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Chapter 3 

 

Kernel methods 

 

This chapter is intended to describe concepts of kernel methods and explain some of the 

established kernel classifiers. Since kernel methods are a broad area, the main focus in chapter is 

given to support vector machines and Gaussian process models. 

 

3.1 Kernel Transforms 

A non-separable pattern of input space, which is made up of nonlinear separable patterns, can be 

made linearly separable by a nonlinear transforming of input space in to a high dimensional 

feature space where patterns are linearly separable (Figure 3.1 and 3.2).  

 

 

 

             Figure 3.1 Kernel transformation of data space to a feature space 

 

Since in this thesis is only considering binary classification we consider a training sample 

of N pairs, Q � ���<, (<� | R � 1,… ,!" where xi is the input pattern of the i
th
 sample and yi is the 

corresponding output value which takes either +1 or –1. All algorithms discussed in this chapter 

will refer to this training sample unless otherwise stated. 

Some of the kernel functions available in the research literature are shown in table 1.1. 
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Name Kernel function Parameters 

Polynomial ��S�1 T  1�U d- predefined power of the 

polynomial kernel 

Radial-basis functions exp X� 12Y� $� � �1 $�Z 
Y – predefined width 

parameter 

Two-layer perceptron tanh^_`�S�1 T _�a  _` , _� - parameters 

   Table 1.1 Most commonly used kernel functions 

3.2 Support Vector Machines 

Support vector machines is the most popular and enduring kernel classifier, which was pioneered 

by Vapnik [35], [36]. SVM is a margin classifier that finds an optimal hyperplane for a given 

training sample. The linearly separable hyperplane in a training sample can be expressed as 

FS� T b � 1                                                                                  �3.1� 
where w is a weight vector and b is a bias for a given input vector x (Figure 3.2). 

 

 

Figure 3.2 Binary classification with support vector machines 
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We can formulate a constrained optimization problem for a given training sample {(xi , yi), i = 1,2 

….N}, by find the optimum values of the weight vector w and bias that satisfy the constraints 

                 (<^FS�< T ba  c 1              for i �  1,2… . , N                                        �3.2�   
 

Our cost function would minimize the weight vector w 

 Φ�F� �  ��  FSF                                                                             �3.3�   
 

For this problem we can construct a Legrangian function as   

f�F, b, h� �  12 FSFT � α1i(�^FS� T bajk
1
l

                                           �3.4� 
where α1 are nonnegative Legrange multipliers.  

By differentiating f�F, b, h� with respect to F and b and equaling them to zero and re-

substitutions we can arrive at the dual problem which can be stated as  

m�h� �  � α1
n
<
�

� 12�� α1
n
o
�

n
<
�

αp(�(q�1S�p                                             �3.5� 
with constraints  ∑ α1(�n<
� � 0 and 0 t α1  t u for i = 1, 2, …, N where C is a constant. 

We can replace (3) with an inner product kernel v^�1, �pa for the same constraints to 

arrive at the following equation 

m�h� �  � α1
n
<
�

� 12�� α1
n
o
�

n
<
�

αp(�(qv^�1, �pa                                    �3.6� 
One restriction on kernels that are used for support vector machines is that they should follow the 

Mercer condition.  

 

Theorem 1 [9] Let w�� , �′� be a continuous symmetric kernel that is defined in the closed 

interval x t � t y and likewise for �′. The kernel w�� , �′� can be expanded in the series  

  

w�� , �′� �  �z1{
1
l

|1���|1��′�                                                         �3.7� 
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with positive coefficients, λ�  } 0 for all i, For this expansion to be valid and for it to converge 

absolutely and uniformly, it is necessary and sufficient that the condition   

~~v�� , �′��
�

�
�

ψ����ψ���′�d�d�′  c �                                                    �3.8� 
holds for all ψ�… � for which  

~ψ<�
�
�

�� �d� � ∞                                                                      �3.9� 
There are several optimization methods to solve (4) [2], [25]. Once the support vector 

machine is trained it will generate a set of positive α1 whose corresponding data points lie close to 

the hyperplane. These are called support vectors. All other α1 becomes zero. Having found the 

support vectors h<�, a test data point can be classified using  

���� �  �R�� �� (<h<�v�� , �′� T  �
<���

�                                                  �3.10� 
3.3 Gaussian Process 

Gaussian process models can be viewed as alternative probabilistic approaches to support vector 

machines for machine learning applications such as classification and regression. Similar to the 

support vector machines Gaussian process models also take kernel metrics into consideration but 

with a different approach.  
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Figure 3.3 A graphical representation of the Gaussian process model as in [20]. This uses the plate notation 

to indicate the independent relationship between f and y. 



15 

 

Based on the Baysian inference, in Gaussian process models for each training set (xi , yi) 

one can observe a corresponding latent function �< � ���1� (see Figure 3.3). This leads to a latent 

function values � �  ����1�,… , ���k� � for all N data points. Using a kernel matrix K whose 

elements �<,o � �^�< , �o, �a for any kernel function k and its parameter �, we can write the prior 

as ���|�� �  ���|�, ��                                                                     �3.11� 
which assumes a zero mean and takes the K as the covariance matrix.  

Due to the independence of latent functions and observations the joint likelihood of them 

can be written as  

���|�� �  ���(�|���n
�
�

                                                                �3.12� 
The ��(�|��� also known as the noise model can take different representations depending 

on the problem in hand. It can be taken as a Gaussian distribution for regression or as a probit 

model for classifications. 

After applying the Bayes rule we can write the joint likelihood of the data as 

���|Q, �� �  ���|�, � ����|����Q|�� �  ���|�, ����Q|�� ���(�|���                                 n
<
�

�3.13� 
Using the above posterior distribution the predictive distribution ����� of a test input ��can be obtained by computing the marginalization with respect to �, 

�������|Q, �, ��� �  ~�������|�, Q, �, ��� ���|Q, ����                                   �3.14� 
and by expectation as in [17], 

��(�|�, �, ��� �  ~��(�|��� ����|Q, �, ������                                           �3.15� 
Except for the Gaussian noise model other noise models do not permit a marginalization 

that is analytical without approximations. In general with a Gaussian approximation ���|Q, �� � ���|0, �� and an approximate of a Gaussian posterior to (10) such that ��(�|�, �, ��� �����| �� , Y��� will lead to an approximated mean and a variance 

�� � 5��l��l0                                                                       �3.16� 
Y��� �� �  � � ,   ��  T  5S��l�� � ����l5                                    �3.17� 

where 5 �  � � � ,   �� , … ,  � n  ,   ���S. 

In case of binary classification using probit model (discussed in chapter 4) the values of � 

and � can be evaluated using approximation methods such as Laplace approximations  and 

Expectation Propagation or by Markov chain Monte Carlo (MCMC) methods [14], [15]. But if 
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we consider the Gaussian noise model as ���|�� �  �^�E�, J�la it will lead to 0 � �J�  and 

� � �J T ��l��l. 

 

3.4 Summary 

As kernel classifiers support vector machines and Gaussian processes takes two different 

approaches in formulating and solving classification. As described through the chapter support 

vector machines takes a rather simple and a direct approach as a linear classifier which tries to 

maximize the hyperplane. On the other hand Gaussian processes assume a set of latent functions 

to be approximately distributed as a multivariate normal distribution which takes a kernel metric 

as the covariance.    

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 


