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A B S T R A C T   

The behaviour of Carbon Fibre Reinforced Polymer (CFRP) strengthened vertically curved beams of Steel Cir-
cular Hollow Sections (SCHS) was studied. Sixteen numbers of curved beams with 1200 mm span having four 
radii of curvatures; 0 mm, 2000 mm, 4000 mm and 6000 mm were tested under three-point bending tests. A 
range of CFRP lengths up to 1000 mm was selected. The maximum performance was noted when the ratio be-
tween CFRP length to total length of beams is 0.625. Four types of failure modes were observed in the 
strengthened beams. A theoretical model was also developed and validated to predict the load–deflection 
behaviour of CFRP strengthened tubular vertically curved beams in the elastic region using the Maxwell-Mohr 
integral method.   

1. Introduction 

The use of steel tubular sections for civil engineering applications has 
become popular due to their excellent structural performance and pro-
longed life spans. Steel hollow sections have high compression, tensile 
and bending strengths in all directions and have a small drag coefficient 
in fluid flows. The life span of steel hollow section is longer than other 
forms of steel sections because of the closed-shape section without sharp 
corners which reduce the area exposed to outside environment and thus 
protects the section from corrosion. Moreover, the section void can be 
filled with concrete to enhance fire protection. The aesthetical appear-
ance and the space provided by the void for installing electric conduits, 
network cables and other services are advantages of using steel hollow 
beams in building construction [1]. Beams with Steel Circular Hollow 
Sections (SCHS) used in construction can be categorized as straight and 
curved. Hollow section straight members have numerous applications 
such as in jackets, towers, cranes, bridges, support structures of heli-
copter decks and further in various secondary structures, such as stair-
cases and ladders. Curved beams can be either bent in the horizontal or 
vertical plane depending on the application. Beams curved in elevation 
have structural applications mainly in steel bridges and portals of curved 
steel roofs. Fig. 1 shows two applications of curved SCHS in a bridge [1] 

and a roof[2]. During their service lives, structural elements constructed 
with curved SCHS may become structurally inadequate due to design 
errors, loss of material properties, exposure to severe environments, or 
increase in service loads [3]. The present study is limited to SCHS curved 
in elevation. 

Use of Carbon Fibre Reinforced Polymer (CFRP) is a proven retro-
fitting technique for engineered structures because of CFRP’s high 
durability, superior fatigue endurance, high strength-to-weight ratio, 
less labour intensive work, and suitability for any sectional shape [3-5]. 
Many studies have been conducted on the behaviour of CFRP 
strengthened tubular structures under axial [6-11], bending [3,12-19] 
and torsional [20,21] loadings. Furthermore, CFRP strengthening of 
SCHS can enhance durability against transient loadings such as fatigue 
[22] and impact loadings [23,24] as well as in severe environmental 
conditions [25-30]. However, only a few studies [31] have investigated 
the flexural behaviour of hollow steel beams curved in elevation and 
strengthened with CFRP, and they focussed on square hollow sections. A 
comprehensive study on the flexural behaviour of CFRP strengthened 
SCHS beams curved in elevation is therefore required to ensure struc-
tural safety, minimize maintenance costs and extend their service lives. 

With this in mind, an experimental study was conducted to investi-
gate the flexural behaviour of both CFRP strengthened SCHS beams 
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curved in elevation and straight beams. The effect of curvature of beams 
and CFRP wrapping lengths on ultimate load carrying capacity, mid 
span deflection and failure modes were studied. An analytical model was 
also developed and validated to predict the performance of CFRP ret-
rofitted SCHS beams curved in the vertical plane. The results of the study 
provide referral guidelines to structural engineers on the practical ap-
plications of CFRP to retrofit SCHS curved in elevation. 

2. Experimental programme 

2.1. Material properties 

Coupon tests were conducted according to American Standard 
Testing Methods to obtain the required material properties for steel 
(ASTM A:370) [32] and CFRP (ASTM D:3039) [33]. Three steel coupons 

Fig. 1. Structures constructed using SCHS curved in elevation (a) Firth of forth bridge (b) Hamburg airport roof.  

