑚𝑚𝑚
𝑞𝑞 −𝑑𝑑𝑚𝑚𝑚𝑚𝑚𝑚

𝑞𝑞     ……………………………………… Equation 2.2 

 

The value of q = 0.37 for optimum packing according to their studies.  

Both Equation 2.1 and Equation 2.2 provide mixtures with highest packing density. These 

curves do not address the effect of particle shape, packing method or surface texture etc. 

However, the particle shape influences the packing of a mixture (Walker Jr, 2003;  Zheng, 

Johnson, & Reed, 1990). Also, Zheng et al. (1990) has studied the effect of shape on 

packing and tried to modify the equation to accommodate shape effects. They have 

documented various q values for various particle shapes. Figure 2.1 shows the ideal 

packing curves according to Fuller, Andreasen and Funk and Dinger for a maximum 
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particle diameter of 32 mm and a minimum particle diameter of 63μm (Fennis & 

Walraven, 2012). 

 

 
Figure 2.1: Ideal packing curves (Fennis & Walraven, 2012) 

High porosity means less packing density and vice versa. Peronius and Sweeting (1985) 

developed an equation to calculate the porosity of mixtures accommodating the roundness 

of particles and Fuller curve. Many researchers used the Funk and Dinger model to 

optimize concrete mixtures and used various q values according to the requirement 

(Brouwers & Radix, 2005; Garas & Kurtis, 2008; Hunger, 2010; Kumar & Santhanam, 

2003; Lagerblad & Vogt, 2004).  

By using the equations for optimization curves, commercial computer programs have been 

developed to optimize the aggregate mixtures. EMMA [concrete.elkem.com] is such 

computer application which produces optimized aggregate mixtures for a fixed q value. 

COMPASS is another program which uses several packing equations to produce either 

aggregate mixtures or concrete mixtures with further input of particle size distribution 

data and required concrete properties.  
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However, these programs do not accommodate particle shape effects when performing the 

optimization process. Hence, the results obtained from these programs would not yield the 

mixture with the maximum packing density. The optimization curves do not have the 

capacity to accommodate such variations in particle packing process to produce a more 

realistic output.  

Furthermore, Palm and Wolter (2009) and Stroeven and Stroeven (1999) have shown that 

instead of continuous mixtures, gap graded mixtures may lead to a higher packing density. 

However, optimization curves produce continuous mixtures which might produce lower 

packing density mixtures where use of selected mixtures with binary or ternary particle 

classes may yield more packing density.    

 Andreasen and Andersen (1930) assumed that the particle packing characteristics must 

remain similar when the particles and the container scaled in size. Based on this 

assumption Funk and Dinger (2013) studied the relationship between packing density of 

several single sized particulate mixture and the packing density of continuous particle size 

distributions presented by Furnas (1928). Even though their research did not confirm a 

mathematical relationship between the packing of discrete and continuous size 

distributions Brouwers (2006) found a mathematical correlation between the packing of 

discrete and continuous size distributions.  

2.2.2 Discrete element models 

Discrete element models (DEM) produce a computer aided virtual particle matrix using 

the particle size distribution. Initially DEM models were developed as a static model 

where once the particle was placed, it would not move. Particles were placed randomly in 

the order of largest particles to the smallest. The simulation output is a three-dimensional 

(3D) model with a particulate mixture of different particle sizes.  Hymosrtuc model which 

was developed by Technical university of Delft and the model developed by Zheng and 

Stroeven (1999) are commonly used to produce high quality concrete mixtures. Figure 2.2 

shows the output of such models.  
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Figure 2.2(a): Model by Zheng and Stroeven (1999) Figure 2.2(b): Model by Fu and Dekelbab (2003) 

Figure 2.2: Discrete element models creating a particle structure without particles contact.  

Figure 2.2(a) shows the output of a 2D model by Zheng and Stroeven (1999) and Figure 

2.2(b) shows the output of a 3D model by Fu and Dekelbab (2003). With the advancement 

of technology, computers were able to solve more complicated problems rapidly. This 

lead to the development of dynamic models which are more complicated in nature. 

Dynamic models placed particles in the confined space randomly allowing them to move 

freely and achieve the maximum packing status by iterative process. These simulations 

run millions of different arrangements and calculate the maximum packing arrangement. 

The particles were subjected to gravity and interparticle collision to create forces that 

move particles. These models create mixtures with random loose packing and according 

to Fu and Dekelbab (2003). One of the main disadvantages of these models is that they do 

not generate the mixtures with the highest possible packing for a given particle size 

distribution. To overcome this problem, some models produce particles in a container and 

decrease the container size (Stroeven & Stroeven, 1999) and certain models leave particles 

to overlap and increase the container so that particles rearrange until particles do not 

overlap (Kolonko et al., 2008). These models will produce a virtual packing mixture with 

known particle locations, shapes and sizes. Figure 2.2(b) shows a simulation model 

produced by Fu and Dekelbab (2003). The mixture will be analysed to produce results 
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such as maximum packing, porosity, inetrconnected voids and lengths etc once the 

container volume is defined. The packing models can also be used to collect more 

information about particle packing such as determining the resistance to external loads 

(Snoeijer et al., 2004), calculating the number of connected points between particles etc. 

Further, these models can be used to measure the rheology and flowing properties of 

concrete mixtures (Gram & Silfwerbrand, 2007; Roussel et al., 2007).  When the particle 

size distribution is continuous or the number of particle size classes is higher, 

determination of the suitable composition to achieve the maximum packing density 

becomes more complex. Also the number of inputs to the system increases and the 

simulation time increases as the number of particles to be analyzed is higher. Hence, the 

time taken to simulate a single mixture is very high. To overcome such issues, researchers 

adapted to a stepwise approach where small particle mixtures are first packed and put 

them in the voids between large particles (Kolonko et al., 2008).  

2.2.3 Particle packing models 

Analytical packing models calculate the theoretical packing density of a particulate 

mixture. These models predict the packing density based on geometrical principal and 

mathematical relationships. The mathematical relationships are developed to determine 

the inter particle interactions (which will be explained in detail in section 2.6.1 and 2.6.2) 

within different size classes. Usually packing models have two equations for two cases 

where large particle dominant case and smaller particle dominant case.  The minimum 

value of the two equations will provide the packing density of the mixture. 

The two basic mathematical equations of almost all particle packing models are the same 

and purely based on the geometry of the particles, Equations 2.3 and 2.4.  

 

𝛼𝛼𝑡𝑡 = 𝛼𝛼1
1−𝑟𝑟2

= 𝛼𝛼1
𝑟𝑟1

    ………………………………………. Equation 2.3 

𝛼𝛼𝑡𝑡 = 1
1+𝑟𝑟2

𝛼𝛼2

    ………………………………………  Equation 2.4 
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𝛼𝛼𝑡𝑡  - Calculated packing density of a mixture  

𝛼𝛼1  - Packing density of the large size class 1  

𝛼𝛼2  - Packing density of the small size class 2  

𝑟𝑟1  - Volume fraction of size class 1  

𝑟𝑟2  - Volume fraction of size class 2   

For two size classes, by definition 𝑟𝑟1 + 𝑟𝑟2 = 1  

The basic equations given above were introduced by Furnas (1928). The basic equations 

were developed based on number of assumptions and can only be valid for binary mono 

sized spherical particulate mixtures with no interaction between particles (small particle 

diameter to large particle diameter is close to 0). The two different equations resemble the 

two different cases. Case 1 is when volumetric fraction of large particles is greater and 

dominates the mixture while small particles freely fit into the voids in between large 

particles without disturbing the packing structure. Case 2 is when the volumetric fraction 

of smaller particles is greater and dominates the mixture while larger particles are 

embedded in a sea of smaller particles without disturbing the matrix of smaller particles.  

Westman and Hugill (1930) developed an algorithm using the discrete packing theory. 

This model can also be used for mixtures with more than two particle classes which do 

not have inter particle interaction. Furnas (1931) proposed a model to predict the packing 

density of multiparticle mixtures and supporting equations to derive interparticle 

interactions.  

Aim and Le Goff (1968) incorporated the interaction effects, the wall effect (which occurs 

when introducing a large particle to a small particle dominant mixture) into the Furnas 

model and Schwanda (1966) presented a model incorporating both interaction effects, wall 

effect and loosening effect (which occurs when introducing a small particle into the matrix 

of larger particles) (Reschke, 2001).  
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Modeling of multiparticle mixtures from binary mixtures was initially studied by Toufar 

et al. (1976). Following the studies of Toufar et al. (1976), Stovall et al. (1986) and Yu 

and Standish (1987) modified the basic Furnas equation. Dewar (2002) developed an 

equation in a systematic method to incorporate multiple particles.  

Following these models, more sophisticated models have been developed. Most of the 

models try to achieve a reliable packing density prediction through more and more 

realistic assumptions. For many of these models need to be fed the packing density of 

mono sized particle mixtures, compaction method and energy input, shape characteristics 

and texture characteristics of particles involved etc. The 3-parameter model proposed by 

Kwan et al. (2013) introduces a new interaction effect called wedging effect to produce 

more reliable output. The 3-parameter model will be analyzed in great detail in Chapter 2, 

section 2.7, hence will not be explained in this section. Furthermore, several packing 

models based on the basic models have been developed and each model addresses a 

different application. Hence those models will not be explained, and the most relevant 

models will be presented in this chapter under the section 2.6 (Fennis, 2011; Goltermann 

et al., 1997b; Johansen, 1991; Kumar & Santhanam, 2003). Following computer 

applications and packing models given in Table 2.1 are also used in industry for various 

applications.  

 

Table 2.1: Computer applications and packing models used in the industry 

Model / Application Source 

Europack (Toufar et al., 1976) 

MixSim (Dewar, 2002; Jones, Zheng, & Newlands, 2002) 

4C- Packing (Mette Glavind, Olsen, & Munch, 1993) 

Compressible packing model - CPM (Francois De Larrard, 1999) 

Schwanda model (Geisenhanslüke, 2009; Reschke, 2001) 

Linear mixture packing model (Yu & Standish, 1987) 

Compaction interaction packing model (S. Fennis, 2011) 
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2.3 Overview of packing optimization in concrete mixture design 

One of the earliest information on particle packing for concrete production was published 

by Féret in 1892 (Goltermann et al., 1997; Johansen, 1991). Packing methods in mixing 

of concrete have been used in Scandinavia as early as 1896 for providing concrete 

resilience in marine environment. Plethora of literature on packing was published in the 

1930s explaining the optimization of packing followed by Furnas (1928) and by Westman 

and Hugill (1930). Powers (1969) in his studies on aggregate mixtures presented that the 

voids ratio of a binary particulate system would be minimum at a specific combination. In 

1981, Petersen showed the use of packing concepts in relation to the mechanical and the 

rheological properties. Petersen (1981) found that the model by Aim and Le Goff (1968) 

gave the best fit of the theoretical to the experimental packing densities for small particle 

diameter ratios and that the model defined by Toufar et al. (1976) gave the best fit for 

larger diameter ratios. Goltermann et al. (1997) used three models (Aim model, Toufar 

model and the modified Toufar model) in their tests, (Johansen, 1991; Kumar & 

Santhanam, 2003). A large variety in particle size and size distribution of natural and 

crushed aggregates were considered in his study and the results showed that the Toufar 

model, and especially the modified Toufar model, agrees very well with the measured 

packing degrees. The Aim model did not fit the test results and could not be used for the 

aggregates. Glavind and Pedersen (1999) studied that when choosing a concrete mix 

design, it is always desirable to combine the aggregates as densely as possible. That 

reduces the required quantity of binder which should fill the voids between the aggregates 

for a constant concrete workability. Apart from an evident economic benefit, a minimum 

of binder in concrete results in less shrinkage and creep and a denser and consequently a 

more robust and strong concrete mix.  

De Larrard and Sedran (2002) have established a method that uses a new technique for 

concrete mixing. Their software, Bétonlab, was reliable with their mathematical models. 

In addition to evaluating the packing degree by use of the models, the authors presented 

that one can determine the fresh concrete properties and also the compressive strength. 
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Wong and Kwan (2008) measured the packing densities of cementitious materials 

comprising ordinary Portland cement, pulverized fly ash and condensed silica fume. The 

results for non-blended materials exposed that the accumulation of a superplasticizer 

would always improve the packing densities of ordinary Portland cement and pulverized 

fly ash, the addition of a polycarboxylate based superplasticizers could reduce the packing 

density of condensed silica fume. Fennis and Walraven (2012) studied determination of 

the packing density to lower the cement content in concrete. The study explains how 

centrifugal consolidation can be used to determine the packing density of powders. The 

process is evaluated based on experimental data, calculations and polarization and 

fluorescence microscopy of the samples. 

Wong and Kwan (2014) proposed the three-tier system design. The mix design would be 

separated into three stages. At the initial stage, the packing density of the cementitious 

materials would determine the water demand, and at the second stage the aggregate 

particles smaller than 1.2 mm would determine the paste demand and at third stage the 

aggregate particles larger than 1.2 mm would determine the mortar demand. Rao and 

Krishnamoothy (1993) studied the quantities required for minimum void content followed 

a linear trend fairly similar to what one would obtain from the theoretical gradings of 

Fuller and Thompson (1907). An empirical equation has been fitted for this linear trend 

so that it can be used to determine the proportions of coarse and fine aggregate of 

minimum void contents.  

The perfect mixture proportion to gain the maximum packing depends on the properties 

of concrete. For example, the maximum/optimum packing density can vary with the 

aggregate shape, aggregate size ratios, aggregate surface texture and the compaction 

method. Further rounded aggregate will provide a better packing density and workability 

while angular aggregates will provide a better green strength and low workability. Hence, 

required properties of the concrete needs to be investigated to select the optimal packing 

density and suitable aggregate types.  
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Typically, high packing density is an essential characteristic in concrete mixture design 

procedure to produce ultra high performance concrete (UHPC) and ecological concrete. 

High packing density reduces the water demand and increase the strength of the concrete. 

Analytical packing models and discrete element models can be successfully used to 

calculate the maximum packing density of concrete mixtures. However, scientists do not 

use discrete element models due to limitations in computational speeds and tools. Thus, 

analytical packing models are the ideal tool for the design of concrete mixtures using 

packing density approach.  

2.4 Particle packing and its influence on concrete properties 

Optimization of aggregate packing of concrete mixtures has many advantages during both 

fresh and hardened state. Maximum packing state is having the minimum voids content, 

thus the space for water requirement is minimal. Therefore, fine particle addition to 

minimize the voids will reduce the water demand of the concrete (De Larrard, 1999; 

Kronlöf, 1997; Wong & Kwan, 2008). Reschke (2001) reported that increase of packing 

density of the mixture improves the strength of concrete if all the porous spaces in between 

aggregates are filled with cement paste.   

High packing density creates a very strong aggregate skeleton and restrain the shrinkage 

and creep within the concrete. Moreover, low water demand reduces the shrinkage effects 

due to the presence of low evaporable water in the cement paste (Neville, 1995).  Kwan 

and Mora (2002) also reported that reduction of voids in the mixture due to higher packing 

density leads to a reduction of cement paste. Lower cement paste produces low heat during 

the hydration process. Hence the drying shrinkage is reduced. 

Dhir et al. (2005) presented the performance of several properties of concrete. According 

to his studies particle packing techniques influence the compressive strength of concrete. 

This section emphasizes the importance and influence of particle packing density on two 

main concrete properties; water demand and cement spacing.  
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2.4.1 Particle packing density and water demand 

Particle packing density is an important factor on the water demand of concrete. Packing 

density is the amount of solid volume of particles in a unit bulk volume of a mixture. 

Though, the packing density of a stable particle mixture and a real concrete mixture is 

different. As shown in Figure 2.3 particles in a stable mixture are in contact with each 

other while in a real concrete mixture, particles are dispersed all over the volume. Hence, 

the packing density is lower. Part of the water used in a real concrete mixture will fill the 

voids in between particles and the excess water will improve the workability of the 

mixture.  

 
Figure 2.3: The volume of a flowable mixture compared to the volume occupied by a 
stable particle structure containing the same particles (Fennis, 2011) 

If optimization is done to the mixture, packing density will increase and the voids volume 

will decrease. Hence, the water requirement to fill the voids will reduce. So, the excess 

water which can be maintained at required level to achieve the desired workability. Hence, 

the overall water demand of an optimized concrete will be lesser than that of normal 

concrete. Fennis (2011) has studied the relationship between flowability and packing 

density of mixtures and Figure 2.4 shows the results extracted from his study.  
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Figure 2.4: The flow value as a function of φmix/ αt for mortar mixtures (Fennis, 2011) 

X axis represents the ratio between solid volume of the mixtures φmix and the maximum 

packing density αt. This relationship can be effectively used to design high performance 

concrete (Using low water/cement ratio while maintaining the same workability) or 

ecological and economical concrete with low amount of cement.  

2.4.2 Packing density and cement spacing 

The packing optimization can also help to decrease the space between cement particles. 

The space between cement particles depends mainly on the water content and aggregate 

structure of the mixture. Dense packing allows particles to pack close to each other. Hence, 

the cement particles are forced to pack closer to each other. This helps the hydration 

products to effectively be utilized in bonding process resulting in high strengths rather 

than filling up the voids. If the aggregate particles and cement particles are not close to 

each other the hydration products will have to bridge a larger gap. This leads to a weak 

bonding strength and ultimately the concrete strength will be low.  

Typically, most of the equations developed to predict the strength of concrete is based on 

the water/cement ratio (Abrams, 1919; Bolomey, 1935; De Larrard, 1999; Feret, 1892; 
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Garas & Kurtis, 2008; Mechling et al., 2007; Mikulic et al., 2008; Neville, 1995; Popovics, 

1998; Powers, 1969; Souwerbren, 1998).  However, use of packing models allows to 

predict the concrete characteristics better by calculating the particle packing structure and 

void spaces. As explained earlier, use of a DEM or analytical model is helpful to calculate 

the space available for cement paste. The direct and indirect information available from 

these models can be effectively used to produce more advanced, specific concrete 

mixtures.  

Cement spacing factor (CSF) given in Equation 2.5 can be used to calculate the space 

between cement particles (Fennis, 2011).  

 

𝐶𝐶𝐶𝐶𝐶𝐶 = 𝜑𝜑𝑐𝑐𝑒𝑒𝑚𝑚
𝜑𝜑𝑐𝑐𝑒𝑒𝑚𝑚∗ 𝛼𝛼𝑡𝑡

𝜑𝜑𝑚𝑚𝑚𝑚𝑚𝑚

= 𝜑𝜑𝑐𝑐𝑒𝑒𝑚𝑚×𝜑𝜑𝑚𝑚𝑚𝑚𝑚𝑚
𝜑𝜑𝑐𝑐𝑒𝑒𝑚𝑚∗ ×𝛼𝛼𝑡𝑡

   ……………………………… Equation 2.5 

 

𝜑𝜑𝑐𝑐𝑐𝑐𝑐𝑐  - Partial volume by the cement in a stable particle structure 

𝜑𝜑𝑐𝑐𝑐𝑐𝑐𝑐∗     - Maximum partial volume that the cement occupies under the presence of 

other particles  

𝜑𝜑𝑐𝑐𝑚𝑚𝑚𝑚  - Partial volume of all particles in a mixture in a unit volume 

𝛼𝛼𝑡𝑡       - Calculated packing density of a mixture 

𝜑𝜑𝑐𝑐𝑐𝑐𝑐𝑐 is the volume of the cement in the mixture while 𝜑𝜑𝑐𝑐𝑐𝑐𝑐𝑐∗  is the maximum volume that 

cement can be occupied in the mixture when other particles are present. Hence the term 

𝜑𝜑𝑐𝑐𝑐𝑐𝑐𝑐/𝜑𝜑𝑐𝑐𝑐𝑐𝑐𝑐∗  expresses the free voids around cement particles. increase of 𝜑𝜑𝑐𝑐𝑐𝑐𝑐𝑐 will lead 

to less amount of voids due to closer packing of cement particles. similarly, fine fillers 

can be used to fill the voids and improve the packing density by reducing the 𝜑𝜑𝑐𝑐𝑐𝑐𝑐𝑐∗ .  

Actual concrete mixture has water in the voids in between stable particle structure and 

also excess water improves the workability as explained in a previous section. Addition 

of water forces particles to move away from each other and this factor is represented by 

the term 𝛼𝛼𝑡𝑡/𝜑𝜑𝑐𝑐𝑚𝑚𝑚𝑚. Hence, addition of more water increases the space between cement 
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particles and reduces the strength of the concrete. Figure 2.5 shows the relationship of 

CSF and the compressive strength of mixtures (Fennis, 2011).  

 

Figure 2.5: Cube compressive strength of mortars in relation to CSF ( Fennis, 2011) 

Figure 2.6 shows the influence of packing density on the spacing between cement 

particles. The spacing between cement particles increases due to the introduction of coarse 

fillers with similar dimensions to cement particles (Figure 2.6 (a)). However, if smaller 

filler materials are used, the spacing between cement particles will not affect largely and 

the packing density of the mixture will increase as shown in Figure 2.6 (b) ( Fennis, 2011).  

                          

   Figure 2.6 (a): Coarse particles             Figure 2.6(b): Fine particles 

Figure 2.6: The volume occupied by a stable particle structure with coarse and fine fillers (F- Filler, C- 
Cement)( Fennis, 2011)  
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2.5 A summary of existing packing models   

Packing of particles and densification of particle mixtures is an important subject in 

scientific studies and industrial applications. A number of different approaches and studies 

have been performed to understand the behavior of particulate mixtures in confined 

containers. Involvement of many different factors has made the prediction of packing 

density a complex problem thus the development of packing models to predict the packing 

densities accurately is one of the main challenges faced by scientists. However, many 

attempts have been made throughout the last few decades and number of packing models 

are developed incorporating various factors to accurately predict the packing density of 

discrete and continuous mixtures. Due to the simplicity and easiness, most of these models 

have been developed under basic assumptions such as spherical, smooth particles, loose 

packing etc. According to these studies, there are three main effects that affect the packing 

density; wall effect, loosening effect and wedging effect.  Wall effect and loosening effect 

occur with the dominance of large particle fraction and small particle fraction respectively 

while wedging effect can occur at any time (Kwan et al., 2013). Figure 2.7 shows the 

summary of widely used packing models developed thus far (Aim & Le Goff, 1968; 

Andreasen & Andersen, 1930; De Larrard & Sedran, 1994; Dewar, 2002; Fuller and 

Thompson, 1907; Funk & Dinger, 1994; Furnas, 1928; Goltermann et al., 1997a; Kwan 

et al., 2013; Kwan et al., 2015; Powers, 1969; Roquier, 2017; Sedran & De Larrard, 1999; 

Stovall et al., 1986; Toufar et al., 1976; Vesilind, 1980; Wong & Kwan, 2014; Yu et al., 

1996).  

2.6 Applicability of existing packing models for ICBP  

Several theoretical packing models were studied to determine the applicability for ICBP. 

Compressible Packing Model (CPM) ( De Larrard, 2000), 3-parameter model (Wong & 

Kwan, 2014), modified Toufar model (Goltermann et al., 1997) were selected for the 

optimization. Toufar model was selected because it is widely used for generalized 

concrete applications on high performance concrete. wedging effect.  
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                                                          Figure 2.7: Summary of packing models  
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The compressible packing model which incorporates vibration was selected since the 

ICBP is cast specially applying vibro-compression. 3-parameter was selected because 

it considers a new interaction effect called . The model proposed by Goltermann et al. 

