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Abstract

During the last two decades or so, physical layer network coding (PNC) has received

a considerable attention as it provides superior spectral efficiency over conventional

relaying, in wireless relay systems. However, error performance of the network coded

relay systems is inferior to that of conventional relaying under poor quality channel

conditions. On the other hand, channel coding provides improved error performance

over noisy and fading channels. In channel and PNC coded wireless relay systems,

a better performance can be achieved by performing channel decoding and network

coding at the relay jointly compared to separately. However, the existing joint channel

decoding and network coding algorithms cannot achieve a good trade-off between error

performance and spectral efficiency when applied in a multi-way wireless relay system.

This is mainly due to the fact that the existing algorithms operate the constituent

sub-decoders independently. With the advancement of new trends such as Internet of

Things (IoT), multi-way wireless relay system has been a popular network topology,

hence joint channel decoding and network coding algorithms having very good spectral

efficiency-error performance trade-offs are highly desired.

This thesis presents, as the key technical contribution to the existing body of knowl-

edge, a joint channel-physical layer network coding (JCPNC) algorithm for multi-way

wireless relay systems, which achieves an improved trade-off between error performance

and spectral efficiency. This improved performance is a result of harnessing additional

time diversity by exchanging information between constituent sub-decoders. Several
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diversity combining schemes are proposed and they are compared with each other. The

thesis also presents an improved symbol value selection algorithm for the conventional

non-binary symbol-flipping low density parity check decoder which is adopted to pro-

duce a low-complexity JCPNC algorithm. Moreover, a novel JCPNC algorithm which

can be employed in asymmetric multi-way wireless relay systems, is developed. Finally,

the convergence behaviour of the proposed JCPNC algorithm is analyzed using extrinsic

information transfer (EXIT) characteristics of the constituent sub-decoders.

The error performance of the proposed algorithms is extensively investigated using

computer simulations. The simulation results demonstrate that the proposed JCPNC

algorithm and its variants achieve superior spectral efficiency-error performance trade-

offs than the existing counterpart JCPNC algorithms.
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Chapter 1

Introduction

Today’s high demand for high speed data communication over the wireless channels

has generated new spectral efficient communication requirements. Communicating high

volumes of data through limited capacity channels with minimum amount of errors,

introduces the need for efficient source coding for signal compression and channel coding

for error correction [1, 2]. At the same time, Network coding has attracted a high

recent research interest as another way of achieving spectral efficiency in wireless relay

channels [3–7].

In this introductory chapter, first the basic communication process over a wireless relay

channel is introduced. Second, a description of the different network coding approaches

will be followed by an introduction to channel coding and the joint channel-network

coding (JCNC). Moreover, the chapter presents the existing algorithms for joint channel-

network coding in different relay network typologies and with different channel coding

1
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Transmitter Relay Receiver

Figure 1.1: A wireless relay system

types.

1.1 An Overview of the Wireless Relay Channel

Radio waves are a kind of electromagnetic radiation which looses power while traveling

over distances. In addition to that, at the receiver’s antenna, noise is added to the

received signal. It is of the highest importance to have an acceptable signal to noise

power ratio (SNR) at the receiver to achieve a successful detection of the original mes-

sage. However, at a certain distance from the transmitter the received signal power to

noise ratio reaches a threshold beyond which successful detection is not possible. Hence,

whenever the transmitter and the receiver are separated by a distance larger than this

maximum distance, additional measures must be taken to improve the receiver SNR.

Although the received signal power can be increased by increasing the transmit power,

the power constraints at the transmitter limits the possibility of this solution. There-

fore, in order to have an acceptable SNR at the receiver, an alternative technology is

preferred.
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One of the widely deployed such alternatives is the use of relays (Fig.1.1). Relays are

placed in-between the transmitter and the receiver and the relays capture the signal,

filter noise, amplify the message signal and then re-transmit. This amplified and re-

transmitted signal is received by the receiver. Although the simple relays follow an am-

plify and forward (repeat) approach, an advanced version called re-generators performs

detection, additional processing followed by re-modulation before the re-transmitting.