Fig. 2. Stress–strain curves and failure modes of specimens – (a) CFRP and (b) steel.  
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and five CFRP coupons were tested. The stress–strain curves obtained 
and the failure modes of coupons for CFRP sheets and circular hollow 
steel tubes are shown in Fig. 2. The failure mode of steel coupon was 
tensile failure while CFRP showed two major failure modes; edge 
delamination of the gauge at the middle (DGM) and explosion of the 
gauge at the middle (XGM). Fig. 3 shows the images taken during the 
coupon tests for steel and CFRP. Elastic modules in fibre direction (E1), 
matrix direction (E2), and Poisson’s ratios in fibre (Nu12) and matrix 
(Nu13) directions were obtained during the coupon tests for CFRP. The 
elastic modulus and Poisson’s ratio in third direction were assumed to be 

equal to those of matrix direction for CFRP. Shear modulus for the CFRP 
in all three directions were obtained using manufacturer provided data. 
Both elastic and plastic properties for steel and CFRP obtained during 
the coupon test are listed in Table 1. 

2.2. Specimens preparation 

A total of 16 samples were prepared using 3 mm thick steel hollow 
tubes with 101.6 mm outer diameter. The horizontal span of the speci-
mens was kept at a constant value of 1200 mm. Four of these beams were 
kept as straight beams while the remaining 12 beams were bent (Fig. 4) 
to have three different radii of 2000 mm, 4000 mm and 6000 mm. Three 
beams from each radius were strengthened with CFRP and one sample 
from each category was tested as a control sample. 

The surface preparation is of utmost importance to obtain a perfect 
bond between steel substrate and CFRP patch [3]. As reported in the 
literature, there are few common methods available to prepare the steel 
substrate; sand blasting, grit blasting, solvent cleaning and surface 
grinding [34,35]. Past studies revealed that, grit or sand blasting as the 
most effective surface preparation method among these [34,36]. Since 
the current study involves a large surface area to be prepared, a rela-
tively cheap and locally available surface preparation method was 
required. Sand blasting using garnet abrasive technique was one of the 
reliable methods and was adopted. The sand blasted surfaces were then 
cleaned using acetone to remove the loose particles from the surface 
[37] prior to applying three strain gauges on the bottom surface of the 
beam one at the mid span and other two at the end positions of the CFRP 
layer as shown in Fig. 5. 

An adhesion promoter was applied on to the prepared surfaces for 
bonding and kept approximately for one hour for drying before applying 
the adhesive layer. CFRP sheets were cut into different lengths of 500 
mm, 750 mm and 1000 mm with a suitable width such that an overlap of 
30 mm exists once they are wrapped on the steel tube. Two parts epoxy 
adhesive were selected to stick CFRP to the steel [38] and a single layer 
of CFRP sheet was applied on the adhesive following the wet layup 
method and immediately a rib roller was run in the longitudinal fibre 
direction on the CFRP until adhesive and entrapped air bled out. This rib 
rolling also facilitates to obtain a uniform adhesive layer thickness to 
avoid stress concentrations. After rolling another layer of adhesive was 

Fig. 3. Coupon tests for (a) steel (b) CFRP.  

Table 1 
Measured properties of steel, CFRP and epoxy adhesive.   

Steel CFRP Epoxy 

Thickness (mm) 3 0.116 0.5 
Elastic modulus (GPa) 206 230 2.4 
Tensile strength (MPa) 473 4983 40 
Yield strength (MPa) 508 – – 
Tensile strain (mm/mm) 0.25 0.021 –  

Fig. 4. Bending of steel tubes.  

Fig. 5. (a) Un-strengthened (b) strengthened beams.  

Fig. 6. Description diagram of vertically curved beam.  
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applied at either end of the CFRP and also along the overlap to ensure 
the avoidance of pre-mature debonding failure of CFRP. Fig. 5 shows the 
specimens prepared before and after applying CFRP. A descriptive dia-
gram of the curved beam is given in Fig. 6. 

All the beams were tested under simply supported conditions using 
three point bending tests in according to the method adopted by pre-
vious researchers [39,40]. Tests were conducted using the loading frame 
available in the structural testing laboratory of University of Moratuwa. 
A 250 kN capacity load cell was used to transfer the load to the beams at 
a constant rate of 0.5 mm/min until failure. Two LVDTs were set at 150 
mm on either side of the mid span to measure the deflection. Fig. 7 

shows the test set up and instrumentation. 

