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1. Introduction

Wishart matrices, both real and complex valued, play a central role in statistics, with numerous engineering applica-
tions, specifically signal processing and communications. Of particular interest are the roots of a single Wishart matrix
H, and of a double Wishart matrix E~'H, with H and E independent [1]. The latter can be viewed as the multivariate
analogue of the univariate F distribution and is also closely related to the multivariate beta distribution [32, Section 3.3].
Here we consider the largest eigenvalue £; of either the matrix H or the matrix E~'H, a test statistic proposed by
Roy [38,39], known as Roy’s largest root [32, Section 10.6]. Specifically, we focus on the complex-valued case where
H, E are independent complex-valued Wishart matrices. Throughout this paper, we consider m x m matrices, where E
follows a complex valued central Wishart distribution with n; degrees of freedom and identity covariance matrix X = I,
denoted E ~ CWp(ng, I). The distribution of the matrix H will either be central H ~ CWy(ny, Xy), or non-central
H ~ CWn(ny, Xy, §2). For the definition of central and non-central complex valued Wishart matrices, see for example [15]
and [19, Section 8].

Obtaining simple expressions, exact or approximate, for the distribution of this top eigenvalue, denoted by ¢4, in
the single or double matrix case has been a subject of intense research for more than 50 years. Khatri [27] derived
an exact expression for the distribution of £; in the single central matrix case with an identity covariance matrix
(Xy =I). His result was generalized to several other settings, such as an arbitrary covariance matrix or a non-centrality
matrix [24,28,36,37,41]. The resulting expressions are, in general, challenging to evaluate numerically. More recently,

*  Corresponding author.
E-mail address: boaz.nadler@weizmann.ac.il (B. Nadler).

https://doi.org/10.1016/j.jmva.2019.05.009
0047-259X/© 2019 Elsevier Inc. All rights reserved.


https://doi.org/10.1016/j.jmva.2019.05.009
http://www.elsevier.com/locate/jmva
http://www.elsevier.com/locate/jmva
http://crossmark.crossref.org/dialog/?doi=10.1016/j.jmva.2019.05.009&domain=pdf
mailto:boaz.nadler@weizmann.ac.il
https://doi.org/10.1016/j.jmva.2019.05.009

2 P. Dharmawansa, B. Nadler and O. Shwartz / Journal of Multivariate Analysis 174 (2019) 104524

Table 1

Five common single-matrix and double-matrix cases. The middle column describes the distribution of the covariance
matrices of the observed data. In the first two cases only one sample covariance matrix is computed. The right column
describes several relevant applications.

Case General Form of Distribution Application

1 H~ cWp(ny, ¥ + awvt) Signal detection in noise,
X is known known noise covariance matrix.

2 H~ cWp(ny, 2, ow') Constant modulus signal detection in noise,
X is known known noise covariance matrix.

3 H~ cWp(ny, ¥ + awvt) Signal detection in noise,
E~cwp(ng, X) estimated noise covariance matrix.

4 H~ cWp(ny, 2, ow) Constant modulus signal detection in noise,
E ~cwp(ng, X) estimated noise covariance matrix.

5 H~cwy(q, @, 2) Canonical correlation analysis
E~cwp(n—q,®) between two groups of sizes p < q

£2 is a rank-one matrix

Zanella et al. [44] derived simpler exact, yet recursive expressions, both for the central case with arbitrary X} and for the
non-central case but with Xy = I. Alternative recursive formulas in the real-valued case and in the complex-valued case
were derived by Chiani [4-6].

A different approach to derive approximate distributions for the largest eigenvalue when Xy = Xy = I, is based on
random matrix theory. Considering the limit as ny and m (and in the double matrix case also ng) tend to infinity, with
their ratios converging to constants, £; in the single matrix case and In(¢;) in the double matrix case, asymptotically
follow a Tracy-Widom distribution [20-22]. Furthermore, with suitable centering and scaling, the convergence to these
limiting distributions is quite fast [10,31].

In this paper, motivated by statistical signal detection and communication applications, we consider complex valued
Wishart matrices H whose population covariance is a rank-one perturbation of a base covariance matrix. Specifically, in the
central case we assume Xy = [4Avv!, where A is a measure of signal strength, the unit norm vector v e C™ is its direction,
and vl denotes the conjugate transpose of v. Similarly, in the non-central case, we assume that H ~ CWp,(ny, I, £2), with
a rank-one non-centrality matrix £2 = Avv'. Our goal is to study the distribution of ¢; and its dependence on A, which as
discussed below is a central quantity of interest in various applications. A classical result in the single-matrix case is that
with dimension m fixed, as ny — oo, the largest eigenvalue of H converges to a Gaussian distribution [1]. In the random
matrix setting, as both ny and m tend to infinity with their ratio tending to a constant, Baik et al. [3] and Paul [34] proved
that if A > /m/ny then ¢, still converges to a Gaussian distribution, but with a different variance. In the two-matrix
case, the location of the phase transition and the limiting value of the largest eigenvalue of E~'H were recently studied
by Nadakuditi and Silverstein [33]. Dharmawansa et al. [8] proved that above the phase transition, £; converges to a
Gaussian distribution and provided an explicit expression for its asymptotic variance.

Whereas the above results assume that dimension and degrees of freedom tend to infinity, in various common
applications these quantities are relatively small. In such settings, the above mentioned asymptotic results may provide a
poor approximation to the distribution of the largest eigenvalue £, which can be quite far from Gaussian, see Fig. 1 (left)
for an illustrative example. Accurate expressions for the distribution of ¢4, for small dimension and degrees of freedom,
were recently derived for single and double real-valued Wishart matrices by Johnstone and Nadler [23], via a small noise
perturbation approach. In this paper, we build upon their work and extend their results to the complex valued case and
to the study of the distribution of the leading sample eigenvector, not considered in their work. As discussed below, both
are important quantities in various applications.

Propositions 1-5 in Section 2 provide approximate expressions for the distribution of ¢; under the five single-matrix
and double-matrix cases outlined in Table 1. In Section 3 we study the finite sample fluctuations of the leading eigenvector
and its overlap with the population eigenvector. Next, in Section 4 we illustrate the utility of these approximations in
signal detection and communication applications. Specifically, Section 4.1 considers the power of Roy’s largest root test
under two common signal models, whereas Section 4.2 considers the outage probability in a specific multiple-input and
multiple-output (MIMO) communication system [24]. For a rank-one Rician fading channel, we show analytically that to
minimize the outage probability it is preferable to have an equal number of transmitting and receiving antennas. This
important design property was previously observed via simulations [24].