Apart from the range improvement introduced above, relays can also form duplicate

channels, which can combat fading.

Meanwhile, in most of the communication systems such as wireless sensor networks

and cellular mobile systems, bidirectional communication is required and duplex chan-

nels are preferred. However, having full duplex bidirectional channels requires time,

space, code or frequency division duplexing to eliminate the interferences between bidi-

rectional communications. In relay systems too bidirectional relaying is very common

and a duplexing method is required to isolate the two channels (Fig. 1.2).

1.2 Introduction to Network Coding

In relay-based communication systems, network coding was introduced as a method

of combining two digital bit streams at a relay in order to achieve a compression [3].

Thereby, a considerable spectral efficiency can be obtained compared to the conventional

relay channels. The application of network coding can be in many network topologies
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A B

R

Stage I Stage II

a

Stage III Stage IV

A B

R b

A B

R
a

A B

R
b

Figure 1.2: Bidirectional relaying between nodes A and B with a single relay
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A B

R

A B

R

Stage I Stage III

A B

R

Stage II

ba ⊕a b ba ⊕

Figure 1.3: Network coding in a bidirectional relay system

whereas one of its main application areas is the bidirectional relay channel.

Let A and B be two nodes, which have to share their information via a relay R as shown

in (Fig. 1.3). Note that the relay has been deployed to overcome the communication

limitation created by the distance between A and B.

For simplicity let’s assume Binary Phase Shift Keying (BPSK) modulation. First,

node A modulates and transmits its data bit (a) within the first time-slot which is

received by the relay. Then, node B transmits its modulated data bit (b) within the

second time-slot, again received by the relay. After receiving both these signals, the relay

detects the individual bits and combines them with XOR operation. During the third

time-slot, the combined bit (a⊕ b) is being modulated and broadcasted, and is received

by both nodes A and B. At A, since a is its own information, a is known. Hence,

a ⊕ (a ⊕ b) will result in b. Similarly at node B, a can be calculated by performing

b⊕ (a⊕ b). It is noteworthy that the time-slot requirement for this bit exchange is three
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A B

R

a b

DC

a

a

Stage I Stage II

A B

R

a b

DC

b

b

A B

a b

R

DC

b

Stage III

A B

a b

R

DC

a

Stage IV

Figure 1.4: Conventional relaying in the butterfly relay network

compared to four time-slots in conventional bidirectional relaying as in Fig. 1.2. The

reduced time-slot requirement enhances the spectral efficiency of the communication by

33%.

Another common relay network configuration is the butterfly network, where two

transmitters communicate their information to two receivers via a single relay as shown

in Fig. 1.4. Note that nodes C and D are out of the ranges of nodes B and A, respectively.
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Figure 1.5: Network coding in the butterfly relay network

During the first two time-slots, nodes A and B transmit their information bits (a and b),

which is received by R and C, and R and D, respectively. In a conventional non-network

coded situation, the relay may use two more time-slots to transfer a and b bits to nodes

C and D. However, with network coding, the received bits at the relay are recombined

to form a⊕ b and the combined bit is broadcasted during the third time-slot as shown

in Fig.1.5. Upon receiving the XORed values, the nodes C and D can resolve both

a and b individually, which will result in an enhanced spectral efficiency compared to

conventional relaying.

1.3 Physical Layer Network Coding

In the aforementioned network coding schemes, two time-slots are required to convey

the two bits of the two communicating nodes to the relay (we name this phase as the
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”relay phase”). One more time-slot is required for the ”broadcast phase” where the relay

broadcasts the combined bit.

If the modulated symbols sa and sb corresponding to bits a and b are transmitted

simultaneously using the same frequency channel, an overlapped signal appears at the

relay. It is shown that this received overlapped signal can be uniquely mapped to the

binary XOR combined bit a⊕ b [8].

For example, consider a BPSK modulated scheme where the modulation mapping is

such that {0, 1} → {−1,+1}.