(1997), based on the Toufar’s model (Toufar et al. , 1976) has been validated by 

comparing around 800 test results from multiple sources. The packing density 

predicted by this model is expressed as in equation 2.6. 

𝜑𝜑 = 1

�𝑦𝑦1𝜑𝜑1
+𝑦𝑦2𝜑𝜑2

−𝑦𝑦2�
1
𝜑𝜑2
−1�𝑘𝑘𝑑𝑑𝑘𝑘𝑠𝑠�

     …………………….. Equation 2.6  

Where: 

φ  -  Packing density of the mixture 

y1  - Volumetric proportion of fine particles in the mix 

φ1  - Packing density of fine particles alone 

y2    - Volumetric proportion of coarse particles in the mix 

φ2  - Packing density of coarse particles alone 

kd   - A factor that determines the influence of the diameter ratio 

ks  - A statistical factor 

Wong & Kwan (2014) three parameter model has considered three interaction effects. 

Loosening effect, wall effect and wedging effect. This is a semi empirical model where 

experimental data and regression analysis are used to determine the a, b and c 

parameters given in equations 2.7 to 2.13.   

1
∅1∗

= �𝑟𝑟1
∅1

+ 𝑟𝑟2
∅2
� − (1 − 𝑎𝑎). 𝑟𝑟1

∅1
. [1 − 𝑐𝑐. �𝑟𝑟1

𝑟𝑟1∗
�
2

] ……………………….. Equation 2.7 

 

1
∅2∗

= �𝑟𝑟1
∅1

+ 𝑟𝑟2
∅2
� − (1 − 𝑏𝑏). (1 − ∅2). 𝑟𝑟2

∅2
 . [1 − 𝑐𝑐. �𝑟𝑟2

𝑟𝑟2∗
�
2

]  …………….. Equation 2.8 

 

𝑟𝑟1∗ = (1−𝑏𝑏)(1−∅2)/∅2
1−𝑚𝑚
∅1

+(1−𝑏𝑏)(1−∅2)/∅2
    ……………………………. ….  Equation 2.9
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 𝑟𝑟2∗ = (1−𝑎𝑎)/∅1
1−𝑚𝑚
∅1

+(1−𝑏𝑏)(1−∅2)/∅2
                      ……………………………  Equation 2.10 

 

𝑎𝑎 = 1 − (1 − 𝑠𝑠12)3.3 − 2.6. 𝑠𝑠12. (1 − 𝑠𝑠12)3.6             ………………... Equation 2.11 

 

b = 1 − (1 − s12)1.9 − 2. s12. (1 − s12)6        ………………...Equation 2.12 

 

𝑐𝑐 = 0.322 𝑡𝑡𝑎𝑎𝑡𝑡ℎ(11.9. 𝑠𝑠12)   ………………………………. Equation 2.13 

Where, 

r1  - Volumetric proportion of fine particles in the mix 

𝑟𝑟1∗  - Optimum volumetric proportion of fine particles 

φ1  - Packing density of fine particles alone 

r2    - Volumetric proportion of coarse particles in the mix 

φ2 - Packing density of coarse particles alone 

𝑟𝑟2∗  - Optimum volumetric proportion of coarse particles 

a  - The loosening effect parameter 

b - The wall effect parameter 

c - The wedging effect parameter 

d1 - Diameter of fine particles  

d2  - Diameter of coarse particles 

s  - Size ratio of two particle sizes (d1/d2)  

Out of these three models, only compressible packing model addressed the packing 

process. It uses a compaction index (K) a constant related to the method of packing. 

(i.e.: corresponding to vibration under 15 psi of pressure is equal to the value 9.0) 
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𝐾𝐾 =
𝑦𝑦1
𝛽𝛽1

1
∅∗−

1
𝛾𝛾1

+
𝑦𝑦2
𝛽𝛽2

1
∅∗−

1
𝛾𝛾2

   ………………………………... Equation 2.14 

Where, 

 

𝛾𝛾 = 𝑚𝑚𝑚𝑚𝑡𝑡 �𝛾𝛾1 = 𝛽𝛽1
1−�1−𝛽𝛽1𝛽𝛽2

𝑎𝑎12�𝑦𝑦2
;  𝛾𝛾2 = 𝛽𝛽2

1−�1−𝛽𝛽2+𝑏𝑏12𝛽𝛽2�1−
1
𝛽𝛽1
��𝑦𝑦1

; � …….. Equation 2.15 

 

𝑎𝑎12 = �1 − �1 − 𝑑𝑑2
𝑑𝑑1
�
1.02

     ……………….. Equation 2.16 

 𝑏𝑏12 = 1 − �1 − 𝑑𝑑1
2
�
1.5

   ……………………….. Equation 2.17
    

Where, 

K   - The compaction index  

y1  - Volumetric fraction of particle size 1 

y2   - Volumetric fraction of particle size 2 

𝛾𝛾1   - Packing density of the mix when particle size 1 is dominant 

𝛾𝛾2   - Packing density of the mix when particle size 2 is dominant 

𝛽𝛽1   - Packing density of particle size 1 alone 

𝛽𝛽2   - Packing density of particle size 2 alone 

𝑎𝑎12  - The Loosening effect parameter 

𝑏𝑏12  - The Wall effect parameter 

Results of the selected packing models were compared with experimental results. The 

results are presented in Chapter 4, section 4.5. The results and the literature review 

recommended that 3-parameter model is the most suitable packing model for further 

modification. Hence, 3-parameter model is further studied in next section 2.7.  
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2.7 Development of 3-parameter model   

The 3-parameter model was developed by Kwan et al. (2013) to accurately predict the 

packing density of a binary spherical particulate mixture. The model was developed 

based on the conventional two parameter model with loosening effect and wall effect. 

The 3-parameter model added a new effect called wedging effect to the conventional 

model and developed equations for particle interactions to make the model more 

accurate and reliable. The following subsections will explain the model in great details. 

2.7.1 Conventional model with 2 parameters 

When the large particles are dominant (small particle amount is insufficient to fill the 

voids among large particles, thus large particles are closely packed against each other) 

the filling effect occurs where small particles filling the voids among large particles. 

And, when the small particles are dominant (small particle amount is higher than the 

large particle amount hence small particles are tightly packed against each other) the 

occupying effect occurs where large particles occupy the solid volume of porous bulk 

volume of small particle mixture. These effects can occur even when there is no 

particle interaction. These two effects would improve the packing density of the 

mixture. The conventional 2 parameter models accommodate another two effects in 

addition to occupying and filling effects.  

The loosening effect occurs in a mixture of dominant large particles. When the small 

particles could not fit into the voids between large particles due to its size, the small 

particles try to fill the voids by intruding into the voids disturbing the already formed 

packing arrangement of large particles. Hence, this phenomenon would reduce the 

packing density of the mixture by creating additional voids in between large particles. 

Figure 2.8 shows the occurrence of loosening effect.   
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Figure 2.8: Loosening effect 

The wall effect occurs when smaller particles are dominant. When a large particle is 

introduced into the already tightly packed small particle mixture, the packing is 

disturbed by solid surfaces of large particles. These surfaces act like walls and the 

arrangement of smaller particles against the wall becomes irregular creating void 

spaces along the wall. Figure 2.9 shows the occurrence of wall effect. 

 

Figure 2.9: Wall effect 

Both these effects reduce the packing density of the mixture by disturbing the proper 

packing arrangement. These effects are also called particle interactions and are small 

when the size ratio of small particles to large particles are small and vice versa. The 

effects are negligible when the size ratio is closer to 0. These mixtures have no particle 

interactions. When the size ratio is close to 1 (Both particle class sizes are similar) total 

interaction occurs and the contribution of the filling and occupying effect eliminates. 
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In between these two extreme ends, mixtures would have partial interactions and the 

level of interaction will depend on the size ratio.  

Let’s take a binary particulate mixture (A mixture of particles with only two size 

classes). The size class 1 is for small particles and size class 2 is for large particles. As 

explained when size class 2 is dominant both loosening effect and filling effect occurs. 

The packing density of the binary mixture (∅2∗) in this case can be written as; 

1
∅2∗

= 𝑟𝑟2
∅2

+ 𝑎𝑎. 𝑟𝑟1
∅1

      ……………………… Equation 2.18 

• Size class 1 represents small particles 

• Size class 2 represents large particles 

• 𝑟𝑟1 𝑎𝑎𝑡𝑡𝑑𝑑 𝑟𝑟2 : volumetric fractions of solids in size classes 1 and 2; (𝑟𝑟1 + 𝑟𝑟2= 1) 

• ∅1𝑎𝑎𝑡𝑡𝑑𝑑 ∅2:  packing densities of size class 1 and 2 

• 𝑎𝑎 :  loosening effect parameter (a=0 for no interaction and a=1 for total 

interaction) 

• ∅2∗ : Packing density of the mixture when size class 2 is dominant 

The term 𝑟𝑟2
∅2

 is the contribution to the bulk volume from size class 2 and the term 𝑎𝑎. 𝑟𝑟1
∅1

 

is the contribution to the bulk volume from the loosening effect of the size class 1. For 

a clear understanding the equation can be rewritten as; 

1
∅2∗

= �𝑟𝑟1
∅1

+ 𝑟𝑟2
∅2
� − (1 − 𝑎𝑎). 𝑟𝑟1

∅1
           ……………………………. Equation 2.19 

Similarly, when size class 1 is dominant, both wall effect and occupying effect would 

contribute to the packing density of the mixture. The packing density of the binary 

mixture when size class 1 is dominant can be written as; 

1
∅1∗

= 𝑟𝑟1
∅1

+ 𝑟𝑟2 + (𝑏𝑏). (1 − ∅2). 𝑟𝑟2
∅2

 …………………………………… Equation 2.20 
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• 𝑏𝑏 is the wall effect parameter (b=0 for no interaction and b=1 for total 

interaction) 

• ∅1∗ : Packing density of the mixture when size class 1 is dominant 

The first term 𝑟𝑟1
∅1

 is the contribution to the bulk volume from size class 1 and the second 

term 𝑟𝑟2 is the contribution to the bulk volume from size class 2. The last term (𝑏𝑏). (1 −

∅2). 𝑟𝑟2
∅2

  is the contribution from wall effect to the bulk volume. For the simplicity, the 

equation can be rewritten as;  

1
∅1∗

= �𝑟𝑟1
∅1

+ 𝑟𝑟2
∅2
� − (1 − 𝑏𝑏). (1 − ∅2). 𝑟𝑟2

∅2
 ……………………………. Equation 2.21 

The loosening effect parameter a and the wall effect parameter b should be found using 

regression analysis of the experimental results.  The values of both loosening effect 

and wall effect should fall within 0 and 1. When there are total interactions (both a and 

b equal to 1), both equations converge to the same equation. This is expected since 

total interaction means both particle size classes are similar hence the total mixture 

becomes a mixture of mono sized particles.  

1
∅∗

= �𝑟𝑟1
∅1

+ 𝑟𝑟2
∅2
�    ……………………………. Equation 2.22 

Instead of considering which size class is dominant, the packing density of the binary 

mix can be determined simply as: 

∅𝑐𝑐𝑚𝑚𝑚𝑚 = 𝑚𝑚𝑚𝑚𝑡𝑡 (∅1∗ , ∅2∗)                     ……………………………… Equation 2.23 

The 2-parameter model generates two packing density curves for the two equations. 

The curves will join at a mid-point creating a sharp peak at the point of intersection. 

Figure 2.10 shows the typical variation of 2 parameter model with experimental results 

made by Kwan et al. (2013). At the peak, the maximum packing density is achieved 

and the corresponding volumetric fractions of size class 1 and size class 2 can be 

obtained.   
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Figure 2.10: Packing density against volumetric fraction of fine particles (Kwan et al., 2013) 

According to Figure 2.10, the sharp peak with steep curves denotes the sensitivity of 

packing density with volumetric fractions. Nevertheless, experimental results of Kwan 

et al. (2013) reveals that the variation does not create a sharp peak, in fact the variation 

produced a very smooth curve with a rounded peak. The sensitivity observed in 

experimental results were not that high as in 2-parameter model. The results also 

revealed that the 2-parameter model overestimated the packing density while 

experimental results are significantly lower than the predictions closer to the peak 

region. Further Kwan et al. (2013) suggested that the difference of the predictions and 

experimental values may be due to the wedging effect which will be explained in 

greater detail in a subsequent section.  

2.7.2 The wedging effect 

Consider a situation where all the small particles would fill the voids in large particles 

when the large particles are dominant. There may be some isolated small particles 

trapped in between walls of two large particles that may act as a wedge to create a 

small open space in between two large particles as shown in Figure 2.11(a). This effect 

Eq. 2.19 Eq. 2.21 
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is quite similar to loosening effect but caused by isolated small particles in between 

the gap of two large particles. When small particles are introduced to the packing of 

large particles, first set of small particles will fill up the voids. When small particles 

are filling up the voids the number of particles trapped in between the gap will be 

higher. Hence, the wedging effect would be higher when the fine particles are close to 

filling up the voids closer to the peak of the curve.   

When small particles are dominant, large particles will be introduced to the sea of 

small particles and since small particles are dominant there will not be any large 

particle closer to another large particle. This gap between two large particles are not 

uniform and sometimes there may be two large particles with relatively narrow gap. 

These gaps can be wedged by fine particles as shown in Figure 2.11(b) and reduce the 

packing density of the mixture. In this case also, the wedging effect caused by isolated 

small particles in the mixture.  

When compared to the wall effect, wedging effect occurs due to incomplete layers of 

small particles closer to the gaps between large particles. When the large particles are 

introduced to the mixture, the small particles will again loose the dominancy. When 

enough amount of larger particles are added, the fine particles would fill up the voids. 

When the voids are close to be filled small particles will again act as wedges creating 

voids. With the wedging effect incorporated by adding one more parameter, a 3-

parameter model is developed. 

2.7.3 3-parameter model 

The 3-parameter model for binary spherical mixtures can be explained using Equation 

2.24 and Equation 2.25. Equation 2.24 is to be used when small particles are dominant 

while Equation 2.25 is to be used when large particles are dominant. However, one 

can simply use both equations at the same time and final packing density of the mixture 

will be the minimum value of both equations.  
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(a) When large particles are dominant     (b) When small particles are dominant 

 

Figure 2.11: Wedging effect  
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1
∅𝑚𝑚
∗ = �𝑟𝑟𝑚𝑚

∅𝑚𝑚
+ 𝑟𝑟𝑗𝑗

∅𝑗𝑗
� − �1 − 𝑏𝑏𝑚𝑚𝑖𝑖��1 − ∅𝑖𝑖�

𝑟𝑟𝑗𝑗
∅𝑗𝑗
�1 − 𝑐𝑐𝑚𝑚𝑖𝑖(2.6𝑟𝑟𝑗𝑗 − 1)� …………. Equation 2.24 

1
∅𝑗𝑗
∗ = �𝑟𝑟𝑚𝑚

∅𝑚𝑚
+ 𝑟𝑟𝑗𝑗

∅𝑗𝑗
� − �1 − 𝑎𝑎𝑚𝑚𝑖𝑖�

𝑟𝑟𝑚𝑚
∅𝑚𝑚
�1 − 𝑐𝑐𝑚𝑚𝑖𝑖(3.8𝑟𝑟𝑚𝑚 − 1)�……………………. Equation 2.25 

Where, 

𝑎𝑎 = 1 − (1 − 𝑠𝑠)3.3 − 2.6 × 𝑠𝑠 × (1 − 𝑠𝑠)3.6 ………………………….. Equation 2.26 

𝑏𝑏 = 1 − (1 − 𝑠𝑠)1.9 − 2.0 × 𝑠𝑠 × (1 − 𝑠𝑠)6.0  ………………………... Equation 2.27 

𝑐𝑐 = 0.322. 𝑡𝑡𝑎𝑎𝑡𝑡ℎ(11.9𝑠𝑠)  ………………………………... Equation 2.28
  

The parameters a, b and c respectively the loosening effect, wall effect and wedging 

effect are derived using back calculation of experimental data through curve fitting. 

Hence, the equations can be modified to incorporate vibration, surface texture and 

shape factor.  

2.8 Effect of vibration, shape and surface texture on packing density 

Since most of the packing models are developed based on the assumption of spherical 

smooth particles under random loose packing, it is necessary to understand the effect 

of packing parameters such as vibration frequency and particle characteristics such as 

shape and surface texture on packing density of mixtures. This section presents the 

literature available on the effect of vibration, shape and surface texture on packing 

density of particulate mixtures.  

2.8.1 Effect of vibration on packing density 

Densification of mixtures by means of vibration, known as Vibro-compaction, is 

widely used in industry. These techniques involve the exertion of energy to the 

particles at a specific frequency and amplitude for a certain duration. However, for 

different particulate mixtures, determination of the most suitable parameters (such as 

vibration frequency and amplitude) to achieve "maximum density" is still an open 

problem. Many external factors such as friction, particle shape & size, material density, 

the geometry of container and the initial state before vibration affect the behavior (An, 

2013).  Hence, the achievement of densest packing has been a complicated problem 
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and different approaches (i.e.: experimental studies, numerical analysis, computer 

simulations) have been taken to model the behaviour of particulate systems in different 

conditions. Prediction of packing density is important in many applications such as 

concrete optimization, ceramic industry, powder technology, packing technology etc. 

hence, it is important to know the packing density of a particular mixture to effectively 

utilize the available resources (Jones et al., 2002). 

A number of theoretical, empirical and semi-empirical packing models have been 

developed to predict the packing density of discrete and continuous particulate 

mixtures. Most of these models are based on several basic assumptions such as 

spherical particles, smooth texture, natural packing etc. (Aim & Le Goff, 1968;  

Andreasen & Andersen, 1930; Fuller and Thompson, 1907; Kwan et al., 2013; Stovall 

et al., 1986; Toufar et al., 1976). Though the particles used are in different shapes, 

different textures and the packing is done by either mechanical vibration or tapping 

(forced packing) in general applications.  

Many studies on the effect of vibration on packing densification of particulate mixtures 

can be found. One of the first studies on this subject was done by McGeary in 1961. 

In his studies, spherical metal beads were packed in glass containers by mechanical 

vibration and packing structure and the dynamic procedure of packing were studied. 

He found out that single size spheres packed in an orthorhombic arrangement with a 

density 62.5% of theoretical density. He also noticed that to achieve high-density 

packings, size ratio between sphere sizes should be at least 0.15. Furthermore, he 

achieved 95.1% of theoretical density from spheres with diameter ratios 1:7:38:316 

and volume compositions 6.1:10.2:23.0:60.7%, respectively. 

Several major studies on vibration on the packing of mixtures with different shapes of 

particles were done by Xi-Zhong An. (An, 2013; An & Chai, 2016; An & Li, 2013; 

An et al. 2016; An et al., 2009; An et al., 2008; Li et al., 2011; Qian et al., 2016; Xie 

et al., 2017; Yu et al., 2006). An et al. in 2008 performed a numerical study of the 

packing of uniform spheres under three-dimensional (3D) vibration using the discrete 

element method (DEM), concentrating on the effects of vibration amplitude and 

frequency and inter-particle sliding and rolling frictions. It is revealed that the increase 
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of the vibration amplitude or frequency makes packing density to increase to a 

maximum value and then decrease. An et al. (2009) studied the packing of single sized 

spheres on one-dimensional (1D) vibration. The effects of packing conditions (i.e.: 

vibration amplitude A and vibration frequency ω, feeding method on packing density) 

have been investigated. The results show that there are optimum values for A and ω to 

accomplish the maximum packing density. The effects of A and ω cannot be 

characterized by a single parameter (i.e. vibration intensity Γ=Aω2) but must be 

considered discretely. An (2013) numerically reproduced two packing mixtures with 

the maximum packing densities of 0.64 and 0.74 for the amorphous state and 

crystalline state, in the packing densification of equal spheres subjected to 1D and 3D 

vibrations using the discrete element method (DEM), and the results were validated 

using experiments. In the latest study of An et al. (2015 a) packing densification of 

binary mixtures of spheres and cubes, (large cubes with small spheres and large 

spheres with small cubes), under 3D vibrations was studied experimentally. The study 

analyzed the effects of vibration conditions such as vibration time, frequency, 

amplitude, vibration intensity, the volume fraction of large particles, and container size 

on the packing densification and the optimal parameters were identified. An et al. 

(2015 b) also reveals similar results as in An et al. (2015 a) using only spheres. 

A plethora of literature on the effect of size ratio on the packing density of a binary 

particulate mixture has been published. Majority of these studies reveal that lesser the 

size ratio higher the packing density. Wiącek et al. (2017) studied geometrical 

parameters of binary mixtures with several particle size ratio and influence of the 

particle size fractions. In this study, a micromechanics of binary mixtures with the ratio 

of the diameter of small and large spherical particles and effect of small particles were 

evaluated using discrete element simulations of confined uniaxial compression 

(Wiącek et al. , 2017). An et al. (2015) also studied the effect of size ratio on binary 

spherical mixtures and revealed that the packing density varies monotonically with 

size ratio where the increase of size ratio decreases the packing density linearly (An et 

al., 2015).  Yu (1997) also studied the effect of size ratio and on the modeling of the 

packing of fine particles. He concluded that the use of packing size ratio and porosity 

can be used to derive equations for modeling of packing density (Yu et al. , 1997). 
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In addition to a large amount of literature dealing with the packing densification of 

monodisperse spheres and binary sphere mixtures, plenty of studies have been carried 

out on ternary, quaternary and continuous mixtures (Ayer & Soppet, 1965; Dinger & 

Funk, 1993; Funk & Dinger, 1994; He et al., 1999; Itoh et al., 1986; Jones et al., 2002; 

Kwan & Fung, 2009; Liu & Ha, 2002; Nowak et al., 1997; Pirzado et al. , 2016; 

Roquier, 2017; Scott & Kilgour, 1969; Shi & Zhang, 2006; Sohn & Moreland, 1968; 

Yu et al., 2006; Zheng et al., 1995). Despite studies on individual effects on packing 

density, investigations on the combined effect of vibration frequency (ω), size ratio 

(R) and large particle fraction (X) are lacking.  This study investigates the combined 

effect of aforementioned factors on the packing density and develops a regression 

model and design graphs to predict the behavior of packing density under vibration 

frequency (ω), size ratio (R) and large particle fraction (X). 

2.8.2 Effect of shape on packing density 

Ozol (1978) wrote: “The increasing use of crushed stone for both coarse and fine 

aggregate, along with perhaps recycled concrete and other recycled materials, forecasts 

that the effects and significance of shape, texture and surface area will be prominent 

considerations in the future.” 

Characterization and measurement of a shape of irregular aggregate particle is one of 

the major need in scientific community and industry. Measurement of particle or 

aggregate shape is an important aspect in concrete technology, materials science and 

many other industries. For example, if the aggregate shape is known, enhanced 

concrete mixtures can be produced through accurate predictions of properties of 

concrete. Green strength, rheological properties, compressive strength, cement content 

etc. are directly or indirectly affected by the shape of aggregates. There have been 

many attempts to define particle shape and characterize the shape related properties of 

particles. Different definitions address different shape properties of particles hence it 

is important to understand the definitions of particle shape properties first.  