2. On the distribution of Roy’s largest root

Table 1 outlines five common single matrix and double matrix complex Wishart cases, along with some representative
applications. Propositions 1-5, are the complex analogues of those in [23], and provide simple approximations to
the distribution of Roy’s largest root in these cases. As outlined in the appendix, their proof follows those of [23],
with some notable differences. In particular, we present complex valued analogues of some well known results for
real valued Wishart matrices. In what follows we denote by E the expectation operator. We also denote by sz the
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chi-squared distribution with k degrees of freedom and by sz(n) the non-central chi-squared distribution with
non-centrality parameter 7. Throughout the manuscript we follow the standard definition of complex valued multivariate
Gaussian random variables, see [15]. Specifically, if X ~ CA(0, o'2) then it can be written as (A + :B)/+/2 where A, B € R
are independent A(0, %) random variables and ¢ = /—1.

We start with the simplest Case 1 in Table 1, involving a single central Wishart matrix, H ~ CWn(ng, ¥ + Aw'). In
various engineering applications the matrix X' denotes the covariance of the noise measured at m sensors and is often
assumed to be known, whereas A is a measure of the signal strength and the unit norm vector v denotes its direction.
Without loss of generality, we thus assume ¥ = o2, where o2 then denotes the noise variance. In contrast to previous
asymptotic approaches, whereby the number of samples ny; — oo and possibly also the dimension m — oo, in the
following we keep ny and m fixed, and study the distribution of the largest eigenvalue in the limit of small noise, namely
as o — 0. To emphasize that we study the dependence of the largest eigenvalue of H on the parameter o, we shall denote
it by Z](U).

Proposition 1. Let H ~ CWy(ny, Aw' + o2I), with ||v|| = 1, A > 0 and let £1(c) be its largest eigenvalue. Then, with
(m, ny, A) fixed, as 0 — 0

A+02 o? ot BC 4

= A+28+2(A+02)A+OP(0) (1)

where A, B, C are independent random variables, distributed as A ~ x3, .. B~ x3, , and C~ x3 .

L1(o)

Remark 1. Given that ¢; is the largest eigenvalue of a Wishart matrix, it has finite mean and variance. Approximate
formulas for these quantities follow directly from (1). Since E{x?} = k Var{x?} = 2k, and E{1/x?} = 1/(k — 2) for k > 2
then for ny > 1

0.4

A+ o2

E{¢1(0)} = Any + (ny +m — 1)o? + (m—=1)+o0(c*),

and similarly,

Var{¢;(o)} = A%ny + 2ango? 4+ (ny + m — 1o + o(c*).

Remark 2. The exact distribution of the largest eigenvalue ¢; in the setting of Proposition 1, with number of samples
larger than the dimension, has been recently derived by Chiani [6, Theorem 4, part 3]. The result is given in terms of the
determinant of an m x m matrix whose entries depend on the generalized incomplete gamma function, with parameters
that depend on A and on o. In contrast, while (1) is approximate, the dependence on the values of A and o is more explicit.

The next proposition considers a non-central single Wishart, Case 2 in Table 1.

Proposition 2. Let H ~ CWp(ny, 0?1, (/o)) with ||v]| = 1, & > 0 and let &(o) be its largest eigenvalue. Then, with
(m, ny, o) fixed, as o — 0

2

(o) = “7 <A+B+ Bf) +op(0®) 2)

where A, B, C are all independent and distributed as A ~ x5, (20/0®),B~ x3. , and C ~ x3, .

Remark 3. By definition, E{x?(n)} = k + n. Furthermore, it is easy to show that as n — oo, E{(x?(n))"'} =
(k =2+ "Y1+ 0(n")} and Var{(x?(n))'} = 2/{(k +n — 2)*(k + n — 4)} - {1 + O(n~")}. Note that as 0 — 0 the
non-centrality parameter 2w/o? which appears in the random variable A in (2) tends to infinity. Hence, for small o, we
can approximate the mean and variance of £(o) in (2) by
(ng — 1)(m — 1)
E{¢ ~ n m—1)?4+-——"— "5
(o)) ~ @+ (g +m = 1o 45—

and

Var{t;(o)} ~ 8w + 40 {nH+m—l+ (g — 1m = 1) }

2y + 2 — 1(ny + 2 —2)

The next two propositions provide approximations to the distribution of Roy’s largest root in the central and non-
central double matrix settings, which correspond to Cases 3 and 4 in Table 1. For Case 3, for example, in principle we
need to study £;(E~'H) where E ~ CWhp(ng, X) and H ~ CWy(ny, ¥ + Aww'). However, a simplification can be made
based on the following observations: (i) The matrix E~'H has the same eigenvalues as ¥''/2E~'HX~1/2, which is equal
to (X -12EX-V2)"1(¥~V2H ¥~12), (ii) the matrix X ~2EX~Y2 ~ CcWpy(ng, 1) and (iii) the matrix ¥~2H¥Y 12 ~
CWh(ny, I + Aw'), where v = ¥~1/2w/|| 2 ~2w| has unit norm, and A = || X~"?w]||? 1. Hence, in the following
propositions we assume without loss of generality that the covariance matrix of E is X = I.
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Fig. 1. Density of the largest eigenvalue in Case 1 (left) and Case 2 (right). The parameters for Case 1 are ny =m =5, =5 and o> = 0.01. For
Case 2 they are ny =m =25, w = 1 and o2 = 0.01. The red solid line corresponds to Propositions 1 and 2.

Proposition 3. Let H ~ CWp(ny, I + Aw') and E ~ CW(ng, I) be independent, with ng > m + 1 and ||v|| = 1. Let £; be
the largest eigenvalue of E~'H. Then, with (m, ny, ng) fixed, as A becomes large

£1(A) ~ (1 4+ A)arFp, ¢, + 2Fp, , + a3 (3)
where the two F distributed random variates are independent and
ny m—1 m—1
a1=n5—m+1’ az:nE—m—i—Z’ a3=(n5—m)(n5—m—1)’ (4)

bi=2ny, by=2m-2, c;=2ng—-2m+2, c;=2n—2m+4.

Proposition 4. Suppose that H ~ CWy,(ny, I, owt) and E ~ ¢W,(ng, I) are independent, with n; > m + 1, o > 0, and
IVl = 1. Let £, be the largest eigenvalue of E~'H. Then, with (m, ny, ng) fixed, as w becomes large

li(w) ~ a1Fp, ¢, 2w) + axFy, ¢, + a3 (5)

where the two F distributed random variates are independent and the parameters a;, b;, c; are given in (4).

Remark 4. In the limit as n; — oo, the two F-distributed random variables in (3) and (5) converge to x? distributed
random variables, thus recovering the leading order terms in (1) and (2), respectively.