3. Experimental results 

All un-strengthened and strengthened beams (straight and curved) 
with various CFRP lengths (0 mm, 500 m, 750 mm and 1000 mm) were 
tested until failure of CFRP or bearing failure of SCHS. The transient 
loads and the corresponding deflections and strain variations were 
noted. The ultimate load of each strengthened beam was compared with 
that of the corresponding un-strengthened beam. Failure initiation and 
propagation were also monitored. Furthermore, these failure patterns 

Fig. 7. Test setup and instrumentation.  

Fig. 8. Major failure modes of tested beams; (A) end debonding (B) CFRP crushing close to the loading point (C) fracture of CFRP at the tensile face opposite side to 
the load (D) local bucking of steel tube near the loading point (E) Ductile failure of steel tube near the loading point. 
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were used to validate the theoretical predictions. 

3.1. Failure mechanisms 

The four major failure modes observed in both un-strengthened and 
strengthened beams with different curvatures and different CFRP 
lengths are shown in Fig. 8 and are discussed as follows. All un- 

strengthened beams exhibited the failure mode of local buckling 
(Mode E) near the loading point at the compression zone, irrespective of 
curvature. Beams with 500 mm long CFRP failed due to end debonding 
following the rupture in the fibre direction irrespective of the radius of 
curvature. This failure can be due to the high stress concentration 
developed at the ends of CFRP layers which could not be withstood by 
the adhesive. For beams with CFRP length 750 mm, a slight debonding 

Fig. 9. Variations of strains in adhesive layer for various CFRP lengths for beams with: (a) 2000 mm curvature, (b) 4000 mm curvature’ and (c) 6000 mm curvature 
and (d) positions of strain gauges. 

Table 2 
Details of test specimens, ultimate loads and failure modes.  

Beam ID Radius of Curvature (mm) CFRP Length (mm) Pu (kN) (Pu/Ps)% δu(mm) δu/δs Failure Mode 

ST_0 0 0  40.2 –  19.2  1.0 C 
ST_500 500  41.5 3  23.0  1.2 A/B 
ST_750 750  51.6 28  35.1  1.8 A/C/D 
ST_1000 1000  52.7 31  31.6  1.6 C/D 
2R_0 2000 0  56.2 –  29.7  1.0 C 
2R_500 500  61.2 9  24.3  0.8 A/B 
2R_750 750  70.0 24  41.2  1.4 A/C/D 
2R_1000 1000  68.9 23  40.4  1.4 C/D 
4R_0 4000 0  52.9 –  25.8  1.0 C 
4R_500 500  55.6 5  24.5  0.9 A/B 
4R_750 750  63.3 20  33.1  1.3 A/C/D 
4R_1000 1000  60.9 15  36.1  1.4 C/D 
6R_0 6000 0  48.8 –  28.3  1.0 C 
6R_500 500  51.6 6  27.6  1.0 A/B 
6R_750 750  55.8 14  35.1  1.2 A/C/D 
6R_1000 1000  55.0 12  31.2  1.1 C/D 

In Table 2, the failure modes are denoted as: A – CFRP end debonding; B – CFRP rupture in tensile face; C- Local buckling of tube near loading point; D – CFRP rupture 
close to loading point and ultimate loads and mid span deflections at ultimate loads are denoted as; Pu – ultimate load of strengthened beams; Ps – Ultimate load on un- 
strengthened beam; δu – mid span deflection at ultimate for strengthened beams; δs – mid span deflection at ultimate for un-strengthened beams. 
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at the ends of the CFRP was observed. Then local buckling started in the 
SCHS near the loading point at the compression zone following the CFRP 
fibre rapture near the same area. No end debonding failure was observed 
for the beams with 1000 mm long CFRP sheets. Those beams failed due 
to local buckling of SCHS near the loading point which led to the CFRP 
fibre rupture. It can therefore be deduced that the failure modes of 
strengthened beams were governed by the length of the CFRP which had 
an effect on the different strain levels within the adhesive. Fig. 8 shows 
the variation of strain within the adhesive at the edges of CFRP layer for 
various CFRP lengths for beams with 2000 mm radius of curvature. It 
clearly indicates that strain levels of the adhesive exceed its ultimate 
strain value before failure in beams with 500 mm long CFRP. Therefore, 
CFRP debonding has occurred in these beams. However, for the beams 
with 750 mm and 1000 mm CFRP lengths the strain in the adhesive does 
not exceed its ultimate value before local buckling of steel tube occurs 
and hence no debonding could be observed. 

It was observed that the failure modes of both un-strengthened and 

strengthened beams were not influenced by the curvature of the beam, 
instead they depended only on the length of CFRP wrapping. 

3.2. Strain variations 

Fig. 9 shows the strain variations in the adhesive at the edge of CFRP 
layer, for CFRP strengthened curved beams with different curvatures 
and CFRP lengths. It clearly indicates that the strains in the beam with 
500 mm CFRP lengths exceed the ultimate strain (εult) in adhesive. This 
causes the debonding of CFRP sheet. For the beam of 6000 mm curva-
ture with 750 mm long CFRP, strain in adhesive attained a value close to 
the ultimate value and hence slight debonding is observed. This was not 
observed in beams with 2000 mm and 4000 mm curvatures. However, 
for beam with 1000 mm CFRP length adhesive strain was well below the 
adhesive ultimate strain and hence no debonding is observed in that 
beam [13,41]. The strain variations in Fig. 9(b) and Fig. 9(c) for beams 
with 4000 mm curvature and 6000 mm curvature respectively, show 

Fig. 10. Variation of ultimate load with CFRP Length for beams with different radii of curvature.  

Fig. 11. Deflected shapes of strengthened beams with different radii R and CFRP lengths (a) straight (b) 2000 mm (c) 4000 mm and (d) 6000 mm radii.  
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identical variations of strains compared to beams with 2000 mm cur-
vature. Ultimate strain in adhesive is also shown in each diagram. 

3.3. Failure Loads. 

Table 2 shows the ultimate loads, strength gain and failure mecha-
nisms of both strengthened and un-strengthened beams. It is clearly 
observed that the ultimate load increases when CFRP length increases in 
straight beams while the ultimate load increases up to 750 mm CFRP 
length and a slight reduction was appeared when the length is 1000 mm. 
This may due to the inefficient load transfer to CFRP due to the relatively 
larger distance from the loading point. 

The highest load carrying capacities of un-strengthened beams were 
observed in curved beams with radius of 2000 mm. When the radius of 
curvature increases the ultimate loads were observed to be reduced. 
Compared to straight un-strengthened beams the percentage increments 
of ultimate loads for beams with 2000 mm, 4000 mm and 6000 mm radii 
were 40%, 32% and 21%, respectively. 

The highest load increment was observed in straight beams with 
1000 mm long CFRP. The highest load at 52.7 kN is an increase of 31% 
compared to that in the un-strengthened beam. For straight beams with 
500 mm and 750 mm CFRP lengths the percentage load increments 
compared to the bare (un-strengthened) beam were 3% and 28%, 
respectively. Fig. 10 shows the failure (ultimate) loads observed in the 
tested beams. The highest load increment for 750 mm CFRP was 

observed in beams with 2000 mm radius and is 24% which is 5% greater 
than that in beams with 4000 mm radius of curvature and 10% greater 
than beams with 6000 mm radius of curvature. The highest percentage 
increases of 9%, 24% and 23% in the ultimate loads occurred in the 
beams of 2000 mm radius with 500 mm, 750 mm and 1000 mm CFRP 
lengths respectively. Of the curved beams, the lowest tensile stress 
developed within the tensile face of the beam with the highest radius 
and this value is slightly lesser than that in the straight beams. This 
variation might be due to the reduction in residual stress caused by beam 
bending [42]. The strengthened curved beams showed similar trends of 
strength gain irrespective of the beam curvature. 

Fig. 11 shows the final deflected shapes of beams with various cur-
vatures and CFRP lengths. It can be seen that the deflected shapes of all 
these beams show the same trend. For curved beam with 2000 mm 
radius, some curvature is evident in the deflected beam even after fail-
ure. For the straight beams final deflected shape indicates negative 
curvature while beams with 4000 mm and 6000 mm radii seem almost 
straight. 