There are two general concepts that can be followed to classify numerous definitions 

of shape characteristics available to define particle shape. First concept is that different 

scales can be used to measure, define or classify the shape of a particle. Visual 
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examination of particles will provide a basic set of observations like spherical, 

rounded, angular, elongated etc.  Further examination can reveal whether the surface 

is rough or smooth, crushed or uncrushed, have sharp edges or not etc. This concept 

does not particularly quantify the shape characteristics and subjected to the examiners’ 

decision making and expertise. Hence it is not widely accepted in scientific 

community. 

The second concept is that the particle can be defined by various terms which gives a 

quantified value of a certain parameter of a particle. For example, area of an arbitrary 

projection of a particle, ratio of volume of a particle to surface area etc. Barrett (1980) 

proposed that the shape of a particle can be defined by form (overall shape), roundness 

(large scale smoothness) and surface texture (fine scale smoothness). These three 

definition methodologies are geometrically independent and might have some 

correlation when related to a process which involves some application. The following 

sections will describe the parameters that define shape under these three categories. 

As explained earlier definitions of shape are more qualitative and recent definitions 

have provided a quantitative approach to measure the shape of a particle. One of the 

early definitions of aggregate particle shape, a qualitative approach founded on visual 

observations, is shown in Figure 2.12 (a) and Figure 2.12 (b). 

 
Figure 2.12 (a) 
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Figure 2.12 (b) 

Figure 2.12: Visual assessment of particle shape (a) Derived from Measurements of 
sphericity and roundness, (b) Based upon visual observations  

These are basic definitions that is defined in early stages. Hence, it does not 

characterize the fine surface features and three-dimensional shape features. The terms 

such as sphericity and roundness given in these definitions are not further defined and 

it will roughly provide an idea about the particle shape. Also, angularity is used to 

measure the macro surface characteristics, yet a fine definition is hard to find.  The 

following are several shape parameters/indices often cited in the literature: sphericity, 

roundness, angularity, shape factor, fullness ratio, flatness (flakiness) ratio, elongation 

ratio, convexity ratio etc. Such terms are presented in the subsequent sections.  

2.8.2.1 Shape of a particle 

It is well known that the shape of particles can affect many properties of particulate 

mixtures such as packing density, porosity, rheology etc. Shape of particles used in a 

mixture has a significant effect on packing density. The characteristics of packing 

density with various shapes has been studied over the past decade by many researchers. 

Irregular shapes create more voids in between particles leading to low packing density 

mixtures. On the other hand, symmetrical particles such as cubes, spheres make dense 

mixtures with lesser voids.  Hence, the shape is a critical factor that needs to be 

considered when developing a theoretical model to predict packing density.  

The characterization of particle shape has been studied and various methods have been 

proposed to measure the shape of a particle in the past century. These methods can be 
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either simple approximations by visual observation or can be complex methods using 

advance mathematics or digital image processing techniques. Even though the 

advancement in this subject area is significant, there are uncertainties and drawbacks 

to all methods. The most common drawback is that many of these methods are using 

two-dimensional approach. Hence, the true three-dimensional shape will not be 

explained by these methods.   

Another main drawback is that many of these methods may render one or many values 

due to complex shape characteristics and undefined measuring method. One may 

measure the length connecting the longest edges and one may measure the length at a 

mid-point.  Likewise, the measurement of shape characteristics can be highly 

subjective. Following section explains some commonly used shape parameters and 

approaches with their equations. 

Sphericity 

Sphericity is a measure of the shape or form of the particle and it is also called form 

factor (Rao & Tutumluer, 2000). Sphericity varies with ratio of surface area of the 

particle to its volume, the relative dimensions of its principal axes or those of the 

confining rectangular prism (Mather, 1966). This definition is very broad and vague. 

Another good definition is stated by Ozol in 1978. According Ozol (1978) sphericity 

is a measure of how closely equal the three axes or dimensions of a particle are, based 

on the ratio of the volume of particle to the volume of sphere whose diameter is the 

maximum dimension of the particle (Ozol, 1978). The sphericity of a sphere is 1.0 and 

the cube is 0.37. Sphericity value will provide a good understanding about the particle 

shape since it is a measure of how close a shape of a particle to a perfect sphere.  

Sphericity is a precise example of a compactness measure of a shape.  

Wadell (1932) defined sphericity as the ratio of surface area of a hypothetical sphere 

(s) of the same volume as a particle to the actual surface area of the particle (S) as 

given in Equation 2.29 (Wadell, 1932).  

Sphericity = 
𝑠𝑠
𝑆𝑆

                                             …………………. Equation 2.29 

From Wadell’s equation, the sphericty value of a sphere is 1 and cube is 0.806. 
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Measurement of surface area of an irregular particle is a tedious process. Hence, a 

more practical definition for sphericity is: 

 

𝐶𝐶(∅) = 𝐷𝐷𝑚𝑚
𝐷𝐷𝑐𝑐𝑠𝑠

                                                  …………………. Equation 2.30 

 

Where;  

𝐷𝐷𝑛𝑛 :  Diameter of the sphere of the same volume as the particle (nominal diameter)  

𝐷𝐷𝑐𝑐𝑠𝑠 :  Diameter of the circumscribing sphere (Wadell, 1932). 

This relationship was derived mathematically and presented in equation 2.31. 

𝐶𝐶(∅) = �𝑉𝑉𝑃𝑃
𝑉𝑉𝑐𝑐𝑠𝑠
�
1
3 =

� 𝜋𝜋
6𝐷𝐷𝑚𝑚

�
1
3

� 𝜋𝜋
6𝐷𝐷𝐶𝐶𝐶𝐶

�
1
3

= 𝐷𝐷𝑚𝑚
𝐷𝐷𝑐𝑐𝑠𝑠

   ………………………………. Equation 2.31 

Where; 

VP :  Volume of the particle  

Vcs :  Volume of the circumscribing sphere  

 

Krumbein (1941) used the multiplication of the principal dimensions of a 

circumscribing triaxial ellipsoid of the particle to estimate and define sphericity as in 

Equation 2.32. 

 

𝐶𝐶(∅) =
�𝜋𝜋 𝐿𝐿𝐿𝐿𝐿𝐿

6 �
1
3

�𝜋𝜋𝐿𝐿
3

6 �
1
3

= �𝑊𝑊𝑊𝑊
𝐿𝐿2
�
1
3   ………………………………… Equation 2.32 

 

𝐶𝐶𝑆𝑆ℎ𝑒𝑒𝑟𝑟𝑚𝑚𝑐𝑐𝑚𝑚𝑡𝑡𝑒𝑒 =  �𝑊𝑊ℎ𝑚𝑚𝑐𝑐𝑘𝑘𝑛𝑛𝑐𝑐𝑠𝑠𝑠𝑠 ×𝐵𝐵𝑟𝑟𝑐𝑐𝑎𝑎𝑑𝑑𝑡𝑡ℎ
𝐿𝐿𝑐𝑐𝑛𝑛𝐿𝐿𝑡𝑡ℎ2

3   ………………………………… Equation 2.33 

         (Krumbein, 1941) 
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Figure 2.13: Form triangle of Sneed and Folk (1958) 

 

 

Sneed and Folk (1958) developed a triangular diagram to plot Thickness / Length 

versus (Length-Width) / (Length-Thickness), making an outline for the joint 

specification of form and sphericity. Figure 2.13 shows this diagram (The 

symbolization I is used for width, and S is used for thickness, in Figure 2.13). Each 

block in the diagram is having equal volume. The independence of form and sphericity 

can be shown by following an iso-sphericity contour from the left to the right (Sneed 

& Folk, 1958). 

 

 

L – Longest dimension (Length), I – Intermediate dimension (Thickness), S – Shortest dimension 
(Width)  
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Shape factor 

According to Aschenbrenner (1956), the shape factor is defined by Equation 2.34: 

 

𝐶𝐶 = (𝑊𝑊 𝐿𝐿⁄ )
(𝑊𝑊 𝑊𝑊⁄ ) = 𝐿𝐿𝑊𝑊

𝑊𝑊2    …………………………………….. Equation 2.34 

 

𝐶𝐶ℎ𝑎𝑎𝑆𝑆𝑒𝑒 𝑓𝑓𝑎𝑎𝑐𝑐𝑡𝑡𝑓𝑓𝑟𝑟 = 𝑊𝑊ℎ𝑚𝑚𝑐𝑐𝑘𝑘𝑛𝑛𝑐𝑐𝑠𝑠𝑠𝑠 ×𝐿𝐿𝑐𝑐𝑛𝑛𝐿𝐿𝑡𝑡ℎ
𝐵𝐵𝑟𝑟𝑐𝑐𝑎𝑎𝑑𝑑𝑡𝑡ℎ2

   ……………………. Equation 2.35 

Table 2.2: Shape factor variation with particle shape 

Shape factor (F) Particle shape 

F > 1 Prolate (rod-like) 
 

F< 1 Oblate (disk-like) 
 

As explained in Table 2.2, for prolate particles thickness and breadth are similar and 

shape factor becomes greater than 1. For oblate particles the length and breadth are 

similar and shape factor becomes less than 1. This supplementary knowledge allows 

the particle geometry to be specified by Wadell sphericity and Aschenbrenner shape 

factor, as seen in Figure 2.14. 

 

Figure 2.14: Particle Shape as defined by Wadell sphericity (ψ) and Aschenbrenner 
shape factor (F) (Ozol, 1978) 
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Two other parameters proposed to define particle shape are elongation and flakiness. 

Elongation relates the longest dimension of the particle to the intermediate dimension 

while flakiness relates the intermediate dimension to the shortest dimension. These 

terms are clarified in Equation 2.36 and Equation 2.37, where L, W and T represent 

the longest, intermediate and shortest dimension of a particle. 

Flakiness ratio 

The flakiness ratio is expressed as the ratio between thickness and breadth. It is also 

known as flatness ratio. The value explains how flaky a particle is and can be used to 

get a reasonable idea of the particle. But since only two dimensions are taken in to 

account it does not help to get a three-dimensional idea of the particle.  

Flakiness ratio = W/T       ….………...……………………. Equation 2.36 

Elongation ratio 

The elongation ratio is calculated by the ratio between breadth and length. Elongation 

ratio also provides a reasonable idea about how elongated the particle is and as 

flakiness ratio it also does not provide a three-dimensional view on the particle. 

However, both flakiness ratio and elongation ratio together can be used to get a good 

understanding about the shape of a particle. 

 

Elongation ratio = L/W   …………………………………. Equation 2.37 

Some scientists have used the opposite of Equations 2.36 and 2.37 as elongation and 

flakiness parameters. Different specifications use different values to specify elongated 

and flaky particles and a value of 3 or 5 is used commonly.  

When an aggregate material is considered, the shape can be different for different size 

fractions. When the reduction ratio of crushing increases, the particle shape becomes 

flat and elongated. For gyratory, jaw or cone crusher machines this effect is larger and 

for impact type machines this effect is lesser. Impact type machines produce more 

cubicle or equidimensional particles. The speed of the crusher also influences particle 

shape (Ozol, 1978). 
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Roundness 

Roundness measures how rounded the particle is. Roundness is independent of 

sphericity and form and is the opposite of angularity. As cited by Powers (1953), 

Pettijohn (1949) defined roundness as the ratio of the mean radius of curvature of edges 

and corners of the particle to the radius of the maximum inscribed circle (Powers, 

1953).  

Roundness is divided in to two parts. First part is the corner roundness and the second 

part is the particle outline roundness. Corner roundness is the opposite of sharpness of 

corners which is an important factor in abrasion and particle outline roundness is the 

overall roundness of the particle which is measured using convexity. Overall 

roundness is important in packing density when determining the ability of interlocking 

of particles.  

The roundness has also been defined as the level to which the contour of a particle fits 

the curvature of the largest sphere that can be contained within the particle (Ozol, 

1978). 

According to Wadell (1932), roundness is the mean radius of curvature of all the 

corners divided by the radius of the largest inscribed circle: 

 

𝑅𝑅𝑓𝑓𝑅𝑅𝑡𝑡𝑑𝑑𝑡𝑡𝑒𝑒𝑠𝑠𝑠𝑠 = ∑ (𝑟𝑟𝑚𝑚 𝑅𝑅⁄ )
𝑁𝑁

   ………….………………………Equation 2.38 

Where,  

ri is the radius of curvature of corner i 

R is the radius of the largest inscribed circle 

N is the number of corners 

From the above equation it can be derived that both a sphere and a cylinder capped 

with two hemispheres have a roundness of 1.0. shapes with sharp corners of 900 such 

as cubes have a roundness of 0.843   
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Typically, both roundness and sphericity are determined using visual guides (Figure 

2.13). Sphericity and roundness are inter connected but not to the same degree. A small 

increase in sphericity may incur a huge variation in roundness. 

Angularity 

Angularity measures the sharpness of corners and edges and this is exactly the opposite 

measurement of roundness. Angular particles may affect the packing density of 

mixtures. As described in roundness section, angularity can be identified by two 

aspects. First being the sharpness of edges and the second being the angularity of total 

particle which is measure by convexity of a particle (Mora & Kwan, 2000). 

Convexity ratio 

Convexity ratio measures the convexity of the particle. the convexity ratio is measured 

from the two-dimensional projection of the particle because of the difficulty of 

measuring shape parameters in three dimensions, it is defined as: 

𝐶𝐶𝑓𝑓𝑡𝑡𝐶𝐶𝑒𝑒𝐶𝐶𝑚𝑚𝑡𝑡𝑒𝑒 𝑟𝑟𝑎𝑎𝑡𝑡𝑚𝑚𝑓𝑓 =  𝐴𝐴𝑟𝑟𝑐𝑐𝑎𝑎
𝐶𝐶𝐶𝐶𝑛𝑛𝐶𝐶𝑐𝑐𝑚𝑚 𝑎𝑎𝑟𝑟𝑐𝑐𝑎𝑎

   ……………………….. Equation 2.39 

where the convex area is the area of the minimum convex boundary circumscribing 

the particle. Figure 2.15 explains the convexity.  

 

Figure 2.15: Convexity of a particle 
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Fullness ratio 

Fullness ratio is another measure of convexity. It is also estimated from the two-

dimensional projection of the particle. It is defined by Equation 2.40; 

𝐶𝐶𝑅𝑅𝐹𝐹𝐹𝐹𝑡𝑡𝑒𝑒𝑠𝑠𝑠𝑠 𝑟𝑟𝑎𝑎𝑡𝑡𝑚𝑚𝑓𝑓 =  � 𝐴𝐴𝑟𝑟𝑐𝑐𝑎𝑎
𝐶𝐶𝐶𝐶𝑛𝑛𝐶𝐶𝑐𝑐𝑚𝑚 𝑎𝑎𝑟𝑟𝑐𝑐𝑎𝑎

   …………………. Equation 2.40 

Both convexity ratio and fullness ratio are measures of concavity and are indirectly 

linked to roundness and angularity (Mora & Kwan, 2000). 

2.8.3 Effect of surface texture on packing density 

Surface texture is another major factor that affects the packing density of a particulate 

mixture.  Smooth particles tend to move quickly and rearrange in a more stable 

arrangement to improve the packing density of the mixture. Rough particles generate 

interparticle friction and hinder the ability to move freely. Hence, the rough particles 

take lot of energy and time to rearrange its structure to a high dense packing. Hence, 

the packing density of rough particles are usually lower than that of small particles. 

The effect of surface texture on packing density is investigated to account the surface 

texture effects into the model. Even though there are many research on effect of shape 

on packing density, there are only handful of research on effect of surface texture on 

packing density. 

Alexander and Mindess (2005) have stated that the packing density of a mixture is 

affected by surface texture of an aggregate and packing models should account the 

surface texture. Mangulkar and Jamkar (2013) have reviewed the use of packing 

models in concrete mix proportioning. They have stated that the particles with 

improved surface texture provides better results in properties of concrete. Further, they 

have mentioned that the reason for such improvements is the effect of surface texture 

in packing density. 
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Lamond and Pielert (2006) has emphasized that aggregate surface texture has a direct 

influence on the porosity of a mixture. Figure 2.16 shows how surface texture is related 

to porosity. 

 

Figure 2.16: Particle packing volume and macro-surface voids and micro-surface 
voids enclosed by packing volume membrane (Lamond & Pielert, 2006) 

Apart from above mentioned researches, there are many researches that indirectly 

indicate the effect of surface texture on particle packing and performances. Janoo 

(1998) has mentioned in a special report prepared for US army corps of engineers 

together with Vermont agency of transportation that the aggregate surface texture and 

shape has a direct effect on properties of base materials due to packing of particles 

(Janoo, 1998). 

Little et al. (2003) have stated that the voids in a compacted mass of rough-textured 

aggregate usually are higher. Further, the rough textured particles hinder the 

workability and mobility of particles due to surface texture. 

Erdoğan and Fowler (2005) have studied on effect of aggregate shape and texture on 

rheological properties of concrete. In their study they have coated smooth glass spheres 

to gain different surface textures. The study reveals the packing of mixtures are greatly 

affected by the surface texture and shape of particles.  
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2.8.3.1 Measurement of surface texture 

Surface texture measures the unevenness or waviness of particle surface. It can also be 

identified as a microlevel measurement of surface roughness and texture is totally 

independent from roundness and form. Mora and Kwan (2000) stated that surface 

texture can be measured in terms of the magnitude and sharpness of the protrusions 

and indentations on the particle boundary.  

A surface texture comprises of two independent geometric properties;  

1) The level of surface relief, also called roughness or rugosity,  

2) The surface area per unit of dimensional or projected area. This property, even 

though it is the ratio of areas, it has been defined as the roughness factor (Wenzel, 

1949): 

𝑅𝑅 = 𝐴𝐴
𝑎𝑎
     …….…………………………………… Equation 2.41 

Where;  

A - True/real surface area and  

a - Apparent/projected surface area  

Apart from quantitative evaluation of roughness, the forms of roughness are of 

importance. The comparative importance of undulatory (smooth, wavelike) and abrupt 

rugosity was measured by Blanks (1949). According to Blanks (1949) the surface 

texture depends on hardness, grain size, pore structure and texture of the particle and 

the amount of external factors such as forces and weathering have been affected on the 

surface. Hard, dense, fine-grained material will generally have smooth surfaces. 

The surface texture of a particle influences the properties of the material. Surface 

texture is defined as the degree of fineness and uniformity (Terzaghi & Peck, 1967). 

Terzaghi and Peck (1967) proposed qualitative terminologies such as smooth, sharp, 

gritty, etc., to define the texture. A roughness scale was used by Barskale and Itani 

(1989) to measure the surface texture of aggregates. The roughness of the surface was 

measured using visual examination and an index of 0 to 1000 was used to define 
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roughness. 0 of the index for glassy smooth particles and 1000 was used to measure 

very rough particles.  

Bikerman (1966) suggested a method involving coating of asphalt on a flat sawed 

aggregate surface and then scraped to the surface of the aggregate. The asphalt left on 

the surface will be used as an indicator of the surface texture. This technique evaluates 

the micro-texture of the surface and is an index to the roughness of the surface. 

Wright (1955) proposed a method to evaluate the surface texture of aggregate particles 

by means of 19mm particles. The aggregate will be submerged in a synthetic resin and 

after hardening the resin, the aggregate is cut into thin parts of approximately 2.5 x 

10~2 mm thick. This thin section is magnified 125 times by a microscope and the 

unevenness of the surface is traced. The length of the trace is measured and compared 

with an uneven line drawn as a series of chords as shown in Figure 2.17. The difference 

between these two lines is defined as the roughness factor.  

 

Figure 2.17: Measurement method for characterizing the surface texture of an 
aggregate (Wright, 1955). 

2.8.3.2 Determination of surface characteristics using image analysis 

Measurement of surface texture of particles is a challenging problem. Many researches 

have been carried out to develop reasonable methods to quantify the surface texture of 

particles. Most of these methods involve image processing techniques. Methods 

explained in previous sections are tedious and time consuming. Hence, digital image 

processing technologies based on computers have been developed for analyzing 

purposes of particle surface and shape characteristics such as shape, angularity and 
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roughness.  Wilson et al., (1997) studied the feasibility of this technology for federal 

highway administration (FHWA) and the tests were carried out on fine sands both 

manufactured and natural. The results revealed that the technology was feasible for 

measurement of shape and angularity of particles. They also developed indices to 

measure roundness and angularity of particles. Their method captures images of the 

aggregates to be measured using a high-resolution camera and a computer application 

is used to analyze the images, distinguish and trace the boundaries of aggregates. These 

traces are further analyzed, and surface characteristics are measured using an algorithm 

in the application.  

It is evident from the previous sections that the determination of particle surface 

texture is a time consuming and tedious task. Different approaches have been taken by 

engineers and scientists to deduce these features from the mass properties of the 

particles. British pendulum number is one such method that can be easily utilized to 

determine the surface texture characteristics of particles.  

2.8.3.3 British pendulum number  

British pendulum number (BPN) can also be used to measure the surface texture. 

British pendulum test was originally developed to determine the skid resistance of 

surfaces.  However, several studies have revealed that there is a significant correlation 

between BPN and surface texture.   

Liu et al. (2004) however found that BPN depends on both surface micro texture and 

macrotexture. Corley-Lay (1998) also found that the variation of BPN from section to 

section resembles the variation of SN. Goodman (2009) also found a good correlation 

between texture depth and BPN using the data collected from several asphalt mix 

gyratory samples. Further Ahmed and Susan confirmed that fairly good correlations 

were found among the British Pendulum number (BPN), ribbed tire skid number (SN) 

and mean texture depth (MTD) rejecting the hypothesis that BPN is a measure of only 

surface micro-texture and ribbed tire skid number is insensitive to surface texture 

(Ahammed & Tighe, 2011). 
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2.9 Summary of findings 

Particle optimization is important in materials science and related industries. For 

example, optimization of concrete aggregates can produce high quality concrete, 

ecological concrete, high performance concrete, permeable concrete, light weight 

concrete etc. Hence, the optimization has immense advantages in not only in concrete 

industry, but also in many industries which involve packing of different particles. 

When the concrete industry is considered it was revealed that the packing has a great 

influence on properties of concrete such as water demand and cement particle spacing, 

flowability etc. Thus, determination of packing density is very important and plenty of 

models have been developed to predict the packing density of particle mixtures. 

However, most of these models are based on many assumptions hence applicability of 

such models in realistic complex applications such as concrete is still questionable. 

Most of these models do not incorporate vibration, shape and surface texture of 

particles to predict the packing density. However, literature revealed that each 

parameter influences the packing density greatly and needs to be accounted when 

calculating packing density of particulate mixtures. According to literature and 

experimental studies it was revealed that 3-parameter model can be effectively 

modified incorporating vibration, shape and surface texture.  However, measurement 

of vibration, shape and surface texture are challenges faced by scientists and most 

suitable methods were adopted for the study based on accuracy and easiness of 

reproduction.  
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CHAPTER 3 

3 METHODOLOGY 

3.1 Introduction 

Measurement of packing density in a particulate mixture is a tedious process. The 

packing density is the ratio between the solid volume and total volume of the mixture. 