Let us illustrate the accuracy of our approximations via several simulations. Fig. 1 compares the empirical density of
the largest eigenvalue, computed from 10° independent Monte Carlo realizations, in Cases 1 and 2 defined in Table 1,
to the two corresponding propositions. For reference, we also plot the standard Gaussian density. The accuracy of our
proposition for computing tail probabilities of the form Pr(¢; > t) is illustrated in Fig. 2 for Case 1. Similar results (not
shown) hold for other cases. Results for Cases 3 and 4 of Table 1 are shown in Fig. 3. As can be seen, in all cases, due
to the small sample size and dimension, the distribution of the largest root deviates significantly from the asymptotic
Gaussian one, with our propositions being significantly more accurate.

2.1. On the leading canonical correlation coefficient

We now consider the fifth Case of Table 1 and study the largest sample canonical correlation coefficient between a first
group of p variables and a second group of q variables, in the presence of a single large canonical correlation coefficient
in the population. Canonical correlation analysis is widely used in a variety of applications, for example in medical image
processing [7,26,30], signal processing [2,35,40], and array processing [11].

Since the canonical correlation is invariant under unitary transformations within each of the two groups of variables,
in the presence of a single large correlation coefficient, without loss of generality we can choose the following form for
the matrix X,

I, P
>=| 2! )
PT I,

Here P = (P 0py(g—p) With P =diag(p, 0, ...,0) € RP? and p is the value of the correlation coefficient.
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Fig. 2. Tail probabilities for largest eigenvalue in Case 1, same parameters as in Fig. 1.
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Fig. 3. Density of the largest eigenvalue in Case 3 (left) and Case 4 (right). In both plots ng = ny = 10, m = 5. In Case 3, A = 50 and in Case 4
w = 150. The blue solid line corresponds to Propositions 3 and 4.

To study the sample canonical correlation, consider n + 1 complex-valued m-dimensional multivariate Gaussian
observations x; ~ CN (0, X), i € {1,...,n+ 1} on m = p + q variables, where without loss of generality p < q.
The corresponding sample covariance matrix S decomposes as

1S — Yfy yfx
—\ xty Xxtx )°
where Y € C™P and X € C"™1 represent the first p variables and the remaining q variables, respectively.

Our interest is in the largest sample canonical correlation coefficient, denoted by r;. Similar to the real valued case
[32, Chapter 10], its square r]2 is the largest root of the following characteristic equation

det (r’y'y — Y'QY) =0, (6)
where Q = X (XTX)71 XT. Introducing the notation H = YfQY and E = Yf(I, — Q)Y, (6) can be rewritten as
det (r*(H +E)—H) = 0.

Hence, we may equivalently study the largest root of E~'H, since it is related to r7 by £y = r? /(1 —r}).
Similar to [23], it can be shown that with @ = I, — P2, conditional on X, the two matrices H and E are independent
and distributed as

HIX ~cwW,(q, ®,82) and EIX~CW,(n—q,P) (7)
with the non-centrality matrix given by
1y ixpT p? t t o’
= PXTXP = 1_7102 (XTX).” ele] :wﬁe] Wherea): W(XTX)ll. (8)
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Fig. 4. Density function of £;(E~'H) in canonical correlation analysis.

Since XTX ~ ¢Wyq (n, I), then all diagonal entries of XX follow a chi-square distribution. In particular, (X'X) | ~ x3,/2.
The next proposition provides an approximation to the distribution of the largest sample canonical correlation in the
presence of a single population canonical correlation. To this end, we introduce the following notation. We denote by
F;f (¢, n) a random variable, which is defined as a function of three other random variables as follows: First, generate a
random variable Z ~ ¢ Xf- Next, generate two independent random variables, one distributed as X‘f(Z ) and the other as
le. Finally, compute their ratio

2
AL (9

Xi /b
Proposition 5. Let {1 = r]2 /(1 — rlz), where ry is the largest sample canonical correlation between two groups of size p < q

computed from n + 1 i.i.d. observations with v = n — p — q > 1. Then in the presence of a single large population correlation
coefficient p between the two groups, asymptotically as p — 1,

2
0
Z] ~ a1Flj(1,C1 (m, 2n) + azsz,Cz + as
where

ap=q/(v+1), aa=pP-1)/(v+2), aa=((p—1)/v(v-1),
bi=2q, by=2p—2, c;=2v+1), c=20+2).

Remark 5. It can be shown that the probability density of Féfb(c, n) is

2° 2 a

1 b\ 2 x21 n 1 a xc
(x) = (7> ————— R 5. @by 5
Y CRP I ) A e U R S
where ,F(a, b; c; z) is the Gauss hypergeometric function and B(p, q) is the beta function. This formula is useful for
numerical evaluation for small parameter values.
Fig. 4 illustrates the accuracy of Proposition 5. A good match between the theoretical approximation formula and
simulation results is clearly visible, particularly at the right tail of the distribution.
3. Distribution of the leading sample eigenvector
Another key quantity of both theoretical and practical importance is the squared dot product between the leading
sample eigenvector, denoted V, and its corresponding population eigenvector v. Assuming ||v| = |[V|| = 1,
R= [V, (10)

A practical application where it is important to understand the behavior of R under a rank one spike, involves
the design of dominant mode rejection (DMR) adaptive beamformers in array processing [42]. The main purpose of
this beamformer is to eliminate interferences from undesired directions other than the steering direction. As shown
in [43], an important parameter which determines the performance of the DMR scheme is the correlation between the
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random sample eigenvectors and the unknown population eigenvectors. Specifically, in the presence of a single dominant
interferer, the population covariance matrix takes the form of a rank one spiked model [43, Eq. 17], and the effectiveness
of the DMR depends on the quantity R. Another application where the quantity R plays a key role is passive radar
detection with digital illuminators having several periodic identical pulses [12]. In a sequence of papers [12-14], the
authors developed a new framework for passive radar detection based on the leading eigenvector of the sample covariance
matrix. This detection scheme outperforms traditional detectors [12]. Motivated by these and other applications, we now
develop stochastic approximations to R. For Case 1 of Table 1, we have:

Proposition 6. Let H ~ CWp(ny, AwW' +021), with ||v|]| = 1and 1 > 0. Let V be the eigenvector corresponding to the largest
eigenvalue of H. Then, with (m, ny, A) fixed, for small o
R~ 1
o’ B 204  BC’

+A+GZZ+(A+02)2A7

where A~ x3 B~ x5, ,and C ~ x3 ., are all independent.

The distribution of R in Case 2 of Table 1 is given by the following proposition.

Proposition 7. Let H ~ CW(ny, 021, (w/o?)w), with |v|| = 1 and w > 0. Let V be the eigenvector corresponding to the
largest eigenvalue of H. Then, with (m, ny, w) fixed, for small o
1
B BC’

14+ — +2—
ta e

R~

where Ay ~ x5, (2w/0?), B~ x5, , and C~ x5, are all independent.

Propositions 6 and 7 can be useful to analyze theoretically various DMR and radar detections schemes, and shed light
on their dependence on the relevant system parameters.
For the double-matrix Case 3 in Table 1, we have

Proposition 8. Let H ~ CWy(ny, Aw' +1) and E ~ CWp(ng, I) be independent, with n; > m + 1 and ||v|| = 1. Let V be
the eigenvector corresponding to the largest eigenvalue of E~'H. Then, with (m, ny, ng) fixed, for large A
1
B 9
1+ D

R~

~ y2 ~ y2 i
where B ~ x3.. , and D Xong+4—2m are independent.

In the context of array processing, the double matrix Case 3 of Table 1 corresponds to a setting where the noise
characteristics of the m sensors are not perfectly known, but rather their covariance matrix is estimated from ng samples
that do not contain any signal. Comparing Proposition 8 with Proposition 6 sheds light on the effect of estimating the
covariance matrix of the noise. Whereas in Case 1, as signal strength A — oo the quantity R converges to one, in Case 3,
the random variable R does not converge to one, but rather to a Beta distribution.

Figs. 5 and 6 illustrate the accuracy of our approximate distributions of the squared inner product between the leading
sample and population eigenvectors.

4. Applications

We now demonstrate the utility of our approximations to Roy’s largest root distribution under a rank-one perturbation
in three different engineering applications. The first two are concerned with common problems in signal detection,
whereas the third with the outage probability of a rank-one Rician fading MIMO channel.

4.1. Signal detection in noise

Detecting the presence of a signal in a noisy environment is a fundamental problem in detection theory. Specific
examples include spectrum sensing in cognitive radio [17] and target detection in sonar and radar [42]. Assuming additive
Gaussian noise, the observed vector y(t) € C™ at time t is of the form

y(t) = V/As(t)u + n(t), (11)

where s(t) € C is the time dependent signal, u € C™ is normalized such that ||u|| = 1 is its direction, A > 0 is a measure
of the signal strength and the vector n € C™ is a zero mean complex valued random noise, assumed to be independent of
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Fig. 6. Comparison of empirical density of R in Case 3 of Table 1 with Proposition 8, for ny = 10, n = 16, m =5 and A = 100.

the signal and distributed as n ~ CN/(0, X'). The positive definite Hermitian matrix X is thus the population covariance of
the additive random noise. In some cases it is assumed to be explicitly known, whereas in others it needs to be estimated.
The signal s(t) is often modeled as a random quantity with E{|s(t)|?} = 1. For example, in multiple antenna spectrum
sensing for cognitive radio a common model is that s(t) ~ CN/(0, 1), namely s(t) = s1(t) 4 tso(t) where s¢(t) and s,(t)
are real valued and independent random variables distributed A(0, 1) [45,46]. Similarly, in detection of constant modulus
signals (e.g., FM signals [18]), s(t) = exp(t¢(t)), where ¢(t) is random.

When the covariance matrix ¥ of the noise vector n is assumed known, the observed data used to detect if a signal
is present are often ny i.i.d. observations ys, ..., ¥, from (11). A popular approach is to compute the sample covariance
matrix H = j"j] yjy}, and declare that a signal is present if some function of its eigenvalues is larger than a suitable
threshold. Several such detection tests have been proposed [18,45,46], including Roy’s largest root [29]. As discussed
below, depending on the model of the signal, this leads precisely to Cases 1 and 2 in Table 1.

In other situations, X is unknown, but it is possible to observe both the ny samples y; of (11) as well as an additional
set of ng independent realizations ny, ..., n,, of the noise vector n. The latter are measured, for example, in time slots
at which it is a-priori known that no signals are emitted. Here, a typical approach is to form both the matrix H as above
and the matrix E = E]-":E]njnjT and detect the presence of a signal via some function of the eigenvalues of E~'H. Signal
detection based on the largest eigenvalue of E~'H leads to Cases 3 and 4 in Table 1.

As discussed in Section 2, one may assume without loss of generality that ¥ = oI. Thus, when s ~ CA/(0, 1),

H ~ CWp(ng, Mau’ + &21).
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Fig. 7. Detection power profile for several signal to noise ratios as a function of threshold x for a known covariance matrix or an unknown covariable.
In both cases A = 1, ny =5, m = 5. In the right panel ng = 10. From top to bottom, o = 1/10,2/10 and 3/10.

In contrast, if s = exp(t¢), conditional on ¢4, ..., ¢p,,
an
H~CWp (nH, o’l, —zHuuT> )
o
Propositions 1-4 can thus be used to approximate the detection power of Roy’s largest root test as a function of signal
strength A in both the single matrix cases and the double matrix cases,
Pp = Pr{¢; > u |signal present with strength A}, (12)

where u is a given threshold parameter. The accuracy of (12) is illustrated in Fig. 7.
4.2. Rank-one Rician-fading MIMO channel

As a last application, consider the outage probability of a MIMO communication channel with nr transmitters and ng
receivers. Here, the transmitted signals x € C"T and received signals y € C" are related as

y=Hx+n

where H is the ng x ny channel matrix and n is additive random complex valued noise, assumed to be distributed as
n~ CN (n, o71), where o7 is its (real-valued) variance. Due to fluctuations in the environment, the channel matrix H is
modeled as a random quantity. In particular, under a common Rician fading model [16], H has the form

K 1
H= H H 13
\/K+1 1Jr\/1<+1 2 (13)

where H; represents the specular (Rician) component from a direct line-of-sight between transmitter and receiver
antennas and H, represents the scattered Rayleigh-fading component. With fixed sender and receiver locations, the matrix
H; is constant whereas H, is random with entries modeled as i.i.d. complex Gaussians, CA/(0, a,_z,). Under the normalization
tr(H1H1T ) = ngny, the factor K represents the ratio of deterministic-to-scattered power of the environment.

Under the maximal ratio transmission strategy, where the transmitter sends information along the leading eigenvector
of HHT, the channel signal to noise ratio is given by

2p
n= =t (HH") (14)
O-Tl
where £2p = E[||x||?] is the power of the transmitted signal vectors [24]. An important quantity is the channel’s outage
probability, defined as the probability of failing to achieve a specified minimal SNR i, required for satisfactory reception.
Based on (14), the outage probability P, can be written as

£2p
Poyt = Pr 72Z1 = Umin | - (15)
an

One particularly interesting case is when the Rician component H; is assumed to be of rank one, H; = uv’, where
u € C™®, v e C". An important design question is which configuration of antennas minimizes (15), under the constraint
that the total number of transmitting and receiving antennas is fixed. Via simulations, [24] showed it is best to have an
equal number of transmitting and receiving antennas. Here we analytically prove this result asymptotically in the limit
of small scattering variance (i.e., oy < 1).
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Fig. 8. Outage probability as a function of nr, with ny+ng fixed. Circles represent a Monte-Carlo simulation whereas the solid line is our approximation

(which can be computed for any non-integer ny € R"). These graphs support Proposition 9 and demonstrate the accuracy of our approximations.
In both graphs, K = 2,04 =0.3,0, =1 and £2p =5.

