
CHAPTER 3 

Forward Kinematics Modeling Theories 

Robotic manipulator modeling consists of a geometrical definition along with a 

kinematical description of the linkages. The geometrical definition can be accomplished 

by creating representative three-dimensional (3D) graphic models whereas the kinematic 

entities describing the relations between links, velocities, accelerations and other 

characteristics of the manipulator can be obtained from robot kinematic theory based on 

Denavit-Hartenberg(D-H) parameters[ 12] 

3.1 Mechanical structure and notation of the manipulator 

Typical robots are serial-link manipulators comprising a set of bodies, called links, in a 

chain, connected by joints which allow linear or revolute motion between connected links 

each of which exhibits just one degree of freedom (DOF) are not common. For a 

manipulator with n joints numbered from 1 to n, there are n+ 1 links, numbered from 0 to 

n. Link 0 is the base of the manipulator, generally fixed, and link n carries the end-

effector. Joint i connects links i and i-1.[5] 

A link may be considered as a rigid body defining the relationship between two 

neighboring joint axes. A link can be specified by two numbers, the link length and link 

twist, which define the relative location of the two axes in space. The link parameters for 

the first and last links are meaningless, but are arbitrarily chosen to be 0. Joints may be 

described by two parameters. The link offset is the distance from one link to the next 

along the axis of the joint. The joint angle is the rotation of one link with respect to the 

next about the joint axis. [7] 
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3.2 Denavit and Hartenberg notation for manipulator 

configuration 

Denavit and Hartenberg have proposed a matrix method of systematically assigning 

coordinate systems to each link of an articulated chain. This method is mathematically 

elegant and it is used to develop the forward kinematics algorithm for this project. 

Another advantage of this method is, it is very logical and easy to model the any kind of 

degree of freedom serial link manipulator through this method. [5] 

To facilitate describing the location of each link we affix a coordinate frame to it. The 

frame i is attached to link i. The axis of revolute joint i is aligned with z,_i. The x,_i axis is 

directed along the normal from z,-_\ to z, and for intersecting axes is parallel to z,. i x z,. The 

link and joint parameters may be summarized as follows (see figure 3.2): 

Link length (a,) - the offset distance between the z m and z, axes along the x , axis; 

Link twist (a , ) - the angle from the z i axis to the z, axis about the x, axis; 

Link offset (d,) - the distance from the origin of frame /-1 to the x, axis along the zu\ 

axis; 

Joint angle (0/) -the angle between the x,.i and x, axes about the z,_i axis. 

For a revolute axis 0, is the joint variable and dt is constant, while for a prismatic joint dj 

is variable, and 0, is constant. In many of the formulations that follow we use generalized 

coordinates, qt, where 

q,= 0, for a revolute joint 

qt= dj for a prismatic joint 

The Denavit-Hartenberg (DH) representation results in a 4x4 homogeneous 

transformation matrix. 
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Translation is qualitatively different form rotation in one important respect. In rotation, 

the origins of two coordinate frames are same. This invariance of the original 

characteristic allows the representation of rotation in 3-D space as a 3x3 rotation matrix 

Ri. However, in translation, the origins of translated frame and original frame are not 

coincident then the origins have to be translated by a 3x1 translation vector P/ [5]. 

Rotation matrix, R 

(3X3) 

Translation vector, P 

(3X1) 
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Scale factor 
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Fig. 3.1 -Denavit -Hartenberg parameters 
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The Rotation matrix, Ri represents the orientation of the entire link and the translation 

vector, Pi represents the position of same link of the manipulator. These 3D valves can 

be used to draw the link position and orientation with respect to the previous frame in the 

Cartesian space. [5] 

For the next link rotation matrix R ,•+/ can be written as follows, 

On 0 n in Kj+1 - Kj Kj+1 (3.3) 

And the translation matrix can be written as follows, 

°Pi+1 = W / V / (3.4) 

Where, 

°T,= 

On 0p K-i+l M+l 

0 1 

The '"'Aj matrices can be used to develop a matrix of expressions for the forward 

kinematics equation, T, for the manipulator arm. T is a 4 x 4 matrix which gives the 

position and orientation of the end-effector with respect to the base frame as a function of 

each of the joint variables qt. 

T= A\(qi)A\(q2) A*~ x(qJ (3.5) 

This method can be used to calculate the position and orientation of the serial link 

manipulator [5]. These calculated values can be used to draw the links in the Cartesian 

space on the user graphical interface. The used algorithm to draw the manipulator on the 

Cartesian space is as follows. 
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3.3 Algorithm for the manipulator link frame assignment 
• 

This algorithm assigns frame and determine the D-H -parameters for each link of an n-

DOF serial link manipulator. [5] Both, the first link 0 and the last link n, are connected to 

only one other link and thus, have more arbitrariness in frame assignment. [29] For this 

reason, the first (frame {0}) and the last (frame {n}) frames are assigned after assigning 

frames to intermediate links, link 1 to link (n-1). 