Hence, the measurement of packing density involves the measurement of solid volume 

of particles and the measurement of total volume occupied by the particles. This 

chapter explains how the experimental work were carried out to determine the 

variation of packing density with respect to various vibration frequencies, various 

shape factors and various surface textures.  

3.2 Measurement of solid volume of particles (VS) 

The measurement of solid volume (VS) is straightforward for spherical particles. The 

volume of a sphere and number of spheres in the mixture is known. Hence, the total 

volume can be calculated by the Equation 3.1.  

𝑉𝑉𝑆𝑆 = 𝑉𝑉1𝑁𝑁1 + 𝑉𝑉2𝑁𝑁2  ………………………………………………………Equation 3.1 

Where, 

VS - Total solid volume of the mix 

V1 - Volume of sphere (Size class 1) 

V2 - Volume of sphere (Size class 2) 

N1 - Number of size class 1 spheres in the mix 

N2 - Number of size class 2 spheres in the mix 

However, the measurement of total solid volume of the mixture gets complicated 
when irregular particles are present. In this situation, the solid volume is measured 
using the Equation 3.2. 

𝑉𝑉𝑆𝑆 = 𝑊𝑊1 𝛾𝛾1� + 𝑊𝑊1 𝛾𝛾1�  …………………………………………………….Equation 3.2 
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Where, 

W1 - Weight of particles of size class 1 

W2 - Weight of particles of size class 2 

γ1 - Average specific gravity/density of size class 1 particles 

γ2 - Average specific gravity/density of size class 2 particles 
 

3.3 Measurement of total volume of the mixture (VT) 

Total volume (bulk volume) of the mixture was calculated by measuring the height of 

the mixture after achieving the maximum packing as shown in Figure 3.1. A Vernier 

caliper was used to measure the h value. Four different readings from four different 

locations were measured and average was taken as the h.   

 

 

 

 

 

Figure 3.1: Measurement of total volume 

 

𝑉𝑉𝑊𝑊 =  𝜋𝜋𝑟𝑟2(𝐻𝐻 − ℎ)……………………………………………………… Equation 3.3 

Where, 

V𝑊𝑊 - Total volume 

r - Inner radius of the container 

H - Total height of the container 

h - Height from the top of the mixture to top of the container 

H 

h 

r 
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3.4 Application of vibration frequency  

Two different sizes of particles were taken for the study at a time and mixture was 

prepared in volume proportions to measure the packing density. A plunger was placed 

on top of the mixture to apply vertical confinement. Dial gauge was placed to measure 

the displacement of plunger and vibration was applied until the dial gauge reading 

shows a maximum value (Maximum packing state). Figure 3.2 shows the schematic 

diagram of apparatus.  

The experiment was repeated with various vibration frequencies (50 Rad/s – 150 

Rad/s), various size ratios (diameter ratio between two particle sizes) ranging from 0.1 

to 0.9 and various large particle volume proportions ranging from 0 to 1 to determine 

the effect of vibration frequency, size ratio and large particle volume fraction on the 

packing density. Shape factor and surface texture were held constant as shown in Table 

3.1.  

                   

 

                   

 

Figure 3.2: Schematic diagram of experimental setup 
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The vibration was applied to the particle mixture by means of a vibration table and a 

vibrating hammer. Vibration table was used to apply vibration to the bed of particles 

while vibration hammer was used to apply vibration to the top of mixture. The effect 

of both methods on packing density was measured and packing density results showed 

that there is no significant effect on applying vibration to bed or to the top. Table 3.1 

presents the variables of the study and number of samples obtained from the 

experiment to analyze the effect.  The shape (spherical – shape factor of 1) and surface 

texture (glass 12 BPN) were held constant to determine the effect of vibration. (Refer 

Appendix A) 

Table 3.1: Vibration analysis data 

Vibration (Rad/s) Number of samples to 
be used for the model 
development 

Number of samples to 
be used for the model 
validation 

50 60 60 

75 60 60 

100 60 60 

125 60 60 

150 60 60 

 

3.5 Measurement of shape factor  

Even though there are many parameters to measure the shape, according to Kwan and 

Mora (2001), Shape factor and convexity ratio parameters affect the packing density 

of particulate mixtures mostly. Convexity ratio is difficult to measure without a proper 

digital image processing apparatus. However, shape factor can be simply measured 

using a Vernier caliper. Hence, for this study shape factor is used as the shape 

parameter to develop the model (Refer Equation 2.35). 
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Aggregates passing the 25mm sieve and retaining the 19mm sieve were taken for the 

study. Vernier caliper was used for the measurement of dimensions. Since aggregates 

are in irregular shapes measurement was carried out in following order. First the 

longest dimension was selected as the length. Secondly, the shortest dimension 

perpendicular to length was measured as the thickness and finally, the remaining 

dimension perpendicular to both length and thickness was selected as breadth. The 

shape factor of particles was measured manually and categorized in to 5 groups. Figure 

3.3 shows the dimensions of a particle and Figure 3.4 (a), (b), (c), (d) an (e) show the 

selected aggregates with shape factors of 0.15,0.3,0.45,0.75 and 0.9 respectively. The 

vibration frequency was kept at 110 Rad/s and surface texture of 25 BPN was used 

and kept constant for the experiment. Table 3.2 presents the constants and variables of 

the study and number of data obtained from the experiment to analyze the effect.  

(Refer Appendix B) 

Table 3.2: Shape analysis data 

Shape factor Number of samples to 
be used for the model 
development 

Number of samples to 
be used for the model 
validation 

0.15 60 60 

0.30 60 60 

0.45 60 60 

0.75 60 60 

0.90 60 60 
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Figure 3.3: Dimensions of a particle 

     

(a) 0.15 (b) 0.3 (c) 0.45 (d) 0.75 (e) 0.9 

Figure 3.4: Selected aggregates for the experiment (a) Shape factor 0.15 (b) Shape 
factor 0.3 (c) Shape factor 0.45 (d) Shape factor 0.75 (e) Shape factor 0.9 

 

3.6 Measurement of surface texture of particles using British pendulum test 

Digital imaging techniques are complicated and difficult to execute in common 

laboratories. The objective of this study is to develop a theoretical packing model that 

can be used to determine the packing density of different mixtures with different 

shapes and textures, it is important to keep the tests involved with the model to be 

simple and easy to execute. Therefore, BPN method was selected to measure the 

aggregate surface texture. The relationship is developed with BPN value and packing 

density. Even though BPN is a measure of skid resistivity, it is also a measure of 

surface texture indirectly. The spherical glass beads were coated with different sizes 

of dust powders to achieve different surface textures.  
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The BPN value for different surfaces were measured using British pendulum test 

(Figure 3.5) (ASTM E303-93(2013)). Samples were prepared as shown in Figure 3.6 

to measure the texture using British pendulum tester. 8 different surface textures were 

prepared for the study. Glass surface had a BPN of 12 while roughest surface had a 

BPN of 45. Rest of the textures were in between BPN 12 and 45 where real aggregates 

had a BPN value of 25. The coated spherical beads (constant shape factor 1) as shown 

in Figure 3.7 were then used for the determination of packing density under constant 

vibration frequency (110 Rad/s). Binary mixtures were prepared with different large 

particle proportions. Table 3.3 presents the constants and variables of the study and 

number of data obtained from the experiment to analyze the effect.  (Refer Appendix 

C) 

Table 3.3: Surface texture analysis data 

Surface texture 

(BPN) 

Number of samples 
to be used for the 
model development 

Number of samples 
to be used for the 
model validation 

12 40 40 

14 40 40 

18 40 40 

25 40 40 

33 40 40 

35 40 40 

39 40 40 

45 40 40 
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Figure 3.5: British pendulum test apparatus 

 

Figure 3.6: Samples prepared for different surface textures 

 

Figure 3.7: The coated spherical beads 
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CHAPTER 4 

4 VALIDITY OF PACKING MODELS  

4.1 Introduction 

Optimization of packing of aggregate is the process of determining the most suitable 

aggregate particle sizes and distribution to minimize the voids content of an aggregate 

mix. An optimized aggregate mix will have lesser voids which needs to be filled with 

cement paste resulting low cement, high quality concrete (Richardson, 2005). 

Optimization of aggregates to achieve higher strengths with lower cement content has 

been studied for various applications over the past decade (Ley et al., 2012). Though 

those studies were successful for more generalized applications, there were limitations 

when applying the results for specialized applications such as zero slump concrete, 

precast concrete, roller compacted concrete, self-compacting concrete, high 

performance concrete etc. (Chun et al., 2007). The main reason for such limitations in 

generalized approach is the variation of the required properties of concrete in each 

application. (Mangulkar & Jamkar, 2013) 

Interlocking concrete block pavers (ICBP) are one of the main pavement materials 

which needs vibration and compression in the packing of aggregates in concrete 

mixture. According to Ishai (2003) the absolute values of construction plus the 

maintenance cost of ICBP are always equal or less than that of flexible pavements and 

rigid pavement. Hence, ICBP is popular in many parts of the world. Concrete mixes 

used in ICBP industry seem to be far less economical and highly unsustainable. The 

manufacturers use high amount of cement to achieve higher strengths.  There are high 

variations in strength within the same batch of blocks. Various issues such as non-

availability of proper guidelines, volume batching methods, water/cement (W/C) ratio 

issues etc. can be the reasons for such variations.  

The objective of this study is to determine the validity of aggregate packing models in 

mixture design of interlocking concrete block pavers and improve the concrete mixture 

design method by adopting aggregate packing concepts.  
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4.2 ICBP Manufacturing process and characteristics   

Hydraulic molding machines use vibration and compression, commonly known as 

vibro-compression to cast the blocks. Semi dry concrete mix allows to remove the 

mold from the fresh block soon after casting which facilitates efficient production. 

Hence higher green strength is required to produce quality blocks. Typically, quarry 

dust, natural sand, 10 mm to 12 mm coarse aggregate, cement and pigments are used 

for the concrete mixture. Figure 4.1 shows the hydraulic block making process in a 

local factory.  

 

Figure 4.1: Hydraulic machine used in industry 

Water/cement (W/C) ratio may vary from 0.3 to 0.4 depending on the required degree 

of surface texture. Water content should be optimum to produce a quality block since 

high amount of water may produce a slumpy block and low water content may produce 

a dry block which will crack soon after de-molding. A field survey was carried out to 

understand the industrial ICBP manufacturing procedure. Figure 4.2 shows the 0.45 

power curve for aggregate gradation used for various grades of concrete used by the 

selected manufacturer with standard limits proposed by South African (SA) standards 

(SANS1058, 2012). 0.45 power maximum density line provides a guide to blend 

aggregates to get the maximum density. Similarly, the Indian standard (IS15658, 2006) 

proposes a coarse aggregate to fine aggregate mix of 60:40 for ICBP manufacturing. 

As shown in Figure 4.2, the South African standard specified limits are also closer to 

the maximum density line. It is evident that the industrial aggregate mix is not within 
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the minimum and maximum lines specified by SA standards (SANS1058, 2012) as 

well as distant to the maximum density line. The high percentage (35% to 45%) 

passing the 0.075mm sieve is also a major concern. These mixes may have high 

amount of voids (40%) which will eventually result in either low strength or high 

cement paste consumption.   

 

 

Figure 4.2: 0.45 Power curve and aggregate size distribution at an industrial block 

manufacturer 

4.3 Determination of mix design characteristics 

Considering the concrete mix requirements particle packing optimization was found 

to be the most suitable mix design methodology to follow. 12 mm coarse aggregates, 

manufactured sand and natural sand were used as aggregates for the mix. According 

to Indian standard for precast concrete blocks for paving IS 15658 (2006) the nominal 

maximum aggregate size is limited to 12 mm considering the block size. Since the 

vibration and compaction plays a major role in aggregate packing density, it is essential 

to select the optimum vibration time and compression stress. Figure 4.3 and Figure 4.4 
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show the variation of packing density with respect to vibration time and compression 

respectively.  

The saturated solid density and oven-dried solid density of the aggregate were 

determined in accordance with BS EN 1097-3:1998 as 2589 kg/m3 and 2560 kg/m3 

respectively. Moisture content was measured to determine the air dried solid density 

of the aggregate and it was 2572 kg/m3. Then the solid volume of the aggregate in the 

container was calculated as the average weight of the aggregate in the container 

divided by the air-dried solid density of 2572 kg/m3.  

4.3.1 Optimum Compression and Vibration 

The optimum vibration period was selected as 6 seconds as shown in Figure 4.3 and 

the optimum compaction was selected as 1.8 MPa as shown in Figure 4.4. The results 

were used for the selection of aggregate proportions.  

 

Figure 4.3: Packing density vs. Vibration 

 
Figure 4.4: Packing density vs. Compression 
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4.3.2 Coarse aggregate to fine aggregate ratio 

Aggregates were mixed in proportions by volume and selected vibration (6 seconds) 

and compression (1.8 MPa) was applied and the packing density of each mixture was 

determined. 10 mm coarse aggregates, 2.36 mm downsize fine aggregate were selected 

for the study. Figure 4.5 shows the variation of packing density with respect to 

aggregate proportions.  

 

 

Figure 4.5: Packing density vs. Fine aggregate percentage (%) in the mix 

Addition of fine aggregate increases the packing density of the mix. However, the 

packing density of aggregate mixture decreases after 70:30 fine to coarse ratio. Initially 

when coarse particles are dominant, voids in between coarse particles are high, 

resulting a low packing density. Introduction of fine particles will fill the voids in 

between coarse particles resulting a high packing density. The packing of coarse 

particles is disturbed and the amount of voids further increase with the introduction of 

fine particles. The mix proportion which produces the highest packing density is taken 

as the optimum mix.  

4.3.3 Natural sand to manufactured sand proportion   

Natural sand to manufactured sand proportion in the mix is selected considering the 

characteristics of ICBP. Previous studies have found that addition of 50% to 80% 
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manufactured sand to the total fine aggregate would increase the strength of the 

concrete (Arivalagan, 2013; Fate, 2014; Jadhav & Kulkarni, 2013; KrishnaRao et al., 

2013; Uma & Banu, 2015; Zeghichi, et al. , 2012). Since the mold is removed as soon 

as the block is cast, it is necessary to maintain high green strength in fresh concrete. 

When the manufactured sand percentage is higher, the green strength is high due to 

the interlocking action in angular manufactured sand particles. But on the other hand, 

high amount of manufactured sand will increase the voids in the mix due to the shape 

factor (Uma & Banu, 2015). Natural sand is round and produces more workable 

concrete hence it can be easily used to fill the voids in coarse aggregates (Vitton, et al. 

2008). The application of ICBP requires high green strength over workability to 

preserve the shape after removal of the mold. Hence, considering the above limitations, 

to maintain high green strength with a workable concrete, 70% manufactured sand and 

30% natural sand was selected from total fine aggregates.  

4.3.4 Water/Cement Ratio 

Water/cement ratio is critical in ICBP concrete mix. Since a dry concrete mix is used 

to cast blocks, the water/cement ratio needs to be kept to an optimum level. But too 

dry a mix will break the fresh block after casting as well as the required surface texture 

cannot be achieved. On the other hand, too wet a concrete mix will slump the block 

after casting and stripping of mold is difficult due to a sticky concrete mix. Therefore, 

to select the most suitable W/C ratio, box test was carried out (Cook, et al. , 2014). 

Box test revealed that 0.34 to 0.38 W/C ratio provides a better concrete mix which 

satisfies the required criteria. Figure 4.6 (a), 3.6 (b) and 3.6 (c) show the surface texture 

resulted in box tests with respect to the W/C ratio of 0.3, 0.35 and 0.4 respectively. 

  

(a) 0.3 W/C  (b) 0.35 W/C   (c) 0.4 W/C 

Figure 4.6: Results of box test for different Water/Cement ratios. 
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4.3.5 Effect of cement paste on strength 

Excessive cement paste is the amount of cement paste that will remain after filling all 

the voids in the aggregate matrix. Excessive cement paste will coat the aggregate and 

act as a bonding agent for aggregates. Increase of excessive cement paste will increase 

thickness of the bond between two aggregates thus improving the strength of the bond. 

Since the aggregate is packed as densely as possible and the water/cement ratio is kept 

to an optimum level it is the excessive cement paste that will improve the strength of 

the concrete. According to Taylor, et al., (2012) excessive cement paste can be 

increased up to 130% to increase the strength of the concrete. As shown in Table 4.1 

when the excessive cement paste is increased the strength of the concrete increases. 

Appendix E shows the calculation steps of the mix design.  

Table 4.1: Effect of cement paste on strength  

Excessive  
cement 
paste  
(%) 

Manufactured 
sand 
(kg/m3) 

Natural 
Sand 
(kg/m3) 
  

Coarse  
aggregate  
(kg/m3) 

Cement 
 
(kg/m3) 

Water 
 
(kg/m3) 

7day 
Strength 
(N/mm2) 

28day 
Strength 
(N/mm2) 

10 610 406 435 600 228 9.02 15.36 

15 590 395 420 627 238 13.8 20.12 

20 570 380 407 653 248 22.4 28.3 

25 550 366 394 681 258 25.67 34.12 

30 530 353 378 710 269 28.91 37.26 

35 510 340 364 735 279 32.4 43.25 

40 490 327 350 762 289 40.2 55.15 
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4.4 Estimation of field packing density in laboratory (Laboratory packing).  

Field packing density was measured using similar aggregates used in industrial block 

manufacturing plants. Aggregates mixed in volume proportions and measured the 

packing density in laboratory to compare with theoretical models. The aggregates were 

mixed and both vibration and compression were applied by means of a vibration 

platform and a plunger to simulate actual conditions. Laboratory packing density curve 

in Figure 4.7 shows the variation of packing density with respect to aggregate 

proportions.  

4.5 Comparison of packing densities from models and experiments 

Toufar model, CPM and 3-parameter models were selected for the comparison. 

Chapter 2 section 2.5 explains each model and the reasons for the selection of each 

model. According to Figure 4.7, the packing density values predicted by these models 

are 4% to 16% lower than the packing density obtained from laboratory experiments. 

The compressible packing model underestimates the packing density for the selected 

aggregates by 16% while 3-parameter model estimates packing density correctly when 

the finer particle percentage is within 0 to 0.4 range. Toufar model also underestimates 

the packing density but compared to the CPM, Toufar model predictions are closer to 

experimental packing and laboratory packing. However, when maximum packing is 

concerned, all models apart from 3-parameter model predicts the same range of finer 

percentage. Toufar, CPM, experimental packing and laboratory packing suggests finer 

percentage of 0.6 to 0.8 will result the maximum packing density while 3-parameter 

model predicts finer percentage of 0.4 as the optimum mix ratio to obtain maximum 

packing density. Even though Toufar, CPM, experimental packing and laboratory 

packing suggest same range of finer percentage, their packing density predictions have 

considerable differences which may lead to different cement contents. Hence, it is 

crucial to identify the most related packing variation when selecting a theoretical 

packing model for mix design process. Table 4.2 shows the comparison of different 

packing models with experimental results.  
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Figure 4.7: Comparison of packing models 

The results shown in Figure 4.7 indicates that the predicted packing densities by 

selected models are not accurate for the given conditions. The selected models could 

only predict the packing density for pre-defined packing process. Both Toufar model 

and  3-parameter model do not consider method of packing into the calculation. Even 

though the compressible packing model considers method of packing, K value given 

for vibration in the model does not satisfy the vibration and compression process 

applied in the packing process.  

4.6 Determination of compressive strength of ICBP 

From the results obtained through the study, concrete mix proportions were determined 

using packing density method. For each model, the mix proportion of large particles 

(Coarse) to smaller particles (fine) which gives the maximum packing density was 

selected for the concrete mix design. Excessive cement paste was selected as 35% for 

the study.  Water cement ratio was selected as 0.35 for trial mixes and unconfined 

compressive strength was performed to check the strength. The results are given in 

Table 4.3. Figure 4.8 shows the fresh blocks soon after demolding. The blocks were 

made using the optimized mix design method and the blocks were having a very good 

green strength to hold its shape and the mixture was suitable to maintain fine details 

of the texture.   Table 4.4   presents the strength of the blocks. As seen on Table 4.4, 

the optimized mixture was able to gain high various strength grades.   
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Table 4.2: Comparison of packing models with experimental results 

Volumetric fraction 
of large particles 

Laboratory 
packing 
density 

Experimental packing 
density 

3- parameter model 
(3PM) 

Toufar 
model 

Compressible 
Packing Model 

(CPM) 
0 0.52 0.57 0.52 0.52 0.468 

0.1 0.55 0.59 0.53 0.532 0.487 

0.2 0.58 0.61 0.54 0.545 0.505 

0.3 0.6 0.63 0.55 0.552 0.52 

0.4 0.59 0.62 0.554 0.55 0.523 

0.5 0.58 0.58 0.56 0.538 0.507 

0.6 0.57 0.56 0.558 0.521 0.484 

0.7 0.55 0.54 0.53 0.5 0.46 

0.8 0.52 0.51 0.5 0.484 0.443 

0.9 0.5 0.47 0.48 0.466 0.423 

1.0 0.45 0.43 0.45 0.45 0.405 



70 
 

Table 4.3: Concrete mix proportions and strengths   

1  35% Excessive cement content  
2 Reduction of cement is calculated as a percentage compared to the industrial mix. 

Packing model Fine 
(kg/m3) 

Coarse 
(kg/m3) 

Cement1 
(kg/m3) 

Water 
(kg/m3) 

7-day 
Strength 

(kN/m2) 

28-day 
Strength 
(kN/m2) 

Cement 
Reduction2 

(%) 

Experimental 
results 850 364 735 262 32 43 27.9 

3PM 432.5 649 870 304.5 33 45 14.7 

Toufar 644 346.5 910 318.5 31 42 10.7 

CPM 555.5 370 950 333 33 41 6.8 
ACI Method 

(G40) 575 910 840 290 27.15 40.7 17.6 

Industrial Mix 1310 340 1020 N/A 30 45 - 
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Figure 4.8: Sample ICBP using optimized concrete mixture 

 

Table 4.4: Results obtained from field experiments 

 

Sample Excessive cement 
content % 

3-day  
strength 
(N/mm2) 

7-day  
strength 
(N/mm2) 

28-day  
strength 
(N/mm2) 

1 20 12.4 18.9 26.3 

2 25 15.2 21.4 30.5 

3 30 18.6 27.6 36.4 

4 35 22.6 30.1 43 

5 40 28.3 37.4 52.1 



72 
 

 
Figure 4.9: Gradation of aggregates used in the study and optimized blend 

Figure 4.9 shows the aggregate gradation used in the study. The optimized blend 

proposed by the study is very close to the maximum density line and the lower limit 

of SA standards (SANS1058, 2012). 

 

4.7 Summary of findings  

Particle packing optimization is a well-recognized and widely used method to enhance 

the performance of concrete. Several theoretical packing models are used to determine 

the packing density and different packing models apply different approaches to 

accurately predict the packing densities of irregular aggregate mixes. Due to non-

homogeneity of the aggregate particle mixes, it is a very challenging task to accurately 

predict the packing densities or void ratios of a mix of aggregates. Due to this reason, 

it is crucial to select the most suitable packing model for the application. Selection of 

a suitable packing model should be done based on the applicability of packing model. 

