
Chapter 3 

Swing Leg Kinematics of Bipedal Robot 

3.1 Preliminaries 

To modeling of swing leg kinematics it is needed to study the basic robotics 
theories[18]. These theories can be utilized to derive joint angle equations. 
Application of the basic robotic theory to solve real world pfoblem is one of the goals 
of this research. In this research, both legs are considered as planer manipulators. 
Hence, studying of manipulator kinematics is much important for derivation of 
kinematics model. 

3.1.1 Manipulator kinematics 

Kinematics is the science of motion which treats motion without regard to the forces 
which cause it. Within the science of kinematics one studies the position, velocity, 
acceleration, and all higher order derivatives of the position variables (with respect to 
time or any other variable(s)). Hence, the study of the kinematics of manipulators 
refers to all the geometrical and time based properties of the motion. The relationship 
between these motions and the forces and torques which cause them the problem of 
dynamics. 

In order to deal with the complex geometry of a manipulator it will affix frames to the 
various parts of the mechanism and then describe the relationship between these 
frames. The study of manipulator kinematics involves, among other things, how the 
locations of these frames change as the mechanism articulates. The method mentioned 
in this sub topic is to compute the position and orientation of the manipulator's end
effector relative to the base of the manipulator as a function of the joint variables. 

3.1.2 Link Description 

A manipulator may be thought of as a set of bodies connected in a chain by joints. 
These bodies are called links. Each joint usually exhibits one degree of freedom. Most 
manipulators have joints which are like hinges, called revolute joints, or have sliding 
joints called prismatic joints. In the rare case that a mechanism is built with a joint 
having n degrees of freedom, it can be modeled as n joints of one degree freedom 
connected with n-1 links of zero length. Therefore, without loss of generality, it will 
consider only manipulators which have joints with a single degree of freedom. 

The links are numbered starting from the immobile base of the arm, which might be 
called link 0. The first moving body is link 1, and so on, out to the free end of the arm , 
which is link n. In order to position end-effector generally in 3-space, a minimum of 6 
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,llints are required. Typical manipulators have 5 or 6 joints. Some robots may actually 
110t be as simple as a single kinematic chain-they may have parallelogram linkages or 
11ther closed kinematic structures. 

\ single link of a typical robot has many attributes which a mechanical designer had to 
~.·onsider during its design. These include the type of material used, the strength and 
:;tiffness of the link, the location and type of the joint bearing, the external shape, the 
\\·eight and inertia etc. However, for the purposes of obtaining the kinematics 
equations of the mechanism, a link is considered only as a rigid body which defines the 
,·clationship between two neighboring joint axes of a manipulator. Joint axes are 
Jefined by lines in space. Joint axis i is defined by a line in space, or a vector 
direction, about which i rotates relative to link i -1. It turns out that for kinematic 
purposes, a link can be specified with two numbers which defin~ the relative location of 
the two axes in space. 

I or any two axes in 3-space there exists a well-defined measure of distance between 
them. This distance is measured along a line which us mutually perpendicular to both 
.txes. This mutual perpendicular always exists and is unique except when both axes are 
parallel, in which case there are many mutual perpendicular of equal length. Figure 
1 l.l) shows link i- 1 and the mutually perpendicular line along which the link length, 
u, 1 is measured. The second parameter needed to define the relative location of the 

two axes is called the link twist. If we imagine a plane whose normal is the mutually 
perpendicular line just constructed, it can be projected that both axes i -1 and i onto 
this plane and measure the angle between them. This angle is measured from axis i -1 
to axis i in the right hand sense about ai-J. We will use this definition of the twist of 

I ink i -1 , a,_1 • In Figure(3 .1) a,_1 is indicated as the angle between axis i- 1 and axis i . 

.. -\..'\l.Sl-1 Lull: I-I . -\.xH! 

Figure 3.1: Relationship of link length and link twist 
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3.1.3 Link parameters 

Any robot can be described kinematically by giving the values of four quantities for 
each link. Two describe the link itself, and two describe the link's connection to a 
neighboring link. In the usual case of a revolute joint, (); is called the joint variable, 

and the other three quantities would be fixed link parameters as shown in Figure (3.2). 
For prismatic joints, d, is the joint variable and the other three quantities are fixed link 

parameters. The definition of mechanisms by means of these quantities is a convention 
usually called the Denavit-Hartenberg notation. 

A..'"" 1 - I 

Link i - l 

Axis i 

-~ 
./ 

...........--Lin~ 

Figure 3.2: Parameters used to describe the connecting between neighboring links 
A 

That ()" =0.0 and the origin of frame {N} is chosen at the intersection of X N-J and 

joint axis n when d" =0.0 

If the link frames have been attached to the links according to our convention, the 
following definitions of the link parameters are valid. 