Proposition 9. Consider a rank-one Rician fading channel with a fixed number of antennas, ny + ng = N. Then, for oy < 1,
the outage probability is minimized at nr = ng = N/2 for N even (or say n = [N/2],ng = [N/2] for N odd).

Proof. Under the model in (13) and the assumption that H; = uv' is rank one, the jth column of H, of dimension n, is
distributed as ¢ (v/K/(K + Duv;, 62 /(K + 1y, ). Therefore,

HH' ~ Wy, (nr, oIy, B2 Jo*wWw')

is non-central Wishart, with
K

w=v/|v|, o= ! of and B°= [ul?[lv]* = ngny.
K+1 K+1 K+1
Thus, Proposition 2 implies that for fixed (nr, ng, K),
2p BC 4
==t =c(A+B+ —) +op(c 16
1% Unz 1 1 ( A ) p( H) (16)
where A, B, C are independent random variables distributed as
A~ XZZHT(CZ)s B~ XZZnR—Z! C~ X22nT—2
and
2po}; 282 2K (17)
Cl=——"—, G = — = —NRNy.
'K + 1)02 2T a2 g2 T

Since E(A) = 2nt 4+ ¢ > 1, and ¢c; — o0 as oy — 0, we may neglect the third term in (16). Furthermore, since A and B
are independent,

1~ ¢t (A+B) = c1( X35, (C2) + Xgng_2) = C1 X3y _2(C2).

Clearly Py of (15) is minimal when the largest eigenvalue ¢; is stochastically as large as possible, or in turn, when its
non-centrality parameter ¢, is maximal. Since by (17), ¢, o nrng, the proposition follows (see Fig. 8). O
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Appendix A. Proofs of main propositions

We prove our main results using the analytical framework developed in [23]. For a complex-valued number z € C,
its real and imaginary parts are denoted $i(z) and 3J(z), respectively, whereas Z is its complex conjugate. We begin with
the following auxiliary lemma, which describes the analytic structure of the leading eigenvalue and eigenvector of a
covariance matrix constructed from vectors all in the same direction, which without loss of generality we choose as the
standard vector e; = (1,0, ...,0)T, but corrupted by small perturbations. Its proof is in Appendix B.
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Lemma 1. Let {xj}]'?:1 be n vectors in C™ of the form

X = uje; + €& (A1)

Q with & € C™! are the perturbations in orthogonal directions to e; and € € R

§

is a small parameter. Definez e R,b € C" ' and Z € C

n n n
— _1 —
z= E ulj, b=2z"2 E uig, Z= E sjéjf. (A2)
=1 =1 =1

where u; are complex valued scalars, Sjl =

(m—1)x(m—1)

n
Let £1(€) be the largest eigenvalue of H(e) = ijx} with corresponding leading eigenvector v{(e) normalized such that
j=1
erl(e) = 1. Then ¢4(€) is an even analytic function of €, whereas v,(€) — e is an odd function of €. In particular, the Taylor
expansions of £1(¢) and v1(€) around € = 0 are given by

21(€) =z + ||b|*€* + z7'bt(Z — bb)be* + - - - (A3)

_ 0 _ 0
1/2 3/2 4.
ule)=ei+z (b> €Tz <Zb - ||b||2b> ¢

Proof of Propositions 1 and 2. Since the eigenvalues of H do not depend on the direction of the vector v, without loss
of generality we thus assume that v = e;. Then, H may be realized from ny i.i.d. observations of the form (A.1) with €
replaced by o,

CN(0, 0% 4+ 1), Proposition 1,
-~ CN(0, Iy—1), Ui ~ o A4
5 (0. In—1) J {CN(MJ», o?), Proposition 2, (A4)
and p; are arbitrary complex numbers satisfying Zj | ujlz = w.
For each realization of u = (uy) and & = [&;, ..., &,,] € Cm=Dxmi Lemma 1 yields the approximation (A.3) for £;(o).
To derive the distributions of the various terms in (A.3) we proceed as follows. Define 0, = u/|u|| € C™, choose columns
02,...,0ps0that O = [0y, ..., 0n,] is an ny x ny unitary matrix, and consider the following (m — 1) x ny matrix V = 50.

Its first column is v; = &u/|u|| = b, and thus the O(e?) term in (A.3) is bh = ||v1||?. For the fourth order term, observe
that Z = Z&" = VW' and so the quantity D = b'(Z — bb)b may be written as

Ny

2

D= UI(WT - vlv;r)vl = (v;rV)(v]LV)Jr - (v;rvl)(va]fr = Z |UIU]'| .
j=2

Hence, (A.3) becomes
Ci(€) = Vo + Voe? + Vye 4 -

where Vo = |Jul|?, Vo = ||v1]|?> and V,; = V0‘1D. To study the distributions of Vg, V5, V4, note that by assumption in (A.4),
uj = (aj + 1b) //2 with

@ N(0, A +0?) Proposition 1 ‘ N(0, A+ 0?) Proposition 1
J N(V2%(w;), 02) Proposition 2 J N(v23(u), 0%) Proposition 2.

Ny
1 . . . .
Therefore, |ju|®> = 5 XZ(aj2 + bjz) is a sum of 2ny independent squares of either mean centered or non-centered Gaussian
j=1
random variables. This in turn gives

GZ+A 2

2 2 Xony»
Vo = llull” ~ { "

2 ..
%XZZHH(Z‘“), Proposition 2.

Proposition 1,

o2

Since given u, O is unitary and fixed, then vjlu ~ CN(0, I,_1). Since this distribution is independent of u, v; ~ CN(0, I;;—1).
By similar arguments

1
Va = [lvg]* ~ ngzm_z
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L . . 2
which is independent of ||u||?. Finally, conditioned on (u, v;), we have UIU]‘ ~ CN(0, ||lv1?) and |v;rvj| ~ vl x3/2.

Thus,

ny
1 2 ”U]”Z 2
Di(u, vq) = E vyl 1(u, v1) ~ 5 Xony-2:
j=2

where the Xzanfz variate is independent of (u, v;). We conclude that

2w

1 - B

Vi ~ 5575757 Koy ) Xom—2Xomy -2+ Proposition 1,
1 - -

597 (X3 (28)) " X3m_3X3n, 2> Proposition 2.