Table 1.1: Physical layer network coding symbol mapping

a b sa sb sab = sa + sb a⊕ b
0 0 -1 -1 -2 0
0 1 -1 +1 0 1
1 0 +1 -1 0 1
1 1 +1 +1 +2 0

At the relay, the unique mapping scheme between the received signals constellation

points sab and a⊕ b is shown in Table:1.1 [8]. This version of network coding is known

as physical layer network coding (PNC) [9–15] and has become very popular as it re-

quires only two time-slots for a complete bi-directional information exchange compared

to four time-slots in conventional relaying. Note that PNC obtains a 100% capacity

improvement compared to conventional relaying. PNC has been widely considered for

many research scenarios and has been applied in many network topologies. Further-

more, in additive white Gaussian noise (AWGN) channels, a suitable detection scheme
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such as maximum likelihood detection can be used to estimate,

ŝab = argmin
sab
|rab − sab|, (1.1)

where rab is the received combined signal value at the relay. Thus, a⊕ b can in turn be

estimated from the received signal at the relay.

1.4 Channel Coding

In a typical wireless communication channel, there are many channel impairments such

as noise, fading, shadowing, etc.. These effects introduce errors to a communicated

digital bit stream. On the other hand, it is of highest importance to convey the infor-

mation from transmitter to the receiver with very high reliability. In order to provide

a reliable communication over the hostile wireless channel, channel coding schemes are

deployed [16]. The key idea behind channel coding is to add redundant bits to the

original information bit stream, which are correlated to the information bits. Hence in

the presence of errors, these correlations can be used to detect and correct errors.

Channel coding can broadly be classified in to,

• Linear block codes,

• Convolutional codes.
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The performance of a channel code depends on a few factors such as the code rate

(ratio between the number of information bits to the number of total bits), code type

and the decoding algorithms. Moreover, turbo codes [17] and low density parity check

codes (LDPC) [18,19] which can reach performances close to the well known Shannon’s

theoretical upper bound [20] have been popular choices in recent standard wireless com-

munication systems. Further, Repeat accumulate (RA) codes too give an acceptable

performance with reduced complexity in implementation [21].

1.5 Joint Channel-Network Coding

In wireless relay channels where network coding is deployed to obtain spectral efficiency,

noise and other adverse effects stated above may introduce bit errors. In order to

overcome the bit errors, channel coding is being deployed in such systems [22, 23]. In

relay networks where PNC and linear block channel coding is employed together, joint

channel decoding and network coding can be performed which utilizes the linearity

property of the channel codes as follows.

Consider the same bidirectional relay scenario as in Section 1.3. Let the two individual

bit streams (a and b) are channel coded with the same linear block channel code to

produce ca and cb.

The linearity property states that the addition (bit wise XOR) of two valid codewords

is also a valid codeword [2]. This implies that ca ⊕ cb is also a valid codeword and is
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the result of encoding a ⊕ b with the same channel code. ca ⊕ cb can then be channel

decoded using a suitable algorithm to produce a⊕b at the relay. Note that joint channel

decoding and network coding provides higher bit error rate (BER) performances than

in separately channel decoded and network coded systems [23–27].

Joint channel decoding and network coding which is commonly referred to as joint

channel network coding (JCNC) is a fairly explored area in wireless sensor network

(WSN) and relay based cellular systems applications. Further, most of these explo-

rations have been extended to the algorithms using PNC which is known as joint channel

physical layer network coding (JCPNC) [28–37]. Both JCNC and JCPNC approaches

harness both reliability advantage of channel codes as well as the spectral efficiency

advantage of network coding schemes.

1.6 JCPNC Algorithms for Different Network Topolo-

gies

Single hop relay topologies in practical wireless sensor and cellular networks are fourfold.

They can be,

• Two-way relay channels where two nodes are exchanging their information via a

single relay,

• butterfly channels where two nodes communicate their information to two receiver

nodes via a single relay (Fig. 1.4),
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• multi-way relay channel where multiple nodes exchange their information via a

single relay

and

• multi-relayed networks where multiple nodes transfer their information to multiple

receivers via multiple relays.

In the literature, JCPNC algorithms have been considered for all of the aforemen-

tioned channels (Table 1.2). Moreover, it has been extensively employed in two-way relay

channels. Application of the JCPNC algorithms to butