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ABSTRACT 

Beams are common structural elements in most structures and generally they 

are analysed using classical beam theories to evaluate the stress and strain 

characteristics of the beam. But in the case of deep beams, higher order shear 

deformation beam theories predicts more accurate results than classical beam theories 

due its more realistic assumption regarding the shear characteristics of the beam. 

In this study a hyperbolic shear deformation theory for thick isotropic beams 

is developed where the displacements are defined using a meaningful function which 

is more physical and directly comparable with other higher order theories. Governing 

variationally consistent equilibrium equations and boundary conditions are derived in 

terms of the stress resultants and displacements using the principle of virtual work. 

This theory satisfies shear stress free boundary condition at top and bottom of the beam 

and doesn’t need shear correction factor. 

.A displacement based finite element model of this theory is formulated using the 

variational principle. Displacements are approximated using the homogeneous 

solutions of the governing differential equations that describe the deformations of the 

cross-section according to the high order theory, which includes cubic variation of the 

axial displacements over the cross-section of the beam. Also, this model gives the 

exact stiffness coefficients for the high order isotropic beam element. The model has 

six degrees of freedom at the two ends, one transverse displacement and two rotations, 

and the end forces are a shear force and two components of end moments.   

Several numerical examples are discussed to validate the proposed shear 

deformation beam theory and finite element model of the beam theory. Results 

obtained for displacements using the present beam theory and the finite element model 

are compared with results obtained using other beam theories, 2D elastic theory and 

2D and 3D finite element models. Solutions obtained using the proposed beam theory 

and finite element model are in close agreement with the solutions obtained using 2D 

elastic theory and 2D and 3D finite element models of  ‘ABAQUS’. 

Keywords: Beam theory; Finite Element; Higher order; Shear Deformation.   
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 NOTATIONS 

A - area of  cross section of  beam. 

b - width of beam. 

D - nodal degree of freedom. 

De - nodal degree of freedom in local coordinate system. 

E - elastic modulus. 

f - force vector due to distributed load. 

F - force vector due to concentrated load. 

fe - force vector due to concentrated load in local coordinate system. 

Fe - force vector due to concentrated load in local coordinate system. 

G - shear modulus. 

h - depth of beam. 

I - second moment of area about centroidal axis. 

Ks - shear correction factor. 

L - length of beam element. 

Ni - shape function. 

p(x) - axially distributed load 

q(x) - transverse distributed load. 

S - element stiffness matrix. 

Se - stiffness matrix in local coordinate system. 

T - transformation matrix. 

U - strain energy. 
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u(x) - axial displacement at centre line of beam. 

u(x, z) - axial displacement at coordinate (x, z). 

V - work done by the external forces. 

w(x) - transverse displacement of  beam at centre line. 

w(x, z) - transverse displacement at coordinate (x, z). 

𝑑𝑤

𝑑𝑥
  - bending rotation of cross section. 

ф(𝑥) - total rotation of cross section. 

(𝑧) - function which describes the distribution of transverse shear stress along      

the thickness of  beam. 

Ω - problem domain. 

Г - boundary of domain. 

 - total potential energy. 

𝜀𝑥𝑥 - normal strain. 

𝛾𝑥𝑧 - shear strain. 

𝜎𝑥𝑥 -  normal stress. 

𝜏𝑥𝑧 - shear stress