Since the random variables Vj, V>, V4 are independent, then so are A, B, C in either (1) or (2). This completes the proof of
Propositions 1 and 2. O

To prove Propositions 3 and 4, we first introduce some additional notation and two auxiliary lemmas, whose proofs
are deferred to Appendix B. For a matrix S, denote by Sy and S the (j, k)th entries of S and S~1, respectively.
Lemma 2. Let E ~ CWp(ng,I) and M = [eq, b] € C™2, with the vector b fixed and orthogonal to e,. Define a 2 x 2
diagonal matrix D = diag (1, 1/|b||?). Then
S =MTETM)™! ~ cw,(ng — m+ 2, D),
and the two random variables S'' and S, are independent with

2
2 X2ng—2m+4

Sll ~ 522
2|b|>

—
Xong—2m+2

Lemma 3. Let E ~ CWp(ng, I) and let A, = (0 7

with E(Z) = I,_1. Then

el E-1AE-Te, m—1
E{- =
EN (ng —m)(ng —m+1)

Proof of Propositions 3 and 4. Without loss of generality we may assume that the signal direction is v = e;. Hence

0 0) where Z is an (m — 1) x (m — 1) random matrix independent of E,

y CWh(nyg, I + )Lele‘;), Proposition 3,
CWh(ny, I, a)eleD, Proposition 4.

Next, we apply a perturbation approach similar to the one used in the previous proof. To introduce a small parameter,
set
2 _ 1/(1+ X), Proposition 3,
1/w, Proposition 4.
The matrix H. = €H has a representation of the form XX with X =[xy, ..., Xn, | where each x; follows (A.1) but now
with
CN(0, 1), Proposition 3,

i ~ CN(0, In—1), j ™~ iti
& (0, Im-1) U {CN(M]/\/aal/w)v Proposition 4,

where Y |j]? = w. In particular,

ny 1,2 . S
S = Z w2 ~ 21X2n2H7 Plopos%qon 3,
= ZXZHH(Z(»), Proposition 4.

With b as in (A.2), using the same arguments as in the previous proof, we have that b ~ cN(0, I;,—1), independently of u.
The matrix H, may be written as H. = Ay + €A1 + €%A,, where

z 0 0 bt 0 0
AO:(O om_1>’ Al:ﬁ(b o,,H)’ A2:<0 z) (A5)

with Z as in (A.2). For future use we define the following quantities

0

ENl = eﬁE‘leh b= (b

) , EPM —ptE~le,, E"™ —=pHTE-1h.
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Note that the condition n; > m ensures that E is invertible with probability 1. This follows for example from Theorem
3.2 in [9].

The matrix E~'H, is similar to the Hermitian matrix E~'/2H.E~1/2. Therefore, all its eigenvalues are real-valued for any
value of e. Furthermore, since E~'/2H.E~'/? is a holomorphic symmetric function of ¢, it follows from Kato ([25], Theorem
6.1 page 120) that the largest eigenvalue ¢; and its eigenprojection P(¢) are analytic functions of € in some neighborhood
of zero, where the largest eigenvalue has multiplicity one. The projection to the corresponding eigenspace of E7'H, is
P(e) = E~1/2P(¢). As the matrix E does not depend on ¢, this projection is also an analytic function in some neighborhood
of e = 0.

At € =0, E"'e; is an eigenvector with eigenvalue E''z, that is,

E~'HoE 'e; = zE 'ejelE~'e; = zE''E e,
from which we obtain
elP(0)E"e; = elE'e; = E'. (A.6)
Since 13(6) is an _analytic function of € and the inner product is a smooth function, then there exists a neighborhood of
€ = 0 where ezP(e)E ~le, e is both analytic in € and strictly positive. In this neighborhood, we may define
Ell
elP(e)E-Te

Clearly vq(€) is the eigenvector corresponding to the eigenvalue ¢(¢) and it is also analytic. We thus expand

v1(€) P(e)E "ey. (A7)

o0 o0
li(e) = ijej, vi(e) = Z wjej. (A.8)
j=0 Jj=0
Inserting these expansions into the eigenvalue-eigenvector equations E~'H.v; = £;v; gives the following equations: at
the O(1) level,
Eilewo = )Lowo
whose solution is
o =2zEM,  wo = const-E 'e;. (A.9)

By (A.6)-(A.7), wg = v1(0) = E~'ey, so the above constant is one.
By (A.7), e{m(e) =F! = e;rwo. Hence e{w]- = 0 for all j > 1. Furthermore, since Ag = zeleI, then Aqgw; = 0 for all
j > 1. The O(¢) equation is thus

E~'Ajwo + E~'Aqw; = Aqwg + Aow. (A.10)

However, Apw; = 0. Multiplying this equation by eI gives that

TE—1
e E™'w z T
== vz {eiﬁ <° b )E’le1}

E11 T EN b 0
T
:;/f{e{rl (g %)E‘lel—i-e;rl:‘_l <g 8)5-1e1}:2ﬁ9t(5b1). (A.11)

Inserting the expression for A; into (A.10) gives that

1 _1(0 bF\  _ _
wy = —— {E7! E le; — 2R(EPME e,
VZEN [ (b 0)
1 )
= (E’”E—1e1 +E“E‘1b—2m(E"1)E‘1e1) —
z

The next O(e?) equation is

iy

-
(E‘1b - E“E_1e1> :

Multiply this equation by el and recall that Ayw, = 0 and elwy = E'" gives

Sl

EilAzwo + EilAluh + EilA()wz = Awy + Aqwq + Aows.

Eb1

ETE_lEO

o A

e’;E_lAzE_]ﬁ elE 1A]%(E h—
El EH

elE A E ey EVEM 4 (EPT) — 2EDIOY(EP!)  elE'AE'e;  EVEY — EVIEDT
E1l E1l = E11 + E11 :

Ay =

(A.12)
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Combining (A.9)-(A.12), we obtain the following approximate stochastic representation for the largest eigenvalue ¢; of
E~'H,
eJ{E‘lAzE_]el ZE”E“’ _ Elﬂﬁ
€
Ell Ell
Next, to derive the approximate distribution of ¢; corresponding to the above equation, we study a 2 x 2 Hermitian
matrix S, whose inverse is defined by

1 El  ED1 -1
S :(Ebl Ebb =M'E M,

01(€) = zEM + 2e/ZR(EPY) + €2 + 0p(€3). (A13)

where M = [eq, 13] is a 2 x 2 matrix. Inverting this matrix gives

1 Ebb _Ebl
S T — ? 11 .
E1Ebb _ Eb1EbT \ —E E

Hence in terms of the matrices S and S™', (A.13) can be written as

2 e E-1A,E-Te
£1(€) = 25" 4+ 2e JZR(EM ) + ~— + 2517 122 O o e, (A14)

522 Ell
To establish Propositions 3 and 4, we start from (A.14). We neglect the second term T; = 2e./zR(E"') which is
symmetric with mean zero, and whose variance is much smaller than that of the first term. We also approximate the
last term, denoted by T5, by its mean value, using Lemma 3. We now have

1
() ~ s“+ez{—+c(m, ns)},
S22

where c(m, n) is the expectation from Lemma 3. Since £(¢) is the largest eigenvalue of E"'H, = €?E~'H, (A.14) should be
divided by €? to obtain the largest eigenvalue of E~'H. By doing so, and inserting the distributions of S!! and combining
this with the S,, from Lemma 2 gives