 

This study determined the applicability of three widely used packing models, 3-

parameter model, Toufar model and Compressible packing model for the use of ICBP 

manufacturing. The theoretical models were compared with controlled laboratory 

experiments as well as field experiments to determine the applicability of them in 

ICBP manufacturing. Concrete mixes were produced using the optimum mix ratios 
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predicted by each theoretical model as well as the experimental programs. From the 

results of unconfined compressive strength, it was observed that the theoretical models 

can be used to optimize the current industrial mix design and the 3-parameter, Toufar 

and CPM models have reduced the cement consumption by 14.7%, 10.7 % and 6.8% 

respectively for the application of ICBP when compared to the current industrial mix 

design. Even though the theoretical packing models could produce the required 

strength, it was evident that experimental mix design could also achieve the same 

strength using lesser amount of cement. Hence, the study recommends a more accurate 

and reliable theoretical packing model incorporating shape and texture factors as well 

as compaction method which focuses and specializing in application is needed for the 

ICBP and precast concrete industry.  

 

4.8 Recommendations 

From the study, it is evident that even though the existing packing models can be used 

to optimize the concrete mixtures to a certain extent, further optimization can be done 

if packing models are developed incorporating realistic conditions such as vibration, 

particle shape and surface texture. Hence, the study recommends a packing model 

development incorporating vibration, particle shape and surface texture. To 

accommodate these factors into a model it is important to analyse the effect of these 

factors on packing density. The following chapters present the experimental work 

carried out to determine the effect of vibration, shape and surface texture and the 

analysis of the results.  
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CHAPTER 5 

5 COMBINED EFFECT OF VIBRATION FREQUENCY, SIZE 

RATIO AND LARGE PARTICLE VOLUME FRACTION  

5.1 Introduction 

Densification of mixtures by means of vibration, known as Vibro-compaction, is 

widely used in industry. These techniques involve the exertion of energy to the 

particles at a specific frequency and amplitude for a certain duration. However, for 

different particulate mixtures, determination of the most suitable parameters (such as 

vibration frequency and amplitude) to achieve "maximum density" is still an open 

problem. Many external factors such as friction, particle shape & size, material density, 

the geometry of container and the initial state before vibration affect the behavior (X.-

z. An, 2013).  Hence, the achievement of the densest packing has been a complicated 

problem and different approaches (i.e.: experimental studies, numerical analysis, 

computer simulations) have been taken to model the behavior of particulate systems 

in different conditions. Prediction of packing density is important in many applications 

such as concrete optimization, ceramic industry, powder technology, packing 

technology etc. Hence, it is important to know the packing density of a particular 

mixture to effectively utilize the available resources (Jones et al., 2002). 

A number of theoretical, empirical and semi-empirical packing models have been 

developed to predict the packing density of discrete and continuous particulate 

mixtures. Most of these models are based on several basic assumptions such as 

spherical particles, smooth texture, natural packing etc. (Aim & Le Goff, 1968;  

Andreasen & J. Andersen, 1930; Fuller and Thompson, 1907; Kwan et al., 2013; 

Stovall et al., 1986; Toufar et al., 1976). Though the particles used are in different 

shapes, different textures and the packing is done by either mechanical vibration or 

tapping (forced packing) in general applications. The objective of this chapter is to 

determine the combined effect of vibration frequency, size ratio and large particle 

volume fraction on packing density of binary mixtures. The study further develops a 

regression model and design graphs to predict packing density.   
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The experiment was conducted as described in section 3.4. The study focused on the 

packing density of binary spheres hence, the packing arrangements and packing 

structure were not particularly studied. Since the vibration was applied until the point 

of maximum packing, it was noticed that by both methods, similar maximum packing 

density can be achieved. However, the time taken to achieve the maximum packing 

are different. It was observed that the mixtures on vibration table achieve maximum 

packing sooner than the vibration applied using vibration hammer.   

5.2 Vibration time 

The time taken to achieve maximum packing density of each composition was 

measured. Figure 5.1 shows the variation of vibration time with respect to different 

mixture compositions for various vibration frequencies. When the vibration frequency 

is 110 rad/s, the mixtures tend to reach the maximum packing density sooner. 

Interestingly, it was found that for a fixed vibration frequency, the minimum time is 

observed around mixtures with 0.7 large particle volume fractions which is the 

optimum combination for maximum packing density. Table 5.1 shows the values of 

vibration time with respect to various vibration frequencies. The particle composition 

may provide a better freedom to rearrange in a more stable setting. This can be the 

possible reason for such behavior and further studies are recommended to analyze the 

particle packing behavior under vibration. 

 

Figure 5.1: Vibration time required for maximum packing 
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Table 5.1: Time for maximum packing with vibration for various large particle 
volume fractions. 

Large particle volume 

fraction 

Time (Seconds) 

65 (Rad/s) 80 (Rad/s) 110 (Rad/s) 150 (Rad/s) 

0.1 145 142 95 132 

0.2 118 112 92 105 

0.3 110 90 80 85 

0.4 95 100 82 80 

0.5 90 72 62 75 

0.6 65 60 70 55 

0.7 55 42 35 40 

0.8 67 45 40 42 

0.9 95 75 84 110 

 

5.3 Container wall effect  

Spherical glass beads with the diameters of 20mm, 10mm, 5mm, and 3mm were used 

for the study and a steel container with a diameter of 200mm was used to reduce the 

wall effect due to the container. According to McGeary (1961) and Ayer and Soppet 

(1965), when large particle diameter to container diameter ratio (d/D) is less than 0.1, 

the effect of container wall can be neglected. Based on this information, a container of 

diameter 200 mm was used where maximum d/D for the experiments is 20/200 (0.1). 

Also, according to the Ayer and Soppet (1965), the maximum value for container wall 

effect for the selected spherical beads and container was found to be 4.3x 10-3 which 

is a very small value. Hence, the container wall effect is assumed to be negligible in 

this study.  

However, further experimental studies were performed to confirm variation of packing 

density with respect to the container diameter. For the study, seven different diameter 

containers were selected. The vibration and large particle fraction were maintained 

constant and packing density variation was measured with different container 
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diameters. Figure 5.2 shows the packing density variation with respect to the large 

particle diameter to container diameter ratio (d/D). The results shown in Figure 5.2 

further confirm that the container wall effect can be neglected when the d/D is less 

than 0.1. When all the other factors are held constant, the container wall effect 

significantly affects the packing density when d/D is greater than 0.1. The results 

further validate and confirm the findings of McGeary (1961) and Ayer and Soppet 

(1965). Table 5.2 shows the packing density values with respect to the large particle 

diameter to container diameter ratio (d/D) for a vibration frequency of 110 Rad/s and 

a large particle volume fraction of 0.7.  

Table 5.2: Packing density values with respect to the large particle diameter to 
container diameter ratio (d/D) 

Particle 

diameter/Container 

diameter (d/D) 

Packing density 

20mm 10mm 5mm 

0.4 - 0.6 - 

0.2 0.71 0.71 - 

0.16 - 0.756 - 

0.1 0.8 - 0.64 

0.08 0.81 0.761 - 

0.067 - 0.759 - 

0.05 - 0.762 0.65 

0.04 0.81 0.761 0.65 

0.033 0.81 - - 

0.025 0.81 - - 

0.02 0.81 - 0.65 

0.017 - - 0.65 

0.0125 - - 0.65 

0.01 - - 0.65 
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Figure 5.1: Packing density variation with respect to the large particle diameter to container 

diameter ratio (d/D) 

5.4 Analysis and development of model 

Literature review and previous studies confirm that the packing density of a binary 

mixture depends on the proportion of large and small particles, vibration, the size ratio 

of the two particle classes, shape and surface texture of particles. Shape and surface 

texture were kept constant throughout the study by selecting spherical and smooth 

glass beads to isolate their effect on packing density. The variation of packing density 

was studied for various size ratios (0.6,0.5,0.3,0.25,0.15), various vibrations (65 rad/s 

to 150 rad/s) and for various mix proportions (0.1 to 0.9). Figure 5.3 shows the packing 

density variation with respect to vibration for binary mixtures with various coarse 

aggregate proportions. The size ratio of the binary mixture was kept at 0.15 (20mm 

and 3mm spherical beads). 

The increase of the vibration frequency improves the mobility of individual particles 

by means of kinetic energy, allowing the particles to achieve more stable position. 

Further increase of vibration frequency inputs extra energy to the mixture, disturbing 

the stable packing structure and forcing particles to move from the stable packing 

position to unstable dispersed packing position, reducing the packing density of the 

mixture. This phenomenon was observed in the experimental study. The maximum 
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packing density was achieved around 100-120 rad/s and the further increase of 

vibration frequency reduces the packing density as shown in Figure 5.3. The results 

further validate the findings of An, et al., (2016). They also found that when vibration 

frequency increases, the packing density increases to a maximum and then reduces 

with further increase of vibration similar to Figure 5.3.  

 

Figure 5.2: Effect of vibration frequency on packing density for various large particle fractions 

at size ratio of 0.15. 

The images of the sample before and after vibration show that the particles 

arrangement is more ordered after vibration is applied than the initial random 

arrangement. As shown in Table 5.3, the photographic evidence suggests that the 

particles may rearrange in a more orderly manner to increase the packing density of 

the mixture. The top view and the side view of the sample after vibration indicate that 

the particle rearrangement is more ordered than the initial random arrangement. 

However, further investigations are encouraged to confirm the particle rearrangement 

structure and packing arrangement under vibration. 
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Table 5.3: Particle arrangement before and after vibration 

Particle mixture 
Top view Side view 

Before Vibration After Vibration Before Vibration After Vibration 

10 mm and 3 mm particle 
mixture 

    

20 mm and 3 mm particle 
mixture 
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Figure 5.4(a) shows the variation of packing density with respect to the larger particle 

volume fraction. Maximum packing density can be achieved when the large particle 

volume fraction is closer to 0.7. Introduction of small particles to a mixture of large 

particles will increase the packing density of the mixture by occupying free voids in 

between large particles. The packing will reach a maximum value and further input of 

smaller particles will start to disturb the packing of larger particles (loosening effect). 

Thus, the packing density of the mixture will start to reduce. Hence, there is an 

optimum mixture composition that will yield the maximum packing density.   

Figure 5.4(b) shows the variation of packing density with the size ratio of two particle 

sizes under 110 Rad/s vibration frequency at large particle volume fraction of 0.7. Four 

different particle sizes were selected for the study (20mm,10mm,5mm,3mm) and 5 

different size ratios were selected by combining to achieve 0.15,0.25,0.3,0.5,0.6 size 

ratios. 

When size ratio is small, small particles will easily fill the voids in between large 

particles. Higher the size ratio, more difficult for smaller particles to fill the voids in 

larger particles. Thus, loosening effect may occur reducing the packing density of the 

mixture as shown in Figure 5.4(b).  According to McGeary (1961), the packing density 

variation with respect to particle size ratio is a curve with two linear sections. When 

size ratio is in between 1 to 0.1 the packing density variation is linear with a steep 

gradient and when size ratio is less than 0.1 the variation becomes linear with a mild 

gradient. Hence, the curve has two linear sections with a sharp curve around size ratio 

0.1. Figure 5.4(b) shows only the first linear section. Therefore, the model will be 

accurate only within the range of 1-0.1 size ratio. 

The relationship between the packing density and large particle fraction is a 

polynomial curve of third order ( Eq 4.1 ) with the adjusted R2 value of 0.98. Fitted 

curve is shown in Figure 5.4(a).       

Where A , B, C and D parameters are functions of size ratio and vibration frequency 

while 𝑋𝑋 is the volumetric fraction of large particles. Table 5.4 shows the values for A, 

B, C, and D for 110 Rad/s vibration frequency. 
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Table 5.4: A, B, C and D Parameters (110 Rad/s) 

Size ratio A B C D 

0.6 -1.0159 0.8549 0.2715 0.4017 

0.5 -1.1966 1.1084 0.2011 0.4297 

0.3 -1.188 1.0676 0.2611 0.4618 

0.25 -1.1053 0.9202 0.3246 0.4778 

0.15 -1.216 1.0431 0.3162 0.4994 

 

 

    

 

0.6 
0.5 
0.3 
0.25
0.15 

(a) Variation of packing density with large particle fraction 
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Figure 5.3: Effect of large particle fraction and size ratio on packing density  

The variation of A, B, C and D parameters with respect to size ratio was observed. A, 

B and C curves show a second order polynomial relationship with R2 of 0.95 and D 

shows a linear relationship with R2 of 0.94. Figure 5.5 shows the variation of A, B, C 

and D parameters with respect to size ratio for fixed vibration frequency of 110 Rad/s. 

Curve fitted equations for A, B, C and D were found to be in the form of Equation 5.2 

to Equation 5.5 respectively. 

 

Figure 5.4: Variation of A, B, C and D parameters with size ratio 

(b) Variation of packing density with size ratio  
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𝐴𝐴 = 𝐴𝐴1𝑅𝑅3 + 𝐴𝐴2𝑅𝑅2 + 𝐴𝐴3𝑅𝑅 + 𝐴𝐴4 ………………………………Equation 5.1 

B = B1R3 + B2R2 + B3R + B4 ………………………………Equation 5.2  

𝐶𝐶 = 𝐶𝐶1𝑅𝑅3 + 𝐶𝐶2𝑅𝑅2 + 𝐶𝐶3𝑅𝑅 + 𝐶𝐶4  ………………………Equation 5.3 
     

𝐷𝐷 = 𝐷𝐷1𝑅𝑅2 + 𝐷𝐷2𝑅𝑅 + 𝐷𝐷3   ………………………Equation 5.4  

Where, R is the size ratio of two particle classes.  

R = 𝑑𝑑1
𝑑𝑑2

     ………………………………………Equation 5.5 

Where d1 and d2 are diameters of small particle and large particle respectively. 

Similarly, variations were plotted for different vibration frequencies and behavior of 

A, B, C and D were observed. Similar behavior was observed for different vibration 

frequencies.  To determine the relationship between vibration frequency and packing 

density, the variation of A1, A2……D3  was plotted against vibration frequency ( 

Figure 5.6). Table 5.5 shows the values of sub parameters with various vibration 

frequencies.  

Table 5.5: Variation of A, B, C and D sub-parameters (A1, A2, A3, B1, B2, ……D1, D3)  

Sub parameter Vibration frequency (Rad/s) 
65 80 110 150 

A1 7.1265 7.1265 7.1265 7.1265 
A2 -11.9156 -11.8978 -11.8717 -11.8565 
A3 6.27345 6.2874 6.3072 6.3168 
A4 -1.61375 -1.6775 -1.7645 -1.7965 
B1 -8.723 -8.723 -8.723 -8.723 
B2 13.7538 13.7292 13.6908 13.662 
B3 -6.68708 -6.7077 -6.7422 -6.7742 
B4 1.61105 1.7078 1.8608 1.9808 
C1 1.4292 1.4292 1.4292 1.4292 
C2 -1.5565 -1.5442 -1.525 -1.5106 
C3 0.2585 0.2645 0.2765 0.2925 
C4 0.0256 -0.0074 -0.0734 -0.1614 
D1 -0.1323 -0.1323 -0.1323 -0.1323 
D2 0.044125 0.0352 0.0295 0.0471 
D3 0.66225 0.681 0.678 0.59 
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Table 5.6: Equation parameters for A1, A2, A3, B1, B2, ……D2, D3. 

Figure 5.6 shows the variation of A1,A2……..D+s with respect to vibration frequency(𝜔𝜔). 

The curve fitting correlation was found to be in between 0.89 being the lowest for D1 

and  0.999 being the highest for A2. Table 5.6 shows the equations (Eq(5.7a) to Eq(5.7 

o)) for each parameter (A1 to D3 ).  

The final model incorporating three independent variables, (1) vibration frequency 

(𝜔𝜔), (2) size ratio (R) and (3) large particle fraction ( X) was developed.  

 

Sub Parameter Coefficients 
(𝜏𝜏 = 𝛼𝛼 + 𝛽𝛽𝜔𝜔 + 𝛾𝛾𝜔𝜔2) 

Equation 5.7 

𝛼𝛼 𝛽𝛽 𝛾𝛾 
A1 0.0000 0.0000 7.1265 Eq (5.7 a) 

A2 -0.000007 0.0022 -12.029 Eq (5.7 b) 

A3 -0.000006 0.0018 6.1818 Eq (5.7 c) 

A4 0.00003 -0.0086 -1.1815 Eq (5.7 d) 

B1 0.0000 0 -8.723 Eq (5.7 e) 

B2 0.000008 -0.0028 13.902 Eq (5.7 f) 

B3 0.000005 -0.0021 -6.5717 Eq (5.7 g) 

B4 -0.00003 0.0108 1.0358 Eq (5.7 h) 

C1 0.0000 0.000 1.429 Eq (5.7 i) 

C2 -0.000004 0.0014 -1.6306 Eq (5.7 j) 

C3 0.0000 0.00040 0.2325 Eq (5.7 k) 

C4 0.0000 -0.0022 0.1686 Eq (5.7 l) 

D1 0.0000 0.000 -0.1323 Eq (5.7 m) 

D2 0.000009 -0.0019 0.1296 Eq (5.7 n) 

D3 -0.00003 0.0056 0.425 Eq (5.7 o) 
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Figure 5.6 (a): Sub parameters of A 

 

Figure 5.6 (b): Sub parameters of B 
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Figure 5.6 (c): Sub parameters of C 

 

Figure 5.6 (d): Sub parameters of D 

Figure 5.5: Variation of A1, A2, A3, B1, B2, ……D1, D3 with vibration frequency 
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Summary of the model:  

𝐴𝐴1 = 7.1625         Eq (4.7a) 

𝐴𝐴2 = −7x10−6𝜔𝜔2 + 0.0022𝜔𝜔 − 12.029      Eq (4.7b) 

𝐴𝐴3 = −6x10−6𝜔𝜔2 + 0.0018𝜔𝜔 + 6.1818      Eq (4.7c) 

𝐴𝐴4 = 3x10−5𝜔𝜔2 − 0.0086𝜔𝜔 − 1.1815       Eq (4.7d) 

𝐵𝐵1 = −8.713         Eq (4.7e) 

𝐵𝐵2 = 8x10−6𝜔𝜔2 − 0.0028𝜔𝜔 + 13.902       Eq (4.7f) 

𝐵𝐵3 = 5x10−6𝜔𝜔2 − 0.0021𝜔𝜔 − 6.5717      Eq (4.7g) 

𝐵𝐵4 = −3x10−5𝜔𝜔2 + 0.0108𝜔𝜔 + 1.0358      Eq (4.7h) 

𝐶𝐶1 = 1.429         Eq (4.7i) 

𝐶𝐶2 = −4x10−6𝜔𝜔2 + 0.0014𝜔𝜔 − 1.6306      Eq (4.7j) 

𝐶𝐶3 = 0.0004𝜔𝜔 + 0.2325         Eq (4.7k) 

𝐶𝐶4 = −0.0022𝜔𝜔 − 0.1686       Eq (4.7l) 

𝐷𝐷1 = −0.1323         Eq (4.7m) 

𝐷𝐷2 = 9x10−6𝜔𝜔2 − 0.0019𝜔𝜔 + 0.1296      Eq (4.7n) 

𝐷𝐷3 = −3x10−5𝜔𝜔2 + 0.0056𝜔𝜔 + 0.425       Eq (4.7o) 
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5.4.1 Validation of the model 

The model was validated for 300 independent samples and the correlation coefficient 

of experimental data and model predicted data is 0.967 which shows a very good 

correlation of the model. Hence the model is selected for the development of design 

graphs. Model predictions are plotted against experimental values in Figure 5.7. 

 

Figure 5.6: Correlation between model and experimental results 

5.4.2 Cross check of the model  

Since the size ratio and packing density is having a linear relationship for a constant 

vibration frequency and large particle fraction, the model can be cross-checked by 

verifying if the model predictions are following the same relationship. Figure 5.8 

shows the model predicted packing density variation with size ratios for three different 

randomly selected vibration frequency and large particle fraction. As expected, the 

model predictions are also showing a linear relationship with a correlation coefficient 

of 0.99, validating the model for the use of practical and analysis purposes.  
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Figure 5.7: Model predicted packing density with size ratio 

5.4.3 Limitations of the model 

The model was validated for the vibration frequency range of 50 Rad/s to 150 Rad/s. 

Hence, the accuracy of the model for vibration frequencies beyond the specified 

vibration frequency is limited. However, most of the equipment in the industry having 

a vibration frequency within the given range. Hence, the applicability of design graphs 

is valid for various applications in the industry. Another limitation of the model is, it 

does not consider the effect of vibration amplitude. The model was developed keeping 

vibration amplitude a constant. Therefore, it can be effectively used for a given 

equipment with a constant amplitude (Most equipment in the industry has a constant 

amplitude). Furthermore, for the simplicity, the model is developed for spherical, 

smooth particles.  

5.5 Design graphs 

Use of model equation is complicated hence design graphs were developed for the 

easiness of use. Following set of graphs can be effectively used to determine the 

packing density for selected vibration frequency. Figure 5.9 shows the design graphs 

with different vibration frequencies.  
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Figure 5.8: Design graphs for various vibration frequencies 

5.6 Summary of findings and recommendations 

The packing density of binary mixtures with various vibration frequencies and various 

size ratios was studied experimentally to analyze the behavior of mixtures under 

vibration. From experimental results, an analytical model was developed to predict the 

packing density of binary spherical mixtures under vibration. Further, design graphs 

were also developed to simplify the usability of the developed model. The following 

conclusions can be drawn from the results,  

 

a) Vibration frequency is playing a major role in packing densification of binary 

spherical mixtures. The packing density increases to a maximum as the 

vibration frequency increases and reduces as further increase of vibration 

frequency of the mixture.  
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b) The packing density reaches a maximum value when the volume fraction of 

large spheres is around 0.7.  

 

c) The variation of packing density with size ratio is observed to be linear. When 

the size ratio is close to 1(Size of two particles is approximately similar), the 

packing density is low and when the size ratio is closer to 0 (Size of two 

particles is considerably different), the packing density is high.  

 

d) Based on the observations, an analytical packing model was developed and 

design graphs were produced from the model to easily determine the packing 

density of a binary spherical mixture.  

 

e) It is recommended that the graphs should be used for the given range of 

vibration frequencies and further studies are required to develop the model 

beyond the specified range of vibration frequency.  

 

f) Vibration amplitude was held constant throughout the study. Hence the design 

graphs can be effectively used for constant vibration amplitude and further 

studies are required to incorporate vibration amplitude in the model.  