A A A 

a,= the distance from z, to Z,+l measured along X,, 
A A 

a,= the angle between z, and z,+J measured about X,, 
A A A 

d, = the distance from X 1-1 to X measured along Z, and 

A A A 

B, = the angle between X 1-1 and X, measured about Z, 

We usually choose a) 0 since it corresponds to a distance, however, a,, d, and B; are 

signed quantities. 
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cl ill· convention outlined above does not result in a unique attachment of frames to 
(\ 

llllh.s. First of all, when we first align the Z, axis with joint axis i, there are two choices 
(>. 

( ' l\irection in which to point Z,. Furthermore, in the case of intersecting joint axes 
(\ 

1: a, = 0 ), there are two choices for the direction of X,, corresponding to the choice 
(\ (\ 

( · i ~igns for the normal to the plane containing Z, and Z 1+l • Also, when prismatic 
i''lnts are present there is quite a bit of freedom in frame assignment. 

J. I A Derivation of link transformations 

" 
I >~.termination of the transform which defines frame {i }relative to the frame {i -1}. In 

~encral, this transformation will a function of the four link parameters. For any given 
l\lhot, this transformation will be a function of only one variable, the other three 
parameters being fixed by mechanical design. By defining a frame for each link we 
ha\ e broken the kinematics problem into n sub problems. In order to solve each of 
uwse sub problems, namely ~-~T , we will further break the problem into four sub

~uhproblems. Each of these four transformations will be a function of one link 
pc~rameter only, and will be simple enough that we can write down its form by 
i11spection. We begin by defining three intermediated frames for each link, namely: 
:J'f. {Q}, and {R}. 

\.xisi -1 Axiai 

Figure 3.3: Attachment of frame { i} rigidly to the link i 

Ftgure (3.3) shows the same pair of joints as before with frames {P}, {Q} and {R}defined. 
(\ (\ 

Nllte that only the X and Z axes are shown for each frame to make the drawing 

clearer. Frame {R}differs from frame {i-1}only by a rotation of a,_
1

• Frame {Q} 
differs from {R } by a translation a,_1 .Frame {P}differs from {Q} by a rotationB,, and 

hame {i} differs from {P} by a translation d; . If we wish to write the transformation 

which transforms vectors defined in {i}to their description in {i -1 } we may write 
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/'=1·1 T liT (}T l'T I 
II (} I' 1 p (3.1) 

1: 

l'=I- 1T 1P 
I (3.2) 

\\here 

T=l-l T 11 T IJT FT 
II (} I' I (3.3) 

1. unsidering each ofthese transformations the equation written a~: 

1\ 1\ 1\ (\ 

T = Rot(X~,a1 _ 1 ) Trans(X,,a
1
_J Rot(Z,,B,) Trnas(Z;,dJ 

(3.4) 

\ II 

A A 

r = Screw(X,,a,_Pai-I)Screw(Z,,d,,B,) (3.5) 

A A 

\\ here Screw ( Q, r, cD) stands for a translation along an axis Q by a distance r, and a 

rotation about the same axis by an angle cD. Multiplying out (3.4) we obtain the general 
. fl-IT lnnn o , . 

ce, - se, 0 a,_l 

7 =I SB,Ca,_1 ceica,_1 -Sa 1 J- -Sa,_1d, (3.6) 
SB,Sa

1
_ 1 CB,Sa,_1 Ca,_ 1 Ca;_1d, 

0 0 0 

3.1.5 Concatenating link transformations 

t_ !nee the link frames have been defined and the corresponding link parameters found, 
Jcveloping the kinematic equations is straight forward. Using the values of the link 
parameters the individual link transformation matrices can be computed. Then, the link 
transformations can be multiplied together to find the single transformation that relates 
li·ame {N}to frame {o}: 

()T OT IT 2T N-IT 
x-1 2 3···N (3.7) 

TI11S transformation, ,~Twill be a function of all njoint variables. If the robot's joint 

position sensors are queried, the Cartesian position and orientation of the last link may be 
computed by ,~T . 
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.~.2 Derivation of joint angle equations for swing leg 

I,) derive the joint angle equations, the direct kinematics and inverse kinematics theories 
.t:L' used. 

H 

):~ 

y 

Eh 

es 

L• 

Lc 

L3 ... T\--0. 

\--~~.~~-·-·c.-;'-:;_· ·":'i;·--~~:."' ..... .-. ---~ 
\~~~ 

X 

,; 

c:. 