2z 21|12 m—1

=~ —+ .
2.2 2 —_ — —
€ Xong—2m+2  X2ng—2m+4 (ng —m)(ng —m —1)

Next, by inserting the distributions of ||b||%, z and the relevant value of €, we get that for Proposition 3

2 2
Xony Xom—2 m—1

2 * (ng —m)(ng —m —1)

G(A) = (1+A) 3
Xong—2m+2  Xong—2m+4

and for Proposition 4

2
XZnH(Zw) i X22m—2 n m-—1

blw) (e —m)m —m—1)

2 2
Xong—2m+2  Xong—2m+4

From Lemma 2 and the independency of u and z, all of the above x? random variables are independent. Finally, since
ratios of independent x? random variables follow an F distribution, the two propositions follow. O

Proof of Proposition 5. By (8), the non-centrality parameter w depends on the data only through X'X. Conditioning on
X1X, following (7), we invoke Proposition 4 with the parameters m = p, ny = q, and ng = n — q to obtain

2p?
1— p2

€1 (E7TH) IX & a1Fy, , ( (XTX)H> + azFp, , + a3

Now the final result follows by integrating over the distribution of (X TX)H ~ % Xzzn, and using the definition of F; »(c, 1)
given in (9). O

Proof of Propositions 6 and 7. Let us assume without loss of generality that v = e;. If V is not normalized, then we can
write (10) as R = |fITe1|2/||\?||2. From Lemma 1, we have
V=wo+ow +0ows+---

where

1 ( y ) 1 ( . )
Wo =€, w1 =-— , W3 = —— ny + s
lull \ v1 ul> \ 2252 vivj v
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with i.i.d. variables v; ~ CN(0, I,—1) all independent of u € C*,
| eN(0,(h+0P)y)  for H ~ CWin(ny, Aerel + 021y)
CN(w, o2y) for H ~ CWn(ny, 02ln, (0/0?)ese})
and ||u||*> = w. Therefore,
1
2 ny T2
5 vl P ijz vl
flull? flull*
The result follows from the distribution of these quantities. O

R=

1+o0o + 0p(c)

Proof of Proposition 8. Let us rewrite (A.8) as follows
D(€) = wo + wie + Op(e?),

where wg = E~'eq, wy; = %ﬁ (E*]B — %E”ﬁ). For convenience, decompose the matrices E and E~! as
T
E]] ET _ Ell E]Z
E= 12 E~' = A.l
( En Ep )’ E12 g2 (A.15)
where E;; € R, Ei; € CMDx1 and Ey, e Cm-Dx(m=1)_ Consequently, E'' = 1/(E;; — E12'Ex"'E1z) € R and
E? = —EME,,71E;; € Cm=Dx1 The exact form of E22 is unimportant as it does not affect our calculations.

Let us now focus on the numerator of R. Since efw; = 0, we have
dfe; = EM + 0p(e?),
from which we obtain
pfer” = (E')” + Op(e?).
The denominator of R can be written as
192 = el (E’1)2e1 + %s}t {e{ (E*l)2 B} €— \/221511

Using the decomposition of E~! given in (A.15), we get

5 {E") el (E71)° ere + Op(e?)

2
JZE

. 2 2 + T 2
1912 = (E")” + IE™2)% + NG {E“E“ b + E! E22b} e — — 0 {E") {(E”) n ||E12||2} € + 0p(e?).

Now we can conveniently express R as

(En)z . (E11)2

R="—"% P . 5 (Pe — Qe) € + Op(?),
()" + [IE™| [(En) i ”EIZHZ}
where
P, — 2 {(511)2 I ”Eu”z} %" {Eb1}7 Q = im !Elz’r (E“Im_l n Ezz) b} _
VZEM vz
Since Pr and Qg are zero mean random variables, we neglect them to obtain
1
R % f],
1+ |IEyy En2|1?
where we have used the relation E'? = —EME,)'E;; € C™~D*1. Noting that E,'Eq2|Ez» ~ CN(0,Ep,') with By ~

CWm_1(ng, Ihn_1), we can show that 1/(1 + ||E2’21£12||2) is beta distributed with parameters ng — m + 2 and m — 1. Now

the final result follows from the observation that, for X ~ le and Y ~ X:‘ X/(X +7Y) is beta distributed with parameters
p/2and q/2. O

Appendix B. Proof of auxiliary lemmas

Proof of Lemma 1. Write the m x n matrix X(¢) = [x1,...,x,] and observe that X(—e) = UX(e¢), where U =
diag(1, —1, ..., —1), is an orthogonal matrix. Thus, H(—e) = UTH(e)U has the same eigenvalues as H(¢). In particular,
the largest eigenvalue £; and its corresponding eigenvector v, satisfy

L1(—€) = €(e), vi(—€) = Uvy(e). (B.1)

Hence ¢; and the first component of v; are even functions of € whereas the remaining components of v, are odd.
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We decompose the matrix H(e) = Z};l xjxjT as

n n

n n
Hie) = ) (wer + et )wer +e6M) = > (wlPerel +e > (& - wel + ey - 51+ > g &

i=1 j=1 j=1 j=1

_ [z 0 0 bt 2 0 0 _ 2
= <0 0m—1> —i—éﬁ (b Om—l) + € (0 Z) = Ag + €A1 +€°Ay,

with the matrices Ag, A; and A, given in (A.5). Following similar arguments which lead to (A.7) and (A.8) with E = I,
we can establish that £;(¢) and v{(¢) are analytic in some neighborhood of zero. Therefore, we have the following Taylor
series expansions:

£1(6)2X0+62)\2+€4)\.4+--' and vl(e): Wo + €wq +62wZ+63W3+64W4+'-- (BZ)

Also, the eigenprojection P(¢) of £; satisfies

1
vi(e) = ———P(e)ey
e P(e)e;

Inserting the expansions (B.2) into the eigenvalue equation Hv; = £v; gives the following set of equations for r > 0

(B.3)

Aogwr + Atwr—1 + Aywr_3 = Aowy + AWy + Agqwr—g + - - (B.4)

with the convention that vectors with negative subscripts are zero. From the r = 0 equation, Ajwg = Aowp, we readily
find that

Ao = 2, wo = const - eq.

Eq. (B.3) implies that e‘;vl = 1and wo = v1(0) = e;. This implies that wj, for j > 1, is orthogonal to e, that is orthogonal
to wo.