 

g) Further studies are recommended to investigate the behavior of particles under 

vibration and identify the packing arrangement of binary spherical mixtures 

subjected to vibration. 
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CHAPTER 6 

6 COMBINED EFFECT OF SHAPE, SURFACE TEXTURE AND 

VIBRATION ON PACKING DENSITY  

6.1 Introduction 

As explained in previous chapters, packing density is one of the key factors that affect 

the properties of materials such as concrete, asphalt, ceramic etc. Some applications 

require maximum packing density while some require maximum porosity. Either way 

measuring the packing density of particulate mixtures is a prime concern in the 

materials industry.  Material optimization, advancement of properties, development of 

high density materials and lightweight materials are some of the applications of 

packing density. Though there are many advantages of packing density, measurement 

of packing density in a particulate mixture is a tedious process. The problem gets 

complicated due to involvement of various factors such as particle shape, surface 

texture, mixture proportion, size ratio, method of packing etc. Hence, a number of 

approaches have been taken to identify the behavior of particle packing and develop 

reasonably accurate analytical and numerical models to predict the packing density of 

particulate mixtures. These models have been utilized for applications such as 

concrete, asphalt etc. making several assumptions such as spherical aggregates, 

smooth surfaces, random loose packing state etc. which is far from the reality. The 

real-world particles are in various shapes, various textures and various packing 

methods are used to make dense packing. Thus, the accuracy and applicability of basic 

packing models are limited. There are many packing models that have been developed 

to address these factors. Majority of these models have been developed by taking only 

one factor at a time keeping all other factors a constant. There is no packing model that 

gets the combined effect of the shape, texture and vibration together to predict the 

packing density. The objective of this study is to develop a packing model by taking 

effect of particle shape, particle surface texture and vibration frequency.  
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6.2 Development of particle packing models 

Packing density is the ratio of solid volume to bulk volume of a particle mixture. 

Higher the solid volume, higher the packing density. High packing density means less 

voids in the mixture. Hence, many applications are required to maintain an optimum, 

minimum or maximum amount of voids in the particulate mixtures. To achieve the 

required level of packing it is important to know the packing density of a mixture of 

two or more components. Since measuring the packing density manually is tedious 

and impractical, particle packing models are used to predict the packing density of 

mixtures. Chapter 4 explains the packing models that have been developed so far. As 

explained in Chapter 4, most of these models were developed based on number of 

basic assumptions such as spherical particles, smooth surfaces, random loose packing 

conditions etc. Nevertheless, the real conditions are far from the assumptions and 

packing density may vary greatly with non-spherical, rough particles subjected to 

vibration as explained in Chapter 2. Chapter 5 considered the effect of vibration alone 

on packing density to develop an analytical model and design graphs for prediction of 

packing density of binary spherical mixtures. This chapter describes the effect of 

particle shape and surface texture separately. Further a combined effect of shape, 

surface texture and vibration is analyzed to modify the existing 3-parameter model to 

predict the packing density of irregular shaped particles with various surface textures 

under various vibration frequencies.   

6.3 Effect of particle shape on packing density 

The packing density of aggregate mixtures with different shape factors were measured 

for different mixture proportions by varying the large particle volume fraction.  The 

variation of packing density with respect to particle shape was found to be linear where 

increase of shape factor increases the packing density of the mixture. As expected the 

highest packing was observed when shape factor is closer to 1(Spherical) and for 

mixtures with 0.7 large particle volume fraction. Figure 6.1 shows the variation of 

packing density with respect to particle shape factor when all the other factors are held 

constant.  
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Figure 6.1: Effect of shape on packing density 
The relationship found to be linear and the equation takes the shape of, 

𝑌𝑌 = 𝑚𝑚𝑚𝑚 + 𝑐𝑐     …………………………. Equation 6.1 

Where m and c are functions of large particle volume fraction (F) and 𝑚𝑚 is the shape 

factor.  The variation of m and c with respect to large particle fraction was considered. 

Table 6.1 shows the variation of m and c for large particle fraction. Figure 6.2 and 

Figure 6.3 show the variations graphically.  

Table 6.1: Variation of m and c value with large particle fraction 

Large particle fraction m c 
0.1 0.0395 0.5938 
0.2 0.0469 0.5981 
0.3 0.0535 0.6037 
0.4 0.0498 0.6153 
0.5 0.0578 0.6235 
0.6 0.0612 0.6298 
0.7 0.0658 0.6373 
0.8 outlier 0.6241 
0.9 0.0572 0.5946 
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Figure 6.2: Variation of “m” with respect to large particle fraction 

Variation of “m” found to be polynomial with 3rd order and the Pearson’s R2 

correlation coefficient of 0.8966.  

𝑚𝑚 =  −0.1012𝐶𝐶3  +  0.0946𝐶𝐶2  +  0.0185𝐶𝐶 +  0.0384  …………. Equation 6.2 

 

Figure 6.3: Variation of “c” with respect to large particle fraction 

y = -0.1012x3 + 0.0946x2 + 0.0185x + 0.0384
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0.03

0.035

0.04

0.045

0.05

0.055

0.06

0.065

0.07

0 0.2 0.4 0.6 0.8 1

Pa
ra

m
et

ric
 v

al
ue

 o
f m

Large particle volume fraction

y = -0.6213x3 + 0.7443x2 - 0.1778x + 0.6064
R² = 0.9771

0.59

0.595

0.6

0.605

0.61

0.615

0.62

0.625

0.63

0.635

0.64

0 0.2 0.4 0.6 0.8 1

Pa
ra

m
et

ric
 v

al
ue

 o
f c

Large particle volume fraction(F)



99 
 

Variation of “C” found to be polynomial with 3rd order and the Pearson’s R2 correlation 

coefficient of 0.977.  

𝐶𝐶 = −0.6213 × 𝐶𝐶3 + 0.7443 × 𝐶𝐶2 − 0.1778 × 𝐶𝐶 + 0.6064  ……… Equation 6.3 

Hence, the variation of packing density with respect to both shape factor and large 

particle fraction can be expressed using Equation 6.4; 

  
𝑃𝑃.𝐷𝐷 = (−0.1012𝐶𝐶3  +  0.0946𝐶𝐶2  +  0.0185𝐶𝐶 +  0.0384)𝑚𝑚 + −0.6213 × 𝐶𝐶3 +
0.7443 × 𝐶𝐶2 − 0.1778 × 𝐶𝐶 + 0.6064    
 ………………………………………………………………... Equation 6.4 

Where F is the large particle volume fraction and 𝑚𝑚 is the shape factor.  

The model correlation was found to be 0.97 for Pearson’s R2 and 0.93 for adjusted R2 

as shown in Figure 6.4.  

 

Figure 6.4: Correlation of model and experimental results 
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6.4 Effect of surface texture on packing density 

The effect of surface texture on packing density was studied as explained in section 

3.6. Various surface textures were prepared by coating aggregate dust on spherical 

glass beads. The surface texture was measured using British pendulum test. The 

variation of packing density with respect to surface texture of the particles are 

presented in Figure 6.5. As shown in Figure 6.5, when the texture is rough the packing 

density reduces, and the variation is linear with respect to BPN value of the surface. 

The resistance of particles to move to more stable location due to the inter particle 

friction may be the possible reason for the reduction of packing density. Due to this 

inter particle friction, the particle arrangement becomes more irregular creating more 

voids in the mixture. Thus, the packing density reduces.  

 

 

Figure 6.5: Effect of Surface texture on packing density 
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The equation takes the shape of, 

𝑌𝑌 = 𝑚𝑚𝐶𝐶 + 𝑐𝑐   .........…………………………………………… Equation 6.5 

Where m and c are functions of large particle volume fraction(F) and x is the surface 

texture value in BPN.   

𝐶𝐶 = 0.5933𝐶𝐶 +  0.5702  …………………………………………. Equation 6.6 

𝑚𝑚 =  −0.0093𝐶𝐶 − 0.0032  …………………………………………. Equation 6.7 

The Pearson’s correlation coefficient for the model is 0.938 with adjusted R2 value of 

0.85 as shown in Figure 6.6.  

 

Figure 6.6: Correlation of model and experimental results 

6.5 Combined effect of vibration, shape and surface texture on packing density 

The combined effect of individual factors was studied to develop the model 

incorporating vibration, shape and surface texture. As explained in Chapter 2, 3-

parameter model was selected as the base model for modification. The main reason for 

selecting this model is the introduction of wedging effect in addition to loosening and 

packing effects in 3-parameter model. Also, the validity of the packing models was 
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analyzed in Chapter 4 also confirmed that the 3-parameter model can be used to 

accurately predict the packing density compared to other theoretical packing models.  

6.6 Modification of 3-parameter model  

The 3-parameter model is modified to incorporate the vibration, surface texture and 

shape factor by modifying the following equations. 

𝑎𝑎 = 1 − (1 − 𝑠𝑠)𝑎𝑎1 − 𝑎𝑎2 × 𝑠𝑠 × (1 − 𝑠𝑠)𝑎𝑎3 ………………………….. Equation 6.8 

𝑏𝑏 = 1 − (1 − 𝑠𝑠)𝑏𝑏1 − 𝑏𝑏2 × 𝑠𝑠 × (1 − 𝑠𝑠)𝑏𝑏3 .…………………………. Equation 6.9 

𝑐𝑐 = 𝑐𝑐1. 𝑡𝑡𝑎𝑎𝑡𝑡ℎ(𝐶𝐶2𝑠𝑠)    ….……………………… Equation 6.10 

The behavior of a, b and c parameters with respect to vibration, shape and surface 

texture were analyzed to determine the 𝑎𝑎1,𝑎𝑎2,𝑎𝑎3, 𝑏𝑏1, 𝑏𝑏2, 𝑏𝑏3,𝑐𝑐1 𝑎𝑎𝑡𝑡𝑑𝑑 𝑐𝑐2 equations. 

Table 6.2: Values of sub-parameters 

Table 6.2 (a): Values of b2 and b3 for different vibration frequencies 

Vibration (Rad/s) 50 60 70 80 90 100 110 120 130 140 150 
b2 14 15 16 17 18 19 20 19 18 17 16 
b3 7 6.5 6 5.5 5 4.5 4 4.5 5 5.5 6 

Table 6.2 (b): Values of b1 for different surface textures 

Surface Texture 10 20 30 40 50 
b1 5 6 7 8 9 

Table 6.2 (c): Values of a3 for different shape factors 

Shape  1 0.8 0.6 0.4 0.2 
a3 2.2 3.2 4 4.5 5 

The 𝑎𝑎3 found to be varying with shape factor linearly as shown in Figure 6.7. The 

curve fitting equation for 𝑎𝑎3 is given by, 

𝑎𝑎3 =  − 3.45 × 𝐶𝐶ℎ𝑎𝑎𝑆𝑆𝑒𝑒 𝑓𝑓𝑎𝑎𝑐𝑐𝑡𝑡𝑓𝑓𝑟𝑟 +  5.85   …………………. Equation 6.11 
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Figure 6.7: Variation of parameter a3 with respect to Shape factor 

 

Both 𝑏𝑏2 𝑎𝑎𝑡𝑡𝑑𝑑 𝑏𝑏3 varies with the vibration frequency and Figure 6.8 shows the variation 

of 𝑏𝑏2 𝑎𝑎𝑡𝑡𝑑𝑑 𝑏𝑏3 with respect to vibration.  

 

Figure 6.8: Variation of parameter b2 and b3 with respect to Shape factor 
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The variation of  𝑏𝑏2 𝑎𝑎𝑡𝑡𝑑𝑑 𝑏𝑏3 are given by,  

𝑏𝑏2 =  − 0.0016 × 𝑉𝑉𝑚𝑚𝑏𝑏𝑟𝑟𝑎𝑎𝑡𝑡𝑚𝑚𝑓𝑓𝑡𝑡2 +  0.3536 × 𝑉𝑉𝑚𝑚𝑏𝑏𝑟𝑟𝑎𝑎𝑡𝑡𝑚𝑚𝑓𝑓𝑡𝑡 −  0.2308 ...Equation 6.12 

𝑏𝑏3 =  0.0008 × 𝑉𝑉𝑚𝑚𝑏𝑏𝑟𝑟𝑎𝑎𝑡𝑡𝑚𝑚𝑓𝑓𝑡𝑡2 −  0.1768 × 𝑉𝑉𝑚𝑚𝑏𝑏𝑟𝑟𝑎𝑎𝑡𝑡𝑚𝑚𝑓𝑓𝑡𝑡 +  14.115     …Equation 6.13 

And the parameter 𝑏𝑏1 found to be varying with the surface texture as shown in Figure 

6.9. The variation of b1 with respect to surface texture is given by, 

𝑏𝑏1 =  0.1 × 𝐶𝐶𝑅𝑅𝑟𝑟𝑓𝑓𝑎𝑎𝑐𝑐𝑒𝑒 𝑡𝑡𝑒𝑒𝐶𝐶𝑡𝑡𝑅𝑅𝑟𝑟𝑒𝑒 +  4    …………………. Equation 6.14 

 

Figure 6.9: The variation of b1 with respect to surface texture 
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All the other parameters were found to be constant and the Table 6.3 gives the values 

of each parameter. 

Table 6.3: Values and equations for each sub parameter 

Parameter Value / Equation 

𝑎𝑎1 1.5 

𝑎𝑎2 3 

𝑎𝑎3 =  − 3.45 × 𝛾𝛾 +  5.85 

𝑏𝑏1 =  0.1 × 𝛽𝛽 +  4 

𝑏𝑏2 = −0.0016 × 𝜔𝜔2 +  0.3536 × 𝜔𝜔 −  0.2308 

𝑏𝑏3 =  0.0008 × 𝜔𝜔2 −  0.1768 × 𝜔𝜔 +  14.115 

𝑐𝑐1 0.36 

𝑐𝑐2 12 

• 𝛾𝛾 = Shape factor 

• 𝛽𝛽 = Surface texture (BPN) 

• 𝜔𝜔= Vibration frequency (Rad/s) 

Hence, the modified 3-parameter model incorporating vibration, surface texture and 

shape can be written as, 

1
∅𝑚𝑚
∗ = �𝑟𝑟𝑚𝑚

∅𝑚𝑚
+ 𝑟𝑟𝑗𝑗

∅𝑗𝑗
� − (1 − 𝑏𝑏)�1 − ∅𝑖𝑖�

𝑟𝑟𝑗𝑗
∅𝑗𝑗

[1 − 𝑐𝑐(2.6𝑟𝑟𝑗𝑗 − 1)]    ……… Equation 6.15 

1
∅𝑗𝑗
∗ = �𝑟𝑟𝑚𝑚

∅𝑚𝑚
+ 𝑟𝑟𝑗𝑗

∅𝑗𝑗
� − (1 − 𝑎𝑎) 𝑟𝑟𝑚𝑚

∅𝑚𝑚
[1 − 𝑐𝑐(3.8𝑟𝑟𝑚𝑚 − 1)]  ……….. Equation 6.16 

∅𝑐𝑐𝑚𝑚𝑚𝑚 = 𝑚𝑚𝑚𝑚𝑡𝑡 (∅𝑚𝑚∗, ∅𝑖𝑖∗)        ………………….…. Equation 6.17 
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Where a, b and c are loosening effect, wall effect and wedging effect parameters  

𝑎𝑎 = 1 − (1 − 𝑠𝑠)1.5 − 3 × 𝑠𝑠 × (1 − 𝑠𝑠)𝑊𝑊   ………………………Equation 6.18 

𝑏𝑏 = 1 − (1 − 𝑠𝑠)𝑋𝑋 − 𝑌𝑌 × 𝑠𝑠 × (1 − 𝑠𝑠)𝑍𝑍  ………………………Equation 6.19 

𝑐𝑐 = 0.36. 𝑡𝑡𝑎𝑎𝑡𝑡ℎ(12. 𝑠𝑠)    ………………………Equation 6.20  

Where, 

𝑊𝑊 = −3.45. 𝛾𝛾 +  5.85    ………………………Equation 6.21  

𝑋𝑋 = 0.1 × 𝛽𝛽 +  4     ………………………Equation 6.22  

𝑌𝑌 = −0.0016.𝜔𝜔2 +  0.3536.𝜔𝜔 −  0.2308   ………………Equation 6.23  

𝑍𝑍 = 0.0008 × 𝜔𝜔2 −  0.177 × 𝜔𝜔 +  14.1   ………………Equation 6.24  

The 3-parameter model was developed maintaining the W, X, Y and Z factors as 

constants. However, The variation of W, X, Y and Z parameters were compared with 

the constant values of 3-parameter model. Figure 6.10 to 6.13 show the variation of 

W,X,Y and Z respectively.  

 

Figure 6.10: Variation of W with shape factor 
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Figure 6.11: Variation of X with surface texture 

 
 

Figure 6.12: Variation of Y with vibration frequency 
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Figure 6.13: Variation of Z with vibration frequency 

The final model was validated using more than 300 independent data. The adjusted R2 

value of experimental packing density results and model predictions is 0.95. Figure 

6.14 shows the correlation between experimental packing density results and model 

predictions. 

 

Figure 6.14: The correlation between experimental packing density results and model 
predictions 
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The validated model was compared with the results obtained from section 4.5 to verify 

the accuracy of the developed model. Figure 6.15 shows the comparison of modified 

3-parameter model with laboratory packing density values obtained in Chapter 4 for 

ICBP application. It also presents the improvement of modified 3-parameter model 

from the basic three parameter model. The model incorporating only vibration in 

Chapter 5 was also compared and the improvement is presented in Figure 6.15.    

 

Figure 6.15: Verification of modified 3-parameter model 

Table 6.4 presents the percentage error of each model compared with laboratory 

packing density values at optimum packing state. From the existing models, the 

compressible packing model yielded the highest error of 15.4% while modified 3-

parameter model yielded an error of 7.6%. The model incorporating vibration showed 

an error of 3.4% which is an improvement from 3-parameter model. The modified 3-

parameter model reduced the error from 7.6% to 1.1% making it more accurate than 

the existing 3-parameter model. Table 6.5 presents the percentage error at each fine 

particle volume fraction for different models.  
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Table 6.4: Percentage error of each model at optimum packing 

Packing model Percentage error (%) 

Compressible packing model 15.4 

Toufar model 8.7 

3-parameter model 7.6 

Vibration model 3.4 

Modified 3-parameter model 1.1 

 

Table 6.5: Percentage error of each model at various fine particle volume fractions 

Fine particles 
volume 
fraction 

Percentage error  

Compressible 
packing model 

Toufar 
model 

3- 
parameter 

model 

Vibration 
model 

Modified 3-
parameter model 

1 11 0 0 1 0 
0.9 13 3 3 1 1 
0.8 15 6 6 1 1 
0.7 15 9 8 3 1 
0.6 13 7 4 2 2 
0.5 14 8 1 2 1 
0.4 18 9 1 3 1 
0.3 20 10 1 2 2 
0.2 17       7 1 2 2 
0.1 18 7 4 4 4 
0 11 0 0 12 0 

 

6.6.1 Behavior of wall effect  

The behavior of wall effect with size ratio for different surface textures and vibration 

were analyzed from the developed model. Figure 6.16 shows the wall effect variation 

with respect to size ratio for different surface textures and Figure 6.17 shows the wall 
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effect variation with respect to size ratio for different vibrations. As described earlier, 

wall effect parameter is influenced by surface texture and vibration. Hence, the wall 

effect varies with both surface texture and vibration. As shown in Figure 6.16 the wall 

effect is high when the surface texture is rough. When the wall surface is rougher, the 

inter particle friction is high. Thus, the mobility of particles is reduced, and disordered 

packing may occur. Hence, voids may form near to the wall of larger particles. This 

phenomenon can be described using Figure 6.16. 

 

Figure 6.16: The wall effect variation with respect to size ratio for various surface 
textures 

Figure 6.17 shows the variation of wall effect for different size ratios for various 

vibration frequencies. When the vibration frequency is higher, the wall effect is smaller 

and vice versa. Higher vibration frequencies allow particles to move freely and occupy 

stable and comfortable positions in the mixture. This mobility of particles fills up the 

voids and reduces the voids closer to the wall. However, further increase of vibration 
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frequencies provide extra energy to already formed packing and disturb the packing 

structure. Hence, when the vibration frequency is greater than the optimum value, the 

voids may form around the wall of the larger particles. Therefore, wall effect again 

increases. This phenomenon can be observed from Figure 6.17.   

 

Figure 6.17: The wall effect variation with respect to size ratio for various vibration 
frequencies 

6.6.2 Behavior of loosening effect  

As shown in Figure 6.18 the loosening effect is higher when the shape factor is closer 

to 0. Which means irregular shaped particles tend to disturb the packing by loosening 

effect. Irregular shaped particles may loosen up the already formed packing by 

intruding into the voids in between larger particles. Figure 6.18 explains the behavior 

of loosening effect for different shape factors. Similarly, when the size ratio is higher 

the loosening effect is also higher. When size ratio is higher, the secondary particle is 

larger than the voids formed by dominant particle. Hence, the secondary particles will 

loosen the packing structure of dominant larger particles.  
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Figure 6.18: The loosening effect variation with respect to size ratio for various 
shape factors 

6.6.3 Behavior of wedging effect 

The wedging effect found to be not affected by any of the factors (vibration, shape or 

surface texture). This can be expected since any particle can act as a wedge at any 

point under any circumstance. The variation of wedging effect with size ratio is shown 

in Figure 6.19. The value of wedging effect is zero when size ratio is zero and increases 

rapidly until size ratio is around 0.2. When size ratio is greater than 0.2, the wedging 

effect does not change much, and the value is around 0.35 throughout. When the size 

ratio is closer to 0 the smaller particles are very small to act as a wedge and disturb the 

packing density. Hence, the wedging effect is small. However, when the size ratio is 

increased the smaller particles disturb the packing hence, the wedging effect increases 

rapidly. The wedging effect reaches a maximum value and further increase of size ratio 

does not change the wedging effect. The wedging formed by larger particles are not 
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stable and larger voids may fill up by particles in the mixture maintaining a constant 

wedging effect value. This behavior can be observed in Figure 6.19.  

 

Figure 6.19: The wedging effect variation with respect to size ratio  
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CHAPTER 7 

7 CONCLUSIONS AND RECOMMENDATIONS 

7.1 Conclusions  

Particle packing density is an important aspect in materials science. Determination of 

packing density for different mixtures is time consuming and laborious. Hence, use of 

packing models to predict packing density is in demand. The existing packing models 

can be effectively used to predict the packing density of a particulate mixture. 

However, those models do not accurately predict the packing density. These model 

make various assumptions such as spherical particles, smooth surface texture, random 

loose packing etc. Realistic conditions are far from the assumptions. Therefore, a 

packing model based on realistic assumptions is needed to accurately predict the 

packing density.  

The initial research concluded that mixture design based on packing density can be 

effectively optimize the existing mixtures used for ICBP. The research showed that a 

mixture subjected to optimum vibration period and compression yields maximum 

packing density. The maximum packing density can reduce the amount of cement and 

increase the strength with excessive cement paste.  

Following are the major conclusions derived from the study.  

1. 3-parameter model can be effectively used to predict the packing density of 

binary mixtures. However, it can be further developed incorporating particle 

shape, texture and vibration frequency to accurately determine the packing 

density.   

2. Vibration frequency affects the packing density. There is an optimum vibration 

frequency that produces maximum packing density. When vibration frequency 

is increased continuously packing density reaches to a maximum value and 

then decreases.  
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3. Particle shape affects the packing density linearly. Higher the shape factor 

higher the packing density. When particles are more irregular in shape, the 

packing density reduces due to occurrence of voids in mixtures 

4. Particle surface texture affects the packing density linearly. When the surface 

is smooth, the particles pack easily increasing the packing density of the 

mixture. When the surface is rough, interparticle friction resist the particle 

movement. Hence, the packing density of the mixture is low.  

5. Modified 3-parameter model can be used to predict the packing density 

accurately.  

6. The wall effect is affected by both surface texture and vibration frequency.  

7. The loosening effect is affected only by particle shape.  

8. The wedging effect does not affect by vibration, surface texture or particle 

shape.  