The displacement of the each joint-link is measured with respect to a frame and therefore 

the initial position of each link needs to be clearly defined. The initial position of a 

revolute joint is when the joint angle is 0 , while for the prismatic it is when the joint 

displacement d is between working range, (i.e. maximum and minimum of the variable 

displacement). 

Because of mechanical constraints, the range of the joint motion possible is restricted 

and, in some cases, this may result in a home position that is unreachable. In such cases, 

the home position is redefined by changing the initial manipulator joint and /or frame 

assignments. The new home position can be obtained by adding a constant value to the 

joint angles in case of revolute joint and to the joint displacement in the case of prismatic 

joint. This shifting of the home position is illustrated in figure 3.3. 

Normally the manipulators, the initial position as zero position is designed in the joint 

variable. But this simulator has been designed to take any position of the joint variables 

in the working range as home position. Therefore the user has a good flexibility to select 

home position including zero position. Assigning frame of the manipulator designer 

should decide the home position of his manipulator. 

The algorithm is divided into four parts. The first segment gives steps for labeling 

scheme and the second one describes the steps for frame assignment to intermediate links 

1 to (n-1). The third and fourth segments give steps for frame {0} and frame {n} 

assignment, respectively. 

Step 0- Identify and number the joints starting with base and ending with end-effector. 

Number the links from 0 to n starting with immobile base as 0 and ending with last link 

as n. 
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Step 1 - Align axis Z; with axis of joint (i+1) for i= 0,1, ,n-l 

Assigning frames to intermediate links-link 1 to link (n-1) for each link i repeat step 2 

and 3. 

Steps 2- The xt axis is fixed perpendicular to both Z/_/ and Z/ axes and points away from 

Zi-i . The origin of frame {i} is located at the intersection of Z/ and X-, axes. Three 

situations are possible. 

Case 1- If Z/_y and Z, axes intersect. Choose the origin at the point of their 

intersection. The xi axis will be perpendicular to the plane containing Z /./ and Z, 

axes. This will give to be zero. 

Case2- if the Z w and the Z,- axes are parallel or lie in parallel planes then their 

common normal are not uniquely defined. If joints / is revolute then Xi -axis is 

chosen along that common normal, which passes through origin of frame {i-1}. 

This will fix the origin and make </, zero. If joint i is prismatic, Xt axis is 

arbitrarily chosen as any convenient common normal and the origin is located at 

the distal end of the link L 

Case 3- if Zj_i and Z, axes coincide, the origin lies on the common axis. If joint i 

is revolute, origin is located to coincide with origin of frame {i-1} and Xt axis 

coincides with X,_/ axis to cause d, to'be zero. If joint i is prismatic , Xi axis is 

chosen parallel to Xt.i axis to make at to be zero. The origin is located at distal 

end of link i. 

Step3 - The F; axis has no choice and is fixed to complete the right-handed orthonormal 

coordinate frame {i}. 

Assigning frame to link 0, the immobile base-frame {0} 

Step 4 - The frame {0} location is arbitrary. Its choice is made based on simplification of 

the model and some convenient reference in workspace. The Xq axis, which is 
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perpendicular to Z0 axis, is chosen to parallel to XI axis in the home position to make 

0i=O or any where in working range. The origin of the frame{0} can be chosen at a 

convenient reference such as, floor, working table, and so on ,giving a constant value for 

the parameter di zero. If joint 1 is prismatic, parallel X0 -and Xj axes will make 0/ to be 

zero and origin of frame {0} is placed arbitrarily. 

Step 5 - The Y0 axis completes the right -handed orthonormal coordinate frame {0}. 

Link n, the end effector, frame assignment-frame {n} 

Step 6 -The origin of frame {n} is chosen at the tip of the manipulator, that is, a 

convenient point on the last link (the end-effector). This point is called the "tool 

point" and the frame {n} is the tool frame. 

Step 7 - the Z„ axis is fixed along the direction of Z „_/ axis and pointing away from the 

link n. It is the direction of "approach." 
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Step 8- if joint n is prismatic; take X„ parallel to Xn.j axis. If joint n is revolute, the 

choice of the Xn is similar to step 4, that is, X„ is perpendicular to both Z„_i and Z„ 

axes. Xn direction is the "normal" direction. The Y„ axis is chosen to complete the 

right-handed orthonormal frame {n}. The Yn axis is the "orientation" or "sliding" 

direction. 

Once the frames are assigned to each link, the joint parameter (0j </, a, aj) can be easily 

identified for each link, using which the direct kinematic model developed in designing 

the universal manipulator on this robotic simulator. In fixing the frames, it is desirable to 

make as many of the joint-link parameters zero as possible because the amount of the 
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computation necessary in later analysis is dependent on these. Hence, where there is a 

choice in frame assignment, emphasis is on making a choice, which results in as many 

zero parameters as possible. The flow chart of forward kinematic modeling is shown in 

the figure 3.4. 