From the eigenvector remarks following (B.1) it follows that wy = 0 for j > 1. These remarks allow considerable
simplification of (B.4); we use those forr = 1and r = 3

Aqwo = Aowr, Ayw1 = Aows + Aawq (B.5)
from which we obtain

wi=z""2bh, w3 =25"(A2 — Aal)ws. (B.6)
Multiply (B.4) on the left by wf; and use the first equation of (B.5) to obtain, for r even,

A = (Aywo) w,_q = Aow;rwr_l
and hence

A = rowlw; =b'h and g = wi(Ay — Al)wy = z7'b}(Z — bb)b.
Therefore, we can further simplify (B.6) to yield

e ) N 0
wi =2""%b,  wy =272 (A — |blPln-1) b =27 (Zb— ||b||2b)' -

To prove Lemmas 2 and 3, we shall use the following two claims, which are the complex analogues of Theorems 3.2.10
and 3.2.11 in Muirhead [32]. While their proofs are similar to those in the real valued case, for completeness we present
them below.

Claim 1. Suppose A ~ CWp(n, X') with n > m — 1 where A and X are partitioned as follows
A]] A12 211 212
A - 2 =
<A21 A22 221 222
and let A1, = Ay —A12A2_21A21, and X115, = X1 — 21222_2] X51. Then, Aq1., is distributed as CWy(n — m + k, X11.2) and is
independent of Aq2, Ay1 and As,.

Claim 2. Let A ~ CWp(n, X) and let M be a k x m matrix of rank k, where M is independent of A. Then (MA~'M*)~1 ~
cwin —m+k, (MXZ- M),

Proof of Claim 1. Let C = X ~!. We partition it as follows,
Ci1 Ci2
C= , B.7
( G Cn > (B.7)

where Cy; € C¥K, Gyy € CM=x(m=K) ‘and €y, € CK*m=K) with €1, = ;. Consequently, =7, = Cy1.
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Following [15,19], the density of A is given by
det""™(A) 4;(24A)

In(n)det"(X)

where tr(-) denotes the trace operator and

flA)=

m
L) =7 2™V ]r(n-j+1)
j=1
with I'(-) denoting the classical gamma function.
To prove the claim we shall study the form of det(A) and of tr(X ~'A). First of all, we have that

det(A) = det (Azz) det (A11A2) .

Next, we introduce a change of variables from the entries of the matrix A, to A1, = Aq —A12A2‘21A21, B1y = A12, Byy = Axp.
The Jacobian of this transformation is an upper triangular matrix, with all diagonal entries equal to one. Hence, the volume
element in (B.8) is dA = dA;1dA1,dAy; = dA11.2,dB12dB,,. Furthermore, using the expansion

_ Ci1 Cp At12 + BBy Ba1 B
tr(Z71A) =tr 22
( ) << 1 ) ( By By,
= tr (C11A11:2) + tr (C11B12B5; Ba1) + tr (CiaBa1) + tr (Co1B1a) + tr (CooBaa)

along with the fact that By; = B‘;z yields that

det"™™ (By,) det" ™™ (A11.2)
det" (X92) det” (X112) Fm( )

1 t
e*”(zn}z"‘lm)*“( 112128, 312) « e~ (C21B12)~tr(Ca1B12)T —tr(CpoB22) (B.9)

f (A112, B12, Byp) =

Now we may use the decomposition

m—k
Fp(n) = 5% l)1_[1“ n—m+k—j+1) w 7 T l)l_[F(n—]—i- 1)
j=1 j=1
(k) m—k
=Iiin—-m+k)xn z Jmte— Hl"n—]—i-]
j=1
to rewrite (B.9) as
f (A112, B2, B) = fi (A11.2) X f2 (B12, B22) , (B.10)
where
detn—m+k—k Aqq. (1
fi (An2) = . (A1) e tl(E“'ZA“'z), (B.11)
det"™ ™ (X11.2) T(n — m + k)
and

det"™ (B)
Y(m-+k— DT F(n—j + 1)det™* (11.) det” (Z2)

« e—tl (211.2312322 BIZ)—tr(Clelz)—tr(Clelz)T—tr(szBzz)

f2 (B12,Ba2) = T

The factorization in (B.10) establishes that A1, is independent of A, and A,,. Finally, (B.11) implies that Aj;, ~
CWy (n — m+ k, X'11.2) which concludes the proof. O

Proof of Claim 2. Set B = X~12AX~12 Now B ~ CWp(n,I). For R = MX~2 (MA-'MT)~' = (RB~'R")"! and
(MX~'MT)~1 = (RRT)~". Thus, it is sufficient to prove that (RB~'RT)™" ~ cwWy(n — m + k, (RRT)™"). Let R = L[l : O]H be
the SVD decomposition of R, where L is k x k and nonsingular and H is m x m unitary. Now,

(RB™'R")™" = (Ll : OJHB'H'[I : 0]/LT)’1 = (L™")" (Uk : OI(HBH') [ : 0]/)’1 L
= (L) (- 01C 'L s 01) ' L
where C = HBH' ~ cwp(n, I). Let
_ (Cn Clz)
G

- Fi1 Fiz
F=cC"! R
(le F22>
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where Fi; and Cyq are k x k. Then (RB~'RT)™! = (L~1)TF};'L™", and since F;;' = Cy; — C12C;,' Cay, it follows from Claim 1
that F;' ~ cWi(n — m + k, I). Hence (L™ ')TF;;'L™" ~ cWy(n — m + k, (LL1)~"), and since (LL")~! = (RR")~", the proof is
complete. O

Proof of Lemma 2. Note that S'' = E'' = e[E~"e;. Then, by Claim 2, (S"")™" ~ eWs(ng —m+ 1,1) = X3, ymi2/2
meaning S'! ~ 2/)(22,1572“”2. Next, by definition S = (MTE~'M)~!, with fixed M. Thus, by the same claim, S ~
CW(ng —m + 2, D) from which we obtain Sy ~ X3, ym4/(2lIblI*). Finally, since (S")™" = Sy — S1255,'Sa1, by Claim 1,
(s~ is independent of S,. O

Proof of Lemma 3. First we decompose the expectation as follows:

Tr—14 p—1 Trp—14. p—1

e E”'AyE™ e e E7 'AE™ e

E 1 2 1 — 1 2 1
(%) = e {Bae () -

Next, since A, is independent of E,

Im—1

E(4; |E) = E(A;) = <8 0 >

Combining the above two equations gives that

m
E (eﬁopf‘lf*zf‘lel) -E EV2 ) — m — 1) (nE“nz) .

Ell Ell Ell
j=2
1 g2t

To compute this expectation, consider the matrix S™' = [e; e;]"E~'[e; e;] = (Em Ezz)’ Since S = E?? and
Sy, = EM/(EME?2 — ||[E™2||?), we have

1 E12 2

1 IEC (B.12)

522 Ell

Noting that Sy ~ 3 X3, _smys and E? ~2/x2 ., we take the expectation of both sides of (B.12) to obtain

E'2)? 2 1
E{( “)}:E(Ezz)_E ; _
E X2n5—2m+4 (nE - m)(nE —m+ 1)

which completes the proof. O
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