3.4. Mid span deflection 

Load-deflection responses of both un-strengthened and strengthened 
beams for each radius of curvature and CFRP length are given in Fig. 12. 
All the strengthened beams show a higher stiffness than the un- 
strengthened beams within both elastic and plastic limits. This 

Fig. 12. Load-deflection curves for curved beams with different radii of curvature and CFRP-bonded lengths: (a) straight beam, (b) 2 m curved beam, (c) 4 m curved 
beam, and (d) 6 m curved beam. 
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variation in stiffness was highlighted more within the plastic region. It 
can be clearly seen that the deflections at failure for strengthened beams 
with 750 mm and 1000 mm CFRP lengths are greater than those of un- 
strengthened beams. Beams with 500 mm CFRP lengths show lower 
deflections at failure compared to un-strengthened beams due to pre-
mature deboning of CFRP for all tested beams irrespective from their 
radii. Until40 kN load level, deflections of strengthened 2000 mm radius 
curved beams were almost the same. These curved beams strengthened 
with 750 mm and 1000 mm CFRP lengths show 39% and 35% increase 
in deflections respectively at ultimate load. Strengthened beams with 
4000 mm and 6000 mm radii show the same trend, but the deflections 
were close to each other only up to a load of 30 kN. Highest increments 
of 20%, 83% and 65% in mid span deflections at ultimate loads were 
observed in straight beams with 500 mm, 750 mm and 1000 mm CFRP 
lengths, respectively. 

Variation of the experimental ultimate load with CFRP wrapping 
length for each beam with different curvature is shown in the Fig. 13(a). 
It clearly shows that for each CFRP length, the maximum ultimate load 
was found in 2000 mm radius curved beam. Ultimate loads of beams for 
each CFRP length gradually decreases when the radius of the beam in-
creases. For each beam ultimate load capacity increases until CFRP 
length increases to 750 mm and a small reduction was noted when CFRP 
length greater than 750 mm. Therefore, it can be deduced that the ul-
timate loads for a strengthened beam attains the highest value when 
CFRP length is750 mm. At this point the ratio between the CFRP length 

to total length of beam is 0.625. 
Fig. 13(b) shows the variation between mid- span deflection with 

respect to CFRP length for beams with different radii. It can be clearly 
seen that the highest mid span deflections for 750 mm and 1000 mm 
CFRP lengths were observed in 2000 mm radius curved beams. For 
straight beams and 6000 mm radius curved beams, deflections for 750 
mm and 1000 mm CFRP lengths are almost the same. Except 4000 mm 
radius curved beams, the maximum deflections at ultimate load 
occurred in the beams with 750 mm CFRP length. All the beams showed 
the same trends for ultimate loads and mid span deflection for various 
CFRP lengths. 

Mid span deflections at ultimate loads for beams with different radii 
and CFRP lengths presented in Table 2. For beam with 6000 mm radius 
and 500 mm CFRP, deflection at ultimate load is smaller compared to 
the un-strengthened beam. The deflections at the ultimate load for 
straight beams and 4000 mm radius curved beams have increased irre-
spective of CFRP length. For the 2000 mm curved beam, the mid span 
deflection at the ultimate load for 500 mm CFRP length is less compared 
to un-strengthened beam, but it increases for 750 mm and 1000 mm 
CFRP lengths. 

4. Analytical study 

In this section an analytical model for curved steel tubular beams 
strengthened with CFRP is proposed using Maxwell-Mohr integral. 

Fig. 13. Variation of (a) ultimate load (b) mid span deflection at ultimate loads for various CFRP lengths for curved beams.  
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Elastic deformations of un-strengthened and strengthened curved beams 
were evaluated using the conjugate beam method presented in the 
literature [36]. This method was developed considering not only the 
bending moment but also the axial force developed in curved beams. 
Fig. 13 shows two inclined parts of a beam with lengths Sn and Sn+1 are 
subjected to bending moments and axial forces. By assuming the axial 
forces Nn and Nn+1are constants, axial forces in the unit states are Nn =

− sinβn/λnand Nn+1 = − sinβn+1/λn+1 for the left and right portions 
respectively. Calculation of these forces are shown in Fig. 14, at joints A 
and B. 

For left portion using Maxwell and Mohr integral [44] for bending 
moment will give the elastic load on the beam due to bending moment 

Wn(M) =
∑∫ l

0
M

Mp

EI
dx

=
sn

6EIn
(2Mn− 1 × 0 + 2Mn × 1 + Mn− 1 × 1 + Mn × 0)

=
sn

6EIn
(Mn− 1 + 2Mn) (1)  

where Mp is the bending moment at the nth node due to vertical loads 
and M is the bending moment in the unit state. EIn is the flexural rigidity 
of the beam portion considered. 