Figure 3.4: Robot lower body and nomenclature 

l~y utilizing the link description theories and by inspecting the above diagram the D-H 
table of swing leg can be obtained as: 

a i-1 a i-1 di-1 8 i-1 

1 0 0 0 -81 

2 0 L1 0 -82 

3 0 L2 0 -83 

Table 3.1: D-H parameters of swing leg 

I or a planer serial manipulator the link transformation matrix is given by the equation 
( ~ .6) as, 

ce, - se 
I 

0 a,.J 

1T =I se,ca,_1 CB,CaH -SaH -Sa,_1d; 

. SB,Sa,_
1 ce,sa,_1 Ca,_1 Ca,_1d, 

0 0 0 1 
Ln th1s swing Leg, number of links are 3. Theretore the individual link transformation 
matrix can be obtained by substituting i=1 ,2,3 for general equations as: 
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'= 1 
.-
ee1 -Se1 0 0 

:r =I sel eel 0 0 

0 0 1 0 

0 0 0 1 
L 

1 

- ee 2 - se2 0 Ll 
se 2 e e2 0 0 

0 0 1 0 I J 

0 0 0 1 
L 

(/ /l( ( 

Ice -se 0 L2 
se~ 

3 

ce 0 0 
-1 ' 3 

l ~ 0 1 0 

0 0 1 

Thl'n the matrix ~T can be derived by using the relationship in equation (3.7) as 
o-, r1T 1T 2T 
1' I X 2 X 3 

S11nplifying to, 

ce123 - se123 0 L2ee12 + L1ee1 

. -sep, 
i =I --

ee123 0 - [L2Se12 + L1Se1] ee =cos e, ee123 = cos(e1 + e2 + e3) 
0 0 1 0 se =sine, se123 =sin( el + e2 + e3) 
0 0 0 1 

This is the homogeneous transformation matrix for the swing leg. 
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3.2.1 Derivation of equation for joint angle 82 

To perform inverse kinematics operation it is needed to suggest end effecter matrix as 
below 

, cos¢ -sin¢ 0 X 

i --sin¢ cos¢ 0 -Y X =X -x1Cosa 

0 0 1 0 Y = -[H + x1Sina- y] 
0 0 0 1 

This model can be utilized if known parameters are pose and t>rientation and unknowns 
are join parameters. 

Pose and 
Orientation 

_. Inverse kinematics 
_. Model 

_. Joint 
-. Parameters 

In swing leg kinematics model we know the pose and orientation of the foot (end 
effecter) utilizing trajectory generation, unknowns are joint angles. Hence inverse 
kinematics model is suitable to solve this problem. By using inverse kinematics, that is 
equating homogeneous transformation matrix and end effecter matrix the following 
two equations can be obtained. 

By equating, 

• Element ( 4,1) of homogeneous transformation matrix and ( 4,1) of end effecter 
matrix 

Element ( 4,2) of homogeneous transformation matrix and ( 4,2) of end effecter 
matrix 

X= l 2C12 +l1C1 

y = L2SI2 +LIS] 

Square X and Y then adding 

[
X 2 +Y 2 -L~ -L~-

cosBJ = = C2 - 2L
1
L

2 

h S ~I - cos
2 

B, T en 2 =-

B 2 = A tan 2 [ S 2 , C 2 ] 
(3.8) 

The function A tan 2[S2 ,C2] represent tan-1(S2/C2). But, uses the sign of both S2 and 
c2 to determine the quadrant in which the resulting angle lies. 
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3.2.2 Derivation of equation for joint angle B1 

After derived 82, we have to derived an equation for 81 

X= l 1C1 + L2C12 

y = l1S1 + l2S12 

Re-writing the X andY, by introducing K1, K2. 

X= K 1C1 - K 2S 1 

Y = K 1S1 + K 2C1 

Where 

KI = LI + L2C2 

K2 = L2S2 

Performing change of variables 

If, r = ~(K12 + Ki) 

Andy= Atan2(K2 ,K1) 

KI = rcosr 
Then 

K 2 = rsiny 

The equation (3 .11 ) and (3 .12 ) can be rewrite as, 

+ = COS r COS [)I - sin y Sin [)1 

~- = COSy sin [)1 + sin r COS [)1 

cos(y + B1 )= + 
sin(y + B1 ) = f 
.. . r + [) = A tan 2[L X ] 

I r ' r 

then, 

B1 =A tan2[Y,X]- A tan2[K2 ,K1] 

3.2.3 Derivation of equation for joint angle 83 

; 

(3.9) 
(3.1 0) 

(3 .11) 
(3.12) 

(3 .13) 

After derivation of B1 andB2 the angle B3 can be obtained using the concept "In a serial 

manipulator the last joint angle is equal to total of previous joint angles" 
Therefore, 

[)3 = B1 + [)2 +a (3.14) 
Where a is the angle of slope. 
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