7.2 Limitations of the model and recommendations 

This study has opened a new door to understand the behavior of complex particulate 

mixtures and further validation and modification is recommended to develop the 

model for more complex applications. The developed model can be used to predict the 

packing density of binary mixtures. The effect of vibration amplitude, specific gravity 

of particles, effect of container wall on packing density have not been accounted in the 

model. Further, the model can be used for binary mixtures only. Hence, the study can 

be extended by evaluating the effect of vibration amplitude, specific gravity of 

particles, effect of container wall on packing density. It is further recommended to 

expand the model to incorporate ternary and multi component mixtures.  
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APPENDICES 

Appendix A   

Packing density results with respect to vibration  
 

Vibration 

(Rad/s) 

Large particle 

volume fraction 

Size ratio 

1.000 0.8 0.6 0.4 0.2 

50 

1 0.550 0.600 0.620 0.650 0.650 

0.9 0.560 0.640 0.650 0.660 0.700 

0.8 0.600 0.660 0.680 0.700 0.730 

0.7 0.610 0.680 0.700 0.730 0.760 

0.6 0.615 0.670 0.690 0.718 0.755 

0.5 0.610 0.665 0.680 0.705 0.735 

0.4 0.605 0.657 0.650 0.685 0.720 

0.3 0.602 0.630 0.642 0.677 0.700 

0.2 0.600 0.620 0.630 0.660 0.680 

0.1 0.580 0.610 0.625 0.650 0.660 

0 0.560 0.600 0.620 0.640 0.640 

75 

1 0.583 0.633 0.653 0.684 0.686 

0.9 0.595 0.676 0.687 0.699 0.742 

0.8 0.636 0.697 0.720 0.742 0.786 

0.7 0.646 0.718 0.740 0.773 0.810 

0.6 0.650 0.707 0.730 0.753 0.807 

0.5 0.644 0.701 0.719 0.742 0.786 

0.4 0.638 0.692 0.688 0.726 0.764 

0.3 0.634 0.665 0.679 0.717 0.744 

0.2 0.633 0.655 0.668 0.701 0.724 

0.1 0.614 0.647 0.665 0.693 0.706 

0 0.596 0.640 0.664 0.687 0.691 

100 

1 0.594 0.641 0.660 0.670 0.693 

0.9 0.606 0.685 0.696 0.708 0.752 

0.8 0.646 0.707 0.729 0.752 0.796 

0.7 0.656 0.727 0.750 0.784 0.825 

0.6 0.659 0.716 0.739 0.763 0.818 
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0.5 0.653 0.710 0.728 0.752 0.796 

0.4 0.646 0.701 0.697 0.735 0.775 

0.3 0.643 0.673 0.689 0.727 0.754 

0.2 0.642 0.665 0.678 0.712 0.736 

0.1 0.625 0.658 0.677 0.706 0.721 

0 0.610 0.655 0.680 0.690 0.710 

125 

1.0 0.582 0.626 0.642 0.670 0.670 

0.9 0.592 0.669 0.677 0.687 0.729 

0.8 0.631 0.690 0.709 0.730 0.773 

0.7 0.640 0.709 0.729 0.761 0.800 

0.6 0.643 0.697 0.718 0.740 0.793 

0.5 0.636 0.691 0.707 0.729 0.772 

0.4 0.630 0.682 0.676 0.713 0.751 

0.3 0.628 0.656 0.669 0.706 0.732 

0.2 0.628 0.649 0.661 0.693 0.716 

0.1 0.613 0.645 0.662 0.690 0.704 

150 

0.0 0.600 0.644 0.669 0.693 0.697 

1.0 0.548 0.587 0.598 0.622 0.618 

0.9 0.554 0.626 0.630 0.635 0.673 

0.8 0.591 0.644 0.660 0.676 0.715 

0.7 0.597 0.662 0.678 0.706 0.740 

0.6 0.600 0.650 0.667 0.685 0.733 

0.5 0.594 0.644 0.656 0.674 0.712 

0.4 0.589 0.637 0.627 0.659 0.693 

0.3 0.588 0.612 0.621 0.654 0.676 

0.2 0.591 0.608 0.615 0.644 0.663 

0.1 0.578 0.606 0.620 0.645 0.654 

0.0 0.568 0.609 0.630 0.651 0.652 
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Vibration model correlation analysis 

Large particle 
volume fraction 

Size 
ratio 

Vibration 
Frequency (Rad/s) 

Experimental 
Results 

Model 
predictions 

0.9 0.6 65 0.4 0.379 
0.8 0.6 65 0.4 0.435 

0.7 0.6 65 0.42 0.428 

0.6 0.6 65 0.425 0.443 

0.5 0.6 65 0.43 0.400 

0.4 0.6 65 0.43 0.433 

0.3 0.6 65 0.43 0.420 

0.2 0.6 65 0.435 0.433 

0.1 0.6 65 0.45 0.468 

0.9 0.5 65 0.46 0.477 

0.8 0.5 65 0.47 0.452 

0.7 0.5 65 0.475 0.471 

0.6 0.5 65 0.475 0.482 

0.5 0.5 65 0.48 0.457 

0.4 0.5 65 0.48 0.462 

0.3 0.5 65 0.48 0.487 

0.2 0.5 65 0.48 0.452 

0.1 0.5 65 0.48 0.480 

0.9 0.3 65 0.49 0.489 

0.8 0.3 65 0.49 0.491 

0.7 0.3 65 0.49 0.472 

0.6 0.3 65 0.495 0.496 

0.5 0.3 65 0.5 0.503 

0.4 0.3 65 0.5 0.516 

0.3 0.3 65 0.5 0.494 

0.2 0.3 65 0.5 0.500 

0.1 0.3 65 0.5 0.509 

0.9 0.25 65 0.51 0.515 
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0.8 0.25 65 0.52 0.510 

0.7 0.25 65 0.52 0.528 

0.6 0.25 65 0.52 0.506 

0.5 0.25 65 0.525 0.537 

0.4 0.25 65 0.53 0.515 

0.3 0.25 65 0.53 0.522 

0.2 0.25 65 0.53 0.531 

0.1 0.25 65 0.53 0.548 

0.9 0.15 65 0.54 0.531 

0.8 0.15 65 0.54 0.543 

0.7 0.15 65 0.54 0.559 

0.6 0.15 65 0.545 0.544 

0.5 0.15 65 0.545 0.578 

0.4 0.15 65 0.546 0.546 

0.3 0.15 65 0.55 0.547 

0.2 0.15 65 0.55 0.531 

0.1 0.15 65 0.55 0.555 

0.9 0.6 80 0.55 0.565 

0.8 0.6 80 0.56 0.559 

0.7 0.6 80 0.56 0.538 

0.6 0.6 80 0.56 0.566 

0.5 0.6 80 0.564 0.536 

0.4 0.6 80 0.57 0.570 

0.3 0.6 80 0.57 0.568 

0.2 0.6 80 0.58 0.582 

0.1 0.6 80 0.58 0.558 

0.9 0.5 80 0.586 0.600 

0.8 0.5 80 0.586 0.570 

0.7 0.5 80 0.59 0.583 

0.6 0.5 80 0.59 0.588 
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0.5 0.5 80 0.593 0.589 

0.4 0.5 80 0.594 0.616 

0.3 0.5 80 0.598 0.582 

0.2 0.5 80 0.598 0.587 

0.1 0.5 80 0.6 0.605 

0.9 0.3 80 0.62 0.619 

0.8 0.3 80 0.625 0.589 

0.7 0.3 80 0.63 0.609 

0.6 0.3 80 0.64 0.612 

0.5 0.3 80 0.65 0.626 

0.4 0.3 80 0.604 0.599 

0.3 0.3 80 0.605 0.609 

0.2 0.3 80 0.61 0.612 

0.1 0.3 80 0.65 0.606 

0.9 0.25 80 0.6 0.631 

0.8 0.25 80 0.59 0.625 

0.7 0.25 80 0.68 0.635 

0.6 0.25 80 0.67 0.625 

0.5 0.25 80 0.654 0.596 

0.4 0.25 80 0.6647 0.645 

0.3 0.25 80 0.645 0.619 

0.2 0.25 80 0.633 0.588 

0.1 0.25 80 0.62 0.608 

0.9 0.15 80 0.62 0.598 

0.8 0.15 80 0.62 0.638 

0.7 0.15 80 0.62 0.641 

0.6 0.15 80 0.624 0.592 

0.5 0.15 80 0.63 0.583 

0.4 0.15 80 0.625 0.647 

0.3 0.15 80 0.63 0.622 



131 
 

0.2 0.15 80 0.615 0.657 

0.1 0.15 80 0.621 0.651 

0.9 0.6 110 0.68 0.627 

0.8 0.6 110 0.67 0.633 

0.7 0.6 110 0.659 0.634 

0.6 0.6 110 0.68 0.658 

0.5 0.6 110 0.678 0.648 

0.4 0.6 110 0.64 0.655 

0.3 0.6 110 0.71 0.669 

0.2 0.6 110 0.645 0.666 

0.1 0.6 110 0.62 0.649 

0.9 0.5 110 0.68 0.630 

0.8 0.5 110 0.68 0.635 

0.7 0.5 110 0.7 0.676 

0.6 0.5 110 0.657 0.646 

0.5 0.5 110 0.658 0.636 

0.4 0.5 110 0.66 0.667 

0.3 0.5 110 0.66 0.664 

0.2 0.5 110 0.669 0.665 

0.1 0.5 110 0.67 0.655 

0.9 0.3 110 0.67 0.652 

0.8 0.3 110 0.67 0.669 

0.7 0.3 110 0.67 0.693 

0.6 0.3 110 0.678 0.693 

0.5 0.3 110 0.68 0.658 

0.4 0.3 110 0.68 0.684 

0.3 0.3 110 0.68 0.711 

0.2 0.3 110 0.681 0.672 

0.1 0.3 110 0.684 0.662 

0.9 0.25 110 0.69 0.662 



132 
 

0.8 0.25 110 0.69 0.693 

0.7 0.25 110 0.69 0.724 

0.6 0.25 110 0.693 0.719 

0.5 0.25 110 0.7 0.682 

0.4 0.25 110 0.7 0.711 

0.3 0.25 110 0.71 0.684 

0.2 0.25 110 0.71 0.674 

0.1 0.25 110 0.71 0.700 

0.9 0.15 110 0.712 0.684 

0.8 0.15 110 0.715 0.726 

0.7 0.15 110 0.715 0.700 

0.6 0.15 110 0.72 0.701 

0.5 0.15 110 0.72 0.716 

0.4 0.15 110 0.72 0.689 

0.3 0.15 110 0.72 0.685 

0.2 0.15 110 0.72 0.692 

0.1 0.15 110 0.72 0.683 

0.9 0.6 150 0.72 0.738 

0.8 0.6 150 0.72 0.757 

0.7 0.6 150 0.724 0.683 

0.6 0.6 150 0.725 0.689 

0.5 0.6 150 0.725 0.731 

0.4 0.6 150 0.725 0.757 

0.3 0.6 150 0.727 0.718 

0.2 0.6 150 0.729 0.719 

0.1 0.6 150 0.73 0.693 

0.9 0.5 150 0.73 0.712 

0.8 0.5 150 0.73 0.749 

0.7 0.5 150 0.73 0.711 

0.6 0.5 150 0.735 0.693 
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0.5 0.5 150 0.74 0.706 

0.4 0.5 150 0.74 0.749 

0.3 0.5 150 0.745 0.721 

0.2 0.5 150 0.748 0.734 

0.1 0.5 150 0.75 0.743 

0.9 0.3 150 0.755 0.750 

0.8 0.3 150 0.755 0.769 

0.7 0.3 150 0.756 0.742 

0.6 0.3 150 0.757 0.763 

0.5 0.3 150 0.76 0.744 

0.4 0.3 150 0.76 0.734 

0.3 0.3 150 0.76 0.734 

0.2 0.3 150 0.76 0.763 

0.1 0.3 150 0.76 0.782 

0.9 0.25 150 0.76 0.779 

0.8 0.25 150 0.7623 0.783 

0.7 0.25 150 0.765 0.745 

0.6 0.25 150 0.768 0.799 

0.5 0.25 150 0.77 0.742 

0.4 0.25 150 0.77 0.749 

0.3 0.25 150 0.77 0.779 

0.2 0.25 150 0.77 0.763 

0.1 0.25 150 0.77 0.813 

0.9 0.15 150 0.78 0.767 

0.8 0.15 150 0.78 0.792 

0.7 0.15 150 0.789 0.769 

0.6 0.15 150 0.8 0.768 

0.5 0.15 150 0.8 0.798 

0.4 0.15 150 0.805 0.798 

0.3 0.15 150 0.81 0.799 
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0.2 0.15 150 0.82 0.812 

 

Design chart tables (Vibration analysis) 

Large particle 
 volume fraction 

Vibration frequency (50 Rad/s) 
0.1 0.3 0.5 0.7 0.9 

0.9 0.715 0.658 0.593 0.521 0.441 

0.8 0.760 0.703 0.639 0.567 0.488 

0.7 0.773 0.717 0.653 0.584 0.507 

0.6 0.759 0.704 0.643 0.576 0.503 

0.5 0.724 0.671 0.613 0.550 0.481 

0.4 0.673 0.623 0.569 0.510 0.447 

0.3 0.614 0.566 0.516 0.462 0.404 

0.2 0.550 0.506 0.460 0.411 0.360 

0.1 0.488 0.447 0.406 0.363 0.318 

 

Large particle  
volume fraction 

Vibration frequency (75 Rad/s) 

0.1 0.3 0.5 0.7 0.9 
0.9 0.759 0.698 0.631 0.557 0.477 

0.8 0.808 0.747 0.679 0.605 0.525 

0.7 0.822 0.761 0.695 0.623 0.544 

0.6 0.807 0.749 0.685 0.615 0.539 

0.5 0.771 0.715 0.654 0.587 0.516 

0.4 0.720 0.666 0.608 0.547 0.481 

0.3 0.659 0.608 0.555 0.498 0.438 

0.2 0.596 0.548 0.499 0.447 0.394 

0.1 0.536 0.492 0.447 0.401 0.354 
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Large particle  
volume fraction 

Vibration frequency (100 Rad/s) 

0.1 0.3 0.5 0.7 0.9 
0.9 0.769 0.707 0.640 0.566 0.487 

0.8 0.819 0.757 0.689 0.615 0.535 

0.7 0.834 0.772 0.705 0.632 0.554 

0.6 0.819 0.759 0.694 0.624 0.548 

0.5 0.782 0.725 0.663 0.596 0.525 

0.4 0.730 0.676 0.617 0.555 0.489 

0.3 0.670 0.618 0.564 0.507 0.447 

0.2 0.608 0.560 0.509 0.457 0.403 

0.1 0.552 0.506 0.460 0.413 0.365 

 

Large particle  
volume fraction 

Vibration frequency (125 Rad/s) 

0.1 0.3 0.5 0.7 0.9 
0.9 0.745 0.685 0.620 0.549 0.472 

0.8 0.795 0.734 0.668 0.596 0.519 

0.7 0.809 0.749 0.684 0.613 0.536 

0.6 0.794 0.736 0.672 0.604 0.531 

0.5 0.757 0.701 0.641 0.576 0.507 

0.4 0.706 0.653 0.596 0.536 0.472 

0.3 0.647 0.597 0.544 0.488 0.430 

0.2 0.587 0.540 0.491 0.441 0.388 

0.1 0.534 0.489 0.444 0.399 0.352 

 

Large particle  
volume fraction 

Vibration frequency (150 Rad/s) 

0.1 0.3 0.5 0.7 0.9 
0.9 0.687 0.631 0.570 0.504 0.431 

0.8 0.734 0.678 0.616 0.549 0.476 

0.7 0.747 0.691 0.630 0.564 0.492 
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0.6 0.732 0.678 0.619 0.555 0.486 

0.5 0.696 0.644 0.588 0.527 0.463 

0.4 0.646 0.597 0.544 0.488 0.428 

0.3 0.589 0.543 0.494 0.443 0.389 

0.2 0.532 0.489 0.444 0.397 0.349 

0.1 0.483 0.442 0.400 0.358 0.315 
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Appendix B 

Packing density results with respect to particle shape  

Shape 

factor 

Large particle volume fraction 

0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 

0.9 

0.75 

0.45 

0.3 

0.15 

0.63 0.64 0.65 0.66 0.68 0.69 0.7 0.67 0.65 

0.62 0.63 0.645 0.65 0.66 0.67 0.6826 0.65 0.63 

0.615 0.625 0.63 0.643 0.649 0.655 0.668 0.645 0.623 

0.61 0.615 0.62 0.63 0.645 0.65 0.65366 0.64 0.615 

0.595 0.6 0.61 0.62 0.63 0.64 0.65 0.63 0.6 

 

Shape factor model correlation analysis 

Shape Factor Large particle 
volume fraction 

Experimental packing 
density Model predictions 

0.9 

0.1 0.630 0.626 

0.2 0.640 0.636 

0.3 0.650 0.650 

0.4 0.660 0.666 

0.5 0.680 0.680 

0.6 0.690 0.688 

0.7 0.700 0.688 

0.8 0.670 0.676 

0.9 0.650 0.650 

0.75 
0.1 0.620 0.619 

0.2 0.630 0.629 
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0.3 0.645 0.643 

0.4 0.650 0.658 

0.5 0.660 0.671 

0.6 0.670 0.679 

0.7 0.683 0.678 

0.8 0.650 0.667 

0.9 0.630 0.641 

0.45 

0.1 0.615 0.607 

0.2 0.625 0.616 

0.3 0.630 0.628 

0.4 0.644 0.642 

0.5 0.650 0.653 

0.6 0.655 0.660 

0.7 0.668 0.660 

0.8 0.645 0.649 

0.9 0.624 0.624 

0.3 

0.1 0.610 0.601 

0.2 0.615 0.609 

0.3 0.620 0.621 

0.4 0.630 0.633 

0.5 0.645 0.645 

0.6 0.650 0.651 

0.7 0.654 0.650 

0.8 0.640 0.639 

0.9 0.615 0.615 

0.15 

0.1 0.595 0.595 

0.2 0.600 0.602 

0.3 0.610 0.613 

0.4 0.620 0.625 

0.5 0.630 0.636 
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0.6 0.640 0.642 

0.7 0.650 0.641 

0.8 0.630 0.630 

0.9 0.600 0.601 
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Appendix C 

Packing density results with respect to Surface texture (BPN)  

 

 

 

 

  

BPN 

Large particle volume fraction in a mixture 

0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 

12 0.56 0.62 0.65 0.68 0.75 0.82 0.86 0.9 0.91 

25 0.48 0.51 0.525 0.535 0.57 0.65 0.68 0.74 0.8 

45 0.43 0.485 0.51 0.505 0.498 0.52 0.53 0.62 0.55 

14 0.52 0.6 0.6 0.64 0.72 0.79 0.84 0.86 0.86 

18 0.5 0.58 0.58 0.6 0.67 0.75 0.7 0.82 0.83 

33 0.46 0.5 0.52 0.52 0.55 0.68 0.66 0.7 0.7 

35 0.45 0.49 0.51 0.51 0.52 0.6 0.59 0.68 0.62 

39 0.44 0.49 0.51 0.5 0.51 0.56 0.58 0.64 0.6 

45 0.53 0.55 0.57 0.572 0.575 0.58 0.59 0.64 0.59 
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Surface texture model correlation analysis 

Surface 
Texture 
(BPN) 

Volumetric 
fraction of large 

particles 
Experimental packing density Model Predictions 

12 0 0.56 0.532 

25 0 0.48 0.490 

45 0 0.43 0.426 

14 0 0.52 0.525 

18 0 0.5 0.513 

33 0 0.46 0.465 

35 0 0.45 0.458 

39 0 0.44 0.445 

12 0.1 0.62 0.580 

25 0.1 0.51 0.526 

45 0.1 0.485 0.444 

14 0.1 0.6 0.572 

18 0.1 0.58 0.555 

33 0.1 0.5 0.493 

35 0.1 0.49 0.485 

39 0.1 0.49 0.468 

12 0.2 0.65 0.628 

25 0.2 0.525 0.562 

45 0.2 0.51 0.461 

14 0.2 0.6 0.618 

18 0.2 0.58 0.598 

33 0.2 0.52 0.522 

35 0.2 0.51 0.512 

39 0.2 0.51 0.492 

12 0.3 0.68 0.676 

25 0.3 0.535 0.598 

45 0.3 0.505 0.479 

14 0.3 0.64 0.664 
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18 0.3 0.6 0.640 

33 0.3 0.52 0.551 

35 0.3 0.51 0.539 

39 0.3 0.5 0.515 

12 0.4 0.75 0.724 

25 0.4 0.57 0.635 

45 0.4 0.498 0.496 

14 0.4 0.72 0.711 

18 0.4 0.67 0.683 

33 0.4 0.55 0.579 

35 0.4 0.52 0.565 

39 0.4 0.51 0.538 

12 0.5 0.82 0.773 

25 0.5 0.65 0.671 

45 0.5 0.52 0.514 

14 0.5 0.79 0.757 

18 0.5 0.75 0.726 

33 0.5 0.68 0.608 

35 0.5 0.6 0.592 

39 0.5 0.56 0.561 

12 0.6 0.86 0.821 

25 0.6 0.68 0.707 

45 0.6 0.53 0.531 

14 0.6 0.84 0.803 

18 0.6 0.7 0.768 

33 0.6 0.66 0.636 

35 0.6 0.59 0.619 

39 0.6 0.58 0.584 

12 0.7 0.9 0.869 

25 0.7 0.74 0.743 
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45 0.7 0.62 0.549 

14 0.7 0.86 0.850 

18 0.7 0.82 0.811 

33 0.7 0.7 0.665 

35 0.7 0.68 0.646 

39 0.7 0.64 0.607 

12 0.8 0.91 0.917 

25 0.8 0.8 0.779 

45 0.8 0.55 0.566 

14 0.8 0.86 0.896 

18 0.8 0.83 0.853 

33 0.8 0.7 0.694 

35 0.8 0.62 0.672 

39 0.8 0.6 0.630 
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Appendix D 

Modified 3-parameter model correlation analysis 

Large 
particle 
volume 
fraction 

Vibration Surface Texture Shape Model Real 

1 50 10 1 0.58 0.57 

0.9 50 10 1 0.62 0.61 

0.8 50 10 1 0.65 0.64 

0.7 50 10 1 0.65 0.64 

0.6 50 10 1 0.65 0.64 

0.5 50 10 1 0.64 0.63 

0.4 50 10 1 0.64 0.63 

0.3 50 10 1 0.63 0.62 

0.2 50 10 1 0.62 0.61 

0.1 50 10 1 0.61 0.60 

0 50 10 1 0.60 0.59 

1 60 10 1 0.58 0.57 

0.9 60 10 1 0.62 0.61 

0.8 60 10 1 0.66 0.65 

0.7 60 10 1 0.67 0.65 

0.6 60 10 1 0.66 0.65 

0.5 60 10 1 0.66 0.65 

0.4 60 10 1 0.65 0.64 

0.3 60 10 1 0.64 0.63 

0.2 60 10 1 0.63 0.62 

0.1 60 10 1 0.61 0.61 

0 60 10 1 0.60 0.59 

1 70 10 1 0.58 0.57 

0.9 70 10 1 0.62 0.61 

0.8 70 10 1 0.66 0.65 

0.7 70 10 1 0.69 0.67 
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0.6 70 10 1 0.68 0.67 