By using Maxwell and Mohr integral for axial force will give the 
elastic load on the beam due to axial force Wn(N); 

Wn(N) =
∑∫ l

0
N

Np

EA
dx = −

1
EAn

×
sinβn

λn
NnSn = −

1
EAn

×
sinβn

λn
Nn

λn

cosβn

=
Nn

EAn
× tanβn

(2)  

where Np is the axial force at the nth node due to vertical loads and N is 
the axial force in the unit state. E is the elastic modulus of the beam 
portion considered and A is the cross sectional area of the beam. 

Then the total elastic load on the beam is given by; 

Wn = Wn(M) + Wn(N) (3) 

Substituting to (3) from (1) and (2) gives; 

Wn =
Sn

6EIn
(Mn− 1 + 2Mn) +

Sn+1

6EIn+1
(2Mn + Mn+1) −

Nn

EAn
tanβn

+
Nn+1

EAn+1
tanβn+1 (4) 

For un-strengthened beam shown in Fig. 15(i); 
But, 

Fig. 14. Loads acting on left and right portion.  

Fig. 15. Curvilinear simply supported bar. (i) un-strengthened beam (ii) strengthened beam with; (a) Design diagram; (b) vertical displacements; (c) fictitious beam; 
(d) corresponding bending moment diagram. 
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sn = sn+1 = L, In = In+1 = I,An = An+1 = A, βn = βn+1 = β,Mn− 1 = Mn+1

= 0,Mn =
WB
2
,

Nn = Nn+1 = W/2sinβ 

Substituting these values in (4) gives; 

Wn =
L

6EI

(

0 + 2
WB
2

)

+
L

6EI

(

2
WB
2

+ 0
)

−
W

2EA
tanβ
sinβ

−
W

2EA
tanβ
sinβ  

Wn =
WLB
3EI

−
W
EA

1
cosβ

(5)  

Rf
P = Rf

Q =
Wn

2  

Mf = y = Rf
P × B =

WB
3EI

(

LB −
3I

Acosβ

)

(6) 

For Strengthened beams; 

Wn(M) =
sn

6EIn
(Mn− 1 + 2Mn) +

sn+1

6EIn+1
(Mn+1 + 2Mn) (7)  

Wn(N) = −
Nn

EAn
tanβn +

Nn+1

EAn+1
tanβn+1 (8) 

By applying above (7) and (8) for the strengthened beam shown in 
Fig. 15(ii); 

For the PR section; 

W1(M) =
L1

6EI
(0 + 2M1) +

L2

6EIeq
(MR + 2M1) (9)  

W1(N) = −
N
EA

tanβ1 +
N

EAeq
tanβ2 (10)  

W1 =
L1

3EI
(M1) +

L2

6EIeq
(MR + 2M1) + −

N
EA

tanβ1 +
N

EAeq
tanβ2 (11) 

For the section 1–2 in Fig. 14(ii); 

W2(M) =
L2

6EIeq
(M1 + 2MR) +

L2

6EIeq
(M2 + 2MR) (12) 

Since M1 = M2; 

W2(M) =
L2

3EIeq
(M1 + 2MR) (13)  

W2(N) = −
N

EAeq
tanβ2 −

N
EAeq

tanβ2 = −
2N

EAeq
tanβ2 (14)  

W2 =
L2

3EIeq
(M1 + 2MR) −

2N
EAeq

tanβ2 (15) 

It is obvious that W1(M) = W3(M) and W1(N) = W3(N), where 
W1(M) is the Wn(M) for section RQ and W3(N) is Wn(N) for section RQ. 

Wn(M) = 2
[

L1

6EI
.(2M1) +

L2

6EIeq
(MR + 2M1)

]

+
L2

3EIeq
(M1 + 2MR) (16)  

W2 =
L2

3EIeq
(M1 + 2MR) −

2N
EAeq

tanβ2 (17) 

Total Elastic load on the beam is given by; 

Wn =
2L1M1

3EI
+

L2

EIeq
(M1 + MR) −

2N
EA

tanβ1 (18) 

Elastic reaction at the support Rf
Pis given by; 

Rf
P = Rf

Q =
Wn

2
(19) 

Therefore, the deflection at the crown due to a elastic load W; 

Mf = y = Rf
P × B =

B
2

[
2L1M1

3EI
+

L2

EIeq
(M1 + MR) −

2N
EA

tanβ1

]

(20)  

where M1 is the bending moment at point 1 and MR is the bending 
moment at point R due to vertical reaction. y is the vertical displacement 
at the crown of the beam. 