Fig. 3.3 - Flow Chart of Forward Kinematic 
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3.4 Manipulator Jacobian which relates to build the inverse 

kinematic algorithm 

The manipulator Jacobian is a support to find the joint variable for the given end-effector 

position and orientation when it is moved in the desired trajectory path. Even though the 

position and orientation equations are non-linear, the relationship between the velocity of 

the distal end and the velocities of the joint angles is linear. If the forward kinematic 

problem is stated by x =f(q), then numerical solutions to the inverse kinematic problem 

typically involve differentiating the constraint equations to obtain a Jacobian matrix[5] 

, df 
J = Y q ™ 

And solving the linear matrix system 

X=Jq (3.7) 

Where, 

x = 6x1 Cartesian velocity (desired angular and liner velocity) vector 

*= [ Vx Vy Vz COx COy C02 ] T (3.8) 

q= nxl vector of n joint velocities 

q = [ 0 , e 2 e 3 d n f (3.9) 
J= 6x n Manipulator Jacobian 

The Jacobian is a function of the joint variable. The Jacobian function supports to 

develop the reverse kinematic modeling of this project. To solve the reverse kinematic is 

the key feature of this project and it will be explained in chapter 5 in detail. 

27 



4 \ 4 > , 
80j 

% dpy 

se, d&2 SOn 

A, i 
• • • • • 

daz 

36, d02 80. 

The manipulator Jacobian, J, is a 6x n matrix (e.q.4.5) where n is the number of joints in 

the manipulator arm. The zth column of Jean be thought of as two 3x1 vectors, JLi and JAi 

, which are associated with the linear and angular velocities, respectively, of the tip of the 

robot arm due to the z'th joint velocity. So we can partition J as follows:[18] 

The Jacobian deals with small motions of the end-effector about its current position and 

arm Configuration, so each of the elements of J is a function of the joint variables, qt . 

The first three rows of J (J/,) deal with the linear velocity of the end-effector with respect 

to the base coordinate system. Each column of J L , vector iLi , is formed by differentiating 

the expression for the position of the end-effector, which is given as the last column in T, 

as follows[18]. 

J L i = 

r dx 

dqi 
dy 
dqt 

dz 
dqi-l 

(3.12) 
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The last three rows of J (J^) deal with the angular velocity of the end-effector and are 

due to the angular velocity of the end-effector generated by each joint. There is no 

contribution to the angular velocity at the end-effector for prismatic joints, so: 

J At <?( =0 for prismatic joint / 

However a revolute joint i rotates the links i to n at the angular velocity ro, as follows: 

JAi qt = coi (3.13) 

Where 

bM is the unit vector pointing along the direction of the joint axis i. For revolute joint i, 

the rotation is about the z /./ axis, by convention. In terms of coordinate frame i, b,.i is 

represented as [0, 0,1]T. 

The rotation matrix R can transform a vector in the ith frame to one in the previous (i-1) 

frame. To determine bM for Eq. (3.13), the rotation matrices to express the zM axis with 

respect to the base frame as follows: 

bi-,=K1°(q,)--tfIt1
2(qi.1) (3.14) 

To summarize above equations, 

The manipulator Jacobian defines the relation between the velocities in joint space q and 

in the Cartesian space x expressed in frame i: 

~ j(Sl)i Q (3 .15) 

or the relation between small variations in joint space Sq and small displacements in the 

Cartesian space 8%: 

8xi ~J(q)iSq (3 .16) 
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The manipulation Jacobian expressed in the base frame is given by 

°J(q)= fJtiq) °J2(q) ...°Jn(q)] (3.17) 

With, 

% (q) = Zi-1 X1"1 Pn for a revolute joint 

°Ji(q) = [Z q 1 j for a prismatic joint 

Where, 

Zi-i and 1 1 pn are expressed in the base frame and x is the vector cross product [20]. 

Expressed in the i'h frame, the Jacobian is given by 

'j(q) = 
CiRY o 

o CtRY 
}J(q) (3.18) 

This function returns 'J(q) (i = 0 when not specified) for the end-link. 

3.6. Jacobian singularities 

Those manipulator configurations at which J become noninvertible are termed as 

Jacobian singularities and the configuration is itself called singular. At the singularities, 

the Jacobian matrix loses its rank and becomes ill conditioned at values of joint variables 

q at which its determinant vanishes. 
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The study of manipulator singularities is of great significance for the following reasons: 

• 

1. It is not possible to give an arbitrary motion to end-effector; that is, singularities 

represent configurations at which structural mobility of the manipulator is reduced. 

2. At a singularity where no solution any exists for the inverse Jacobian problem. 

3. In the neighborhood of a singularity, small velocities in the Cartesian space 

require very high velocities in the joining space. This causes problems when the 

manipulator is required to track a trajectory that passes close to the singularity. 

To solve this problem in the inverse kinematics of this simulator, the Taylor series is used 

to solve the joint space parameters [7], Used method of calculating the inverse kinematics 

will be explained in next chapter. 
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