0.5 70 10 1 0.67 0.66 

0.4 70 10 1 0.66 0.65 

0.3 70 10 1 0.65 0.64 

0.2 70 10 1 0.63 0.63 

0.1 70 10 1 0.62 0.61 

0 70 10 1 0.60 0.59 

1 80 10 1 0.58 0.57 

0.9 80 10 1 0.62 0.61 

0.8 80 10 1 0.66 0.65 

0.7 80 10 1 0.69 0.69 

0.6 80 10 1 0.71 0.70 

0.5 80 10 1 0.70 0.68 

0.4 80 10 1 0.68 0.67 

0.3 80 10 1 0.66 0.65 

0.2 80 10 1 0.64 0.64 

0.1 80 10 1 0.62 0.62 

0 80 10 1 0.60 0.59 

1 90 10 1 0.59 0.58 

0.9 90 10 1 0.63 0.62 

0.8 90 10 1 0.67 0.66 

0.7 90 10 1 0.71 0.70 

0.6 90 10 1 0.74 0.73 

0.5 90 10 1 0.73 0.72 

0.4 90 10 1 0.71 0.70 

0.3 90 10 1 0.69 0.68 

0.2 90 10 1 0.66 0.65 

0.1 90 10 1 0.64 0.63 

0 90 10 1 0.61 0.60 

1 100 10 1 0.59 0.58 
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0.9 100 10 1 0.63 0.62 

0.8 100 10 1 0.67 0.66 

0.7 100 10 1 0.71 0.70 

0.6 100 10 1 0.74 0.73 

0.5 100 10 1 0.75 0.74 

0.4 100 10 1 0.73 0.72 

0.3 100 10 1 0.70 0.69 

0.2 100 10 1 0.67 0.66 

0.1 100 10 1 0.64 0.63 

0 100 10 1 0.61 0.60 

1 110 10 1 0.60 0.59 

0.9 110 10 1 0.64 0.64 

0.8 110 10 1 0.68 0.68 

0.7 110 10 1 0.72 0.71 

0.6 110 10 1 0.75 0.74 

0.5 110 10 1 0.77 0.75 

0.4 110 10 1 0.75 0.74 

0.3 110 10 1 0.72 0.71 

0.2 110 10 1 0.69 0.68 

0.1 110 10 1 0.65 0.65 

0 110 10 1 0.62 0.61 

1 120 10 1 0.60 0.59 

0.9 120 10 1 0.64 0.64 

0.8 120 10 1 0.68 0.68 

0.7 120 10 1 0.72 0.71 

0.6 120 10 1 0.75 0.74 

0.5 120 10 1 0.77 0.75 

0.4 120 10 1 0.75 0.74 

0.3 120 10 1 0.72 0.71 

0.2 120 10 1 0.69 0.68 
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0.1 120 10 1 0.65 0.65 

0 120 10 1 0.62 0.61 

1 130 10 1 0.60 0.59 

0.9 130 10 1 0.64 0.64 

0.8 130 10 1 0.68 0.68 

0.7 130 10 1 0.72 0.71 

0.6 130 10 1 0.75 0.74 

0.5 130 10 1 0.76 0.74 

0.4 130 10 1 0.73 0.72 

0.3 130 10 1 0.71 0.70 

0.2 130 10 1 0.68 0.67 

0.1 130 10 1 0.65 0.64 

0 130 10 1 0.62 0.61 

1 140 10 1 0.60 0.59 

0.9 140 10 1 0.64 0.64 

0.8 140 10 1 0.68 0.68 

0.7 140 10 1 0.72 0.71 

0.6 140 10 1 0.74 0.72 

0.5 140 10 1 0.72 0.71 

0.4 140 10 1 0.71 0.70 

0.3 140 10 1 0.69 0.68 

0.2 140 10 1 0.67 0.66 

0.1 140 10 1 0.64 0.64 

0 140 10 1 0.62 0.61 

1 150 10 1 0.60 0.59 

0.9 150 10 1 0.64 0.64 

0.8 150 10 1 0.68 0.68 

0.7 150 10 1 0.70 0.69 

0.6 150 10 1 0.70 0.69 

0.5 150 10 1 0.69 0.68 
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0.4 150 10 1 0.68 0.67 

0.3 150 10 1 0.67 0.66 

0.2 150 10 1 0.65 0.64 

0.1 150 10 1 0.64 0.63 

0 150 10 1 0.62 0.61 

 

Large 
particle 
volume 
fraction 

Vibration Surface Texture Shape Model Real 

1 50 20 1 0.58 0.56 

0.9 50 20 1 0.62 0.60 

0.8 50 20 1 0.64 0.62 

0.7 50 20 1 0.64 0.62 

0.6 50 20 1 0.64 0.62 

0.5 50 20 1 0.64 0.62 

0.4 50 20 1 0.63 0.61 

0.3 50 20 1 0.63 0.61 

0.2 50 20 1 0.62 0.60 

0.1 50 20 1 0.61 0.59 

0 50 20 1 0.60 0.58 

1 60 20 1 0.58 0.56 

0.9 60 20 1 0.62 0.60 

0.8 60 20 1 0.66 0.64 

0.7 60 20 1 0.66 0.64 

0.6 60 20 1 0.66 0.64 

0.5 60 20 1 0.65 0.63 

0.4 60 20 1 0.64 0.62 

0.3 60 20 1 0.63 0.62 

0.2 60 20 1 0.62 0.61 

0.1 60 20 1 0.61 0.60 
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0 60 20 1 0.60 0.58 

1 70 20 1 0.58 0.56 

0.9 70 20 1 0.62 0.60 

0.8 70 20 1 0.66 0.64 

0.7 70 20 1 0.68 0.66 

0.6 70 20 1 0.68 0.66 

0.5 70 20 1 0.67 0.65 

0.4 70 20 1 0.66 0.64 

0.3 70 20 1 0.65 0.63 

0.2 70 20 1 0.63 0.61 

0.1 70 20 1 0.62 0.60 

0 70 20 1 0.60 0.58 

1 80 20 1 0.58 0.56 

0.9 80 20 1 0.62 0.60 

0.8 80 20 1 0.66 0.64 

0.7 80 20 1 0.69 0.68 

0.6 80 20 1 0.70 0.68 

0.5 80 20 1 0.69 0.67 

0.4 80 20 1 0.68 0.66 

0.3 80 20 1 0.66 0.64 

0.2 80 20 1 0.64 0.62 

0.1 80 20 1 0.62 0.60 

0 80 20 1 0.60 0.58 

1 90 20 1 0.59 0.57 

0.9 90 20 1 0.63 0.61 

0.8 90 20 1 0.67 0.65 

0.7 90 20 1 0.71 0.69 

0.6 90 20 1 0.74 0.72 

0.5 90 20 1 0.72 0.70 

0.4 90 20 1 0.71 0.69 
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0.3 90 20 1 0.68 0.67 

0.2 90 20 1 0.66 0.64 

0.1 90 20 1 0.64 0.62 

0 90 20 1 0.61 0.59 

1 100 20 1 0.59 0.57 

0.9 100 20 1 0.63 0.61 

0.8 100 20 1 0.67 0.65 

0.7 100 20 1 0.71 0.69 

0.6 100 20 1 0.74 0.72 

0.5 100 20 1 0.75 0.73 

0.4 100 20 1 0.72 0.70 

0.3 100 20 1 0.70 0.68 

0.2 100 20 1 0.67 0.65 

0.1 100 20 1 0.64 0.62 

0 100 20 1 0.61 0.59 

1 110 20 1 0.60 0.58 

0.9 110 20 1 0.64 0.63 

0.8 110 20 1 0.68 0.67 

0.7 110 20 1 0.72 0.70 

0.6 110 20 1 0.75 0.74 

0.5 110 20 1 0.77 0.75 

0.4 110 20 1 0.74 0.72 

0.3 110 20 1 0.71 0.70 

0.2 110 20 1 0.68 0.67 

0.1 110 20 1 0.65 0.64 

0 110 20 1 0.62 0.60 

1 120 20 1 0.60 0.58 

0.9 120 20 1 0.64 0.63 

0.8 120 20 1 0.68 0.67 

0.7 120 20 1 0.72 0.70 
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0.6 120 20 1 0.75 0.74 

0.5 120 20 1 0.77 0.75 

0.4 120 20 1 0.74 0.72 

0.3 120 20 1 0.71 0.70 

0.2 120 20 1 0.68 0.67 

0.1 120 20 1 0.65 0.64 

0 120 20 1 0.62 0.60 

1 130 20 1 0.60 0.58 

0.9 130 20 1 0.64 0.63 

0.8 130 20 1 0.68 0.67 

0.7 130 20 1 0.72 0.70 

0.6 130 20 1 0.75 0.74 

0.5 130 20 1 0.75 0.73 

0.4 130 20 1 0.73 0.71 

0.3 130 20 1 0.70 0.68 

0.2 130 20 1 0.68 0.66 

0.1 130 20 1 0.65 0.63 

0 130 20 1 0.62 0.60 

1 140 20 1 0.60 0.58 

0.9 140 20 1 0.64 0.63 

0.8 140 20 1 0.68 0.67 

0.7 140 20 1 0.72 0.70 

0.6 140 20 1 0.73 0.71 

0.5 140 20 1 0.72 0.70 

0.4 140 20 1 0.70 0.68 

0.3 140 20 1 0.68 0.67 

0.2 140 20 1 0.66 0.65 

0.1 140 20 1 0.64 0.63 

0 140 20 1 0.62 0.60 

1 150 20 1 0.60 0.58 
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0.9 150 20 1 0.64 0.63 

0.8 150 20 1 0.68 0.67 

0.7 150 20 1 0.69 0.67 

0.6 150 20 1 0.69 0.67 

0.5 150 20 1 0.68 0.66 

0.4 150 20 1 0.67 0.66 

0.3 150 20 1 0.66 0.65 

0.2 150 20 1 0.65 0.63 

0.1 150 20 1 0.64 0.62 

0 150 20 1 0.62 0.60 

 

 

Large 
particle 
volume 
fraction 

Vibration Surface Texture Shape Model Real 

1 50 30 1 0.580 0.557 

0.9 50 30 1 0.619 0.595 

0.8 50 30 1 0.636 0.586 

0.7 50 30 1 0.637 0.595 

0.6 50 30 1 0.636 0.600 

0.5 50 30 1 0.633 0.614 

0.4 50 30 1 0.629 0.624 

0.3 50 30 1 0.623 0.605 

0.2 50 30 1 0.616 0.595 

0.1 50 30 1 0.608 0.586 

0 50 30 1 0.597 0.576 

1 60 30 1 0.580 0.557 

0.9 60 30 1 0.619 0.595 

0.8 60 30 1 0.652 0.624 
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0.7 60 30 1 0.653 0.624 

0.6 60 30 1 0.651 0.624 

0.5 60 30 1 0.646 0.624 

0.4 60 30 1 0.640 0.614 

0.3 60 30 1 0.631 0.605 

0.2 60 30 1 0.622 0.605 

0.1 60 30 1 0.611 0.595 

0 60 30 1 0.597 0.576 

1 70 30 1 0.580 0.557 

0.9 70 30 1 0.619 0.595 

0.8 70 30 1 0.658 0.634 

0.7 70 30 1 0.673 0.643 

0.6 70 30 1 0.670 0.643 

0.5 70 30 1 0.663 0.643 

0.4 70 30 1 0.654 0.634 

0.3 70 30 1 0.642 0.624 

0.2 70 30 1 0.629 0.605 

0.1 70 30 1 0.615 0.595 

0 70 30 1 0.597 0.576 

1 80 30 1 0.580 0.566 

0.9 80 30 1 0.619 0.605 

0.8 80 30 1 0.658 0.643 

0.7 80 30 1 0.695 0.682 

0.6 80 30 1 0.695 0.682 

0.5 80 30 1 0.685 0.672 

0.4 80 30 1 0.672 0.653 

0.3 80 30 1 0.656 0.643 

0.2 80 30 1 0.638 0.624 

0.1 80 30 1 0.620 0.605 

0 80 30 1 0.597 0.586 
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1 90 30 1 0.590 0.566 

0.9 90 30 1 0.630 0.605 

0.8 90 30 1 0.669 0.643 

0.7 90 30 1 0.707 0.682 

0.6 90 30 1 0.732 0.701 

0.5 90 30 1 0.719 0.691 

0.4 90 30 1 0.701 0.672 

0.3 90 30 1 0.681 0.653 

0.2 90 30 1 0.658 0.634 

0.1 90 30 1 0.634 0.614 

0 90 30 1 0.607 0.586 

1 100 30 1 0.590 0.576 

0.9 100 30 1 0.630 0.624 

0.8 100 30 1 0.669 0.662 

0.7 100 30 1 0.707 0.691 

0.6 100 30 1 0.738 0.730 

0.5 100 30 1 0.741 0.720 

0.4 100 30 1 0.720 0.701 

0.3 100 30 1 0.694 0.682 

0.2 100 30 1 0.667 0.653 

0.1 100 30 1 0.638 0.624 

0 100 30 1 0.607 0.595 

1 110 30 1 0.600 0.576 

0.9 110 30 1 0.640 0.624 

0.8 110 30 1 0.681 0.662 

0.7 110 30 1 0.718 0.691 

0.6 110 30 1 0.750 0.730 

0.5 110 30 1 0.763 0.730 

0.4 110 30 1 0.739 0.710 

0.3 110 30 1 0.711 0.682 
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0.2 110 30 1 0.681 0.662 

0.1 110 30 1 0.651 0.634 

0 110 30 1 0.617 0.595 

1 120 30 1 0.600 0.576 

0.9 120 30 1 0.640 0.624 

0.8 120 30 1 0.681 0.662 

0.7 120 30 1 0.718 0.691 

0.6 120 30 1 0.750 0.730 

0.5 120 30 1 0.762 0.730 

0.4 120 30 1 0.738 0.710 

0.3 120 30 1 0.710 0.682 

0.2 120 30 1 0.681 0.653 

0.1 120 30 1 0.650 0.624 

0 120 30 1 0.617 0.595 

1 130 30 1 0.600 0.576 

0.9 130 30 1 0.640 0.624 

0.8 130 30 1 0.681 0.662 

0.7 130 30 1 0.718 0.691 

0.6 130 30 1 0.750 0.730 

0.5 130 30 1 0.743 0.710 

0.4 130 30 1 0.723 0.691 

0.3 130 30 1 0.699 0.672 

0.2 130 30 1 0.674 0.653 

0.1 130 30 1 0.647 0.624 

0 130 30 1 0.617 0.595 

1 140 30 1 0.600 0.576 

0.9 140 30 1 0.640 0.624 

0.8 140 30 1 0.681 0.662 

0.7 140 30 1 0.718 0.691 

0.6 140 30 1 0.723 0.691 
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0.5 140 30 1 0.712 0.682 

0.4 140 30 1 0.698 0.672 

0.3 140 30 1 0.681 0.653 

0.2 140 30 1 0.662 0.643 

0.1 140 30 1 0.641 0.624 

0 140 30 1 0.617 0.595 

1 150 30 1 0.600 0.576 

0.9 150 30 1 0.640 0.624 

0.8 150 30 1 0.681 0.662 

0.7 150 30 1 0.689 0.662 

0.6 150 30 1 0.686 0.662 

0.5 150 30 1 0.680 0.653 

0.4 150 30 1 0.671 0.643 

0.3 150 30 1 0.660 0.634 

0.2 150 30 1 0.648 0.624 

0.1 150 30 1 0.634 0.614 

0 150 30 1 0.617 0.595 

 

 

Large particle 
volume fraction Vibration Surface Texture Shape 3PM Real 

0 50 25 0.3 0.682 0.680 

0.1 50 25 0.3 0.687 0.700 

0.2 50 25 0.3 0.654 0.630 

0.3 50 25 0.3 0.624 0.624 

0.4 50 25 0.3 0.606 0.606 

0.5 50 25 0.3 0.598 0.598 

0.6 50 25 0.3 0.595 0.580 

0.7 50 25 0.3 0.594 0.610 

0.8 50 25 0.3 0.594 0.595 
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0.9 50 25 0.3 0.594 0.605 

1 50 25 0.3 0.594 0.590 

0 60 25 0.3 0.580 0.600 

0.1 60 25 0.3 0.612 0.625 

0.2 60 25 0.3 0.643 0.655 

0.3 60 25 0.3 0.655 0.644 

0.4 60 25 0.3 0.653 0.654 

0.5 60 25 0.3 0.648 0.650 

0.6 60 25 0.3 0.641 0.640 

0.7 60 25 0.3 0.633 0.650 

0.8 60 25 0.3 0.623 0.600 

0.9 60 25 0.3 0.612 0.605 

1 60 25 0.3 0.598 0.592 

0 70 25 0.3 0.580 0.610 

0.1 70 25 0.3 0.612 0.600 

0.2 70 25 0.3 0.643 0.650 

0.3 70 25 0.3 0.672 0.680 

0.4 70 25 0.3 0.672 0.650 

0.5 70 25 0.3 0.665 0.650 

0.6 70 25 0.3 0.656 0.650 

0.7 70 25 0.3 0.644 0.630 

0.8 70 25 0.3 0.630 0.630 

0.9 70 25 0.3 0.615 0.630 

1 70 25 0.3 0.598 0.620 

0 80 25 0.3 0.590 0.600 

0.1 80 25 0.3 0.623 0.630 

0.2 80 25 0.3 0.654 0.660 

0.3 80 25 0.3 0.684 0.700 

0.4 80 25 0.3 0.706 0.710 

0.5 80 25 0.3 0.696 0.685 
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0.6 80 25 0.3 0.683 0.675 

0.7 80 25 0.3 0.667 0.654 

0.8 80 25 0.3 0.649 0.656 

0.9 80 25 0.3 0.630 0.640 

1 80 25 0.3 0.608 0.600 

0 90 25 0.3 0.590 0.600 

0.1 90 25 0.3 0.623 0.615 

0.2 90 25 0.3 0.654 0.655 

0.3 90 25 0.3 0.684 0.690 

0.4 90 25 0.3 0.709 0.690 

0.5 90 25 0.3 0.721 0.730 

0.6 90 25 0.3 0.703 0.710 

0.7 90 25 0.3 0.682 0.700 

0.8 90 25 0.3 0.659 0.660 

0.9 90 25 0.3 0.635 0.640 

1 90 25 0.3 0.608 0.600 

0 100 25 0.3 0.600 0.600 

0.1 100 25 0.3 0.633 0.650 

0.2 100 25 0.3 0.666 0.670 

0.3 100 25 0.3 0.696 0.700 

0.4 100 25 0.3 0.721 0.740 

0.5 100 25 0.3 0.737 0.740 

0.6 100 25 0.3 0.730 0.730 

0.7 100 25 0.3 0.705 0.695 

0.8 100 25 0.3 0.677 0.680 

0.9 100 25 0.3 0.649 0.650 

1 100 25 0.3 0.618 0.600 

0 110 25 0.3 0.600 0.600 

0.1 110 25 0.3 0.633 0.600 

0.2 110 25 0.3 0.666 0.625 
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0.3 110 25 0.3 0.696 0.710 

0.4 110 25 0.3 0.721 0.700 

0.5 110 25 0.3 0.737 0.740 

0.6 110 25 0.3 0.741 0.720 

0.7 110 25 0.3 0.713 0.715 

0.8 110 25 0.3 0.682 0.650 

0.9 110 25 0.3 0.651 0.660 

1 110 25 0.3 0.618 0.620 

0 120 25 0.3 0.600 0.600 

0.1 120 25 0.3 0.633 0.650 

0.2 120 25 0.3 0.666 0.680 

0.3 120 25 0.3 0.696 0.710 

0.4 120 25 0.3 0.721 0.710 

0.5 120 25 0.3 0.737 0.750 

0.6 120 25 0.3 0.740 0.720 

0.7 120 25 0.3 0.712 0.730 

0.8 120 25 0.3 0.682 0.700 

0.9 120 25 0.3 0.651 0.680 

1 120 25 0.3 0.618 0.623 

0 130 25 0.3 0.600 0.598 

0.1 130 25 0.3 0.633 0.640 

0.2 130 25 0.3 0.666 0.678 

0.3 130 25 0.3 0.696 0.700 

0.4 130 25 0.3 0.721 0.730 

0.5 130 25 0.3 0.737 0.710 

0.6 130 25 0.3 0.725 0.730 

0.7 130 25 0.3 0.701 0.695 

0.8 130 25 0.3 0.675 0.680 

0.9 130 25 0.3 0.647 0.620 

1 130 25 0.3 0.618 0.600 
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0 140 25 0.3 0.600 0.640 

0.1 140 25 0.3 0.633 0.640 

0.2 140 25 0.3 0.666 0.640 

0.3 140 25 0.3 0.696 0.650 

0.4 140 25 0.3 0.721 0.730 

0.5 140 25 0.3 0.715 0.710 

0.6 140 25 0.3 0.700 0.700 

0.7 140 25 0.3 0.682 0.682 

0.8 140 25 0.3 0.662 0.630 

0.9 140 25 0.3 0.642 0.623 

1 140 25 0.3 0.618 0.640 

0 150 25 0.3 0.600 0.620 

0.1 150 25 0.3 0.633 0.640 

0.2 150 25 0.3 0.666 0.670 

0.3 150 25 0.3 0.692 0.710 

0.4 150 25 0.3 0.688 0.700 

0.5 150 25 0.3 0.682 0.720 

0.6 150 25 0.3 0.673 0.675 

0.7 150 25 0.3 0.662 0.680 

0.8 150 25 0.3 0.649 0.660 

0.9 150 25 0.3 0.635 0.650 

1 150 25 0.3 0.618 0.600 
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Appendix E 

Mix design sample calculation 

Combined aggregate proportion Quarry Dust: Sand: Coarse Aggregate= 42:28:30 

Bulk Density of the proposed aggregate mix = 2.02 g/cm3 

Total packing density of the mix   = 0.8106  

Voids content       = 1-0.8106 = 0.1894  

Paste content 10% in excess of voids   = 0.1894 + 0.1*0.1894 

      = 0.20834 

Volume of aggregates     = 1- 0.20834  

      = 0.79166 cm3 

Total solid volume of aggregates   = 0.42/2.323+0.28/2.59+0.3/2.67 

      =0.4013 𝑐𝑐𝑚𝑚3 

Weight of Q.D       = 0.79166/0.4013×0.42×1000 

      =828.55 𝑘𝑘𝑘𝑘/𝑚𝑚3 

Weight of sand       = 0.79166/0.4013×0.28×1000 

      =552.36 𝑘𝑘𝑘𝑘/𝑚𝑚3 

Weight of 12mm coarse aggregates    = 0.79166/0.4013×0.3×1000 

      = 591.82 𝑘𝑘𝑘𝑘/𝑚𝑚3 
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Water Cement ratio      = 0.38  

Total Paste = Cement + water    = 𝐶𝐶/3.15 + 0.38𝐶𝐶  

      = 0.6974𝐶𝐶 = 0.20834 

Cement content      = 0.20834x1000/0.6974 

      = 298.73 kg/m3 

Water Content      = 0.38 x298.73 = 113.52 kg/m3 
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