The equivalent second moment of area for the cross section of 
strengthened part can be calculated as follow (Fig. 16). 

For the un-strengthened beam assuming steel tube as a thin walled 
section; 

I = πr3
0 ts (21)  

where I is the second moment of area, r0 is the radius of and ts is the wall 
thickness of unstrengthened section. 

The second moment of area of the equivalent section Ieq is given by; 

Ieq = πr3
eqteq (22)  

where req and teq can be found by Eqs. (20) and (19) respectively. 

teq = ts + tCFRP,eq (23)  

req = r0 + tCFRP,eq (24)  

tCFRP,eq =
Es

ECFRP
× tCFRP (25) 

In Eq. (24) tCFRP,eq is found by Eq. (25). 
When evaluating the total deflection at the mid span, the ovalisation 

Fig. 16. Section of steel tube (a) un-strengthened beam; (b) strengthened equivalent section.  
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of SCHS due to the applied load should be considered. Researchers 
[43,45] have found that the ovalisation depends on the aspect ratio 
(ratio between diameter and thickness) of the section. According to 
those researchers, for SCHS having aspect ratio of around 33, the per-
centage ovalisation was about 5% at the ultimate load. For this study 
since the elastic limit is considered, it is effective to use a percentage 
ovalisation of 3%. Since the diameter of the circular hollow sections 
used in this is 101.6 mm, it is conservative to take amount of ovalisation 
as 3 mm. Therefore, the total deflection (ΔT) can be expressed as; 

ΔT = δal + δol (26) 

The calculated deflections of the strengthened and unstrengthened 
beams with different radii of curvature under elastic loads of 40 kN and 
30 kN are shown in Table 3. By comparing the analytical model results 
and experimental results, it was found that the results are in good 
agreement. Therefore, the developed analytical model based on the 
Maxwell-Mohr integration can be used effectively to calculate the 
deflection at a given elastic load or load at a given deflection for CFRP 
strengthened vertical curved tubular sections. 

5. Conclusions 

An experimental study was conducted to investigate the behaviour of 
vertically curved tubular steel members strengthened with CFRP. An 
analytical study was also conducted to evaluate the deflection of both 
strengthened and un-strengthened beams in the elastic range. Based on 
the experimental and analytical studies, the following conclusions can 
be drawn;  

• CFRP is an efficient material to strengthened curved steel hollow 
sections since, it increases the load carrying capacity of the beams 
and reduces the deflection of the beam at any given load. Maximum 
ultimate strengths of the CFRP retrofitted curved SCHS were ob-
tained when the ratio of CFRP length to the total length of beam 
becomes 0.625. Ultimate strengths were observed to be lower for the 
values of this ratio less than or greater than 0.625.  

• The highest load carrying capacities for all CFRP wrapping lengths 
were observed for beams with 2000 mm radius of curvature and the 
lowest values were observed in straight beams. This clearly indicates 
that the ultimate load carrying capacity of a curved SCHS for a 
certain CFRP wrapping length decreases when radius of curvature of 
the beam increases. Strengthening of SCHS using CFRP reduces the 
amount of mid span deflection at the ultimate load. The highest mid 
span deflections among all curved beams with different CFRP lengths 
were observed for those with a radius of 6000 mm. When the radius 
of curvature decreases the mid span deflection also decreases. The 
highest deflections at the ultimate load for strengthened beams with 

various curvatures were observed when the ratio between CFRP 
length to total length of the beam equals to 0.625.  

• Four major failure types were observed in CFRP strengthened curved 
SCHS beams which include debonding of CFRP due to adhesive 
failure, bearing of the steel tube near the loading point, crushing of 
CFRP near the loading point and CFRP rupture on the tension face of 
the beam. When CFRP wrap length was 500 mm the major failure 
mechanism of beams was pre- mature debonding of CFRP. Beams 
strengthened with 500 mm CFRP also showed rupture of CFRP at 
lower loads. When CFRP length increased to 750 mm and 1000 mm, 
failure mechanisms of beams were fracture of CFRP and bearing of 
the steel tube near the loading point.  

• A method to analyse CFRP strengthened SCHS under elastic loads 
was developed according to Maxwell-Mohr integral method (and 
validated). This method can evaluate the deflection at a given elastic 
load or the load for a given elastic deflection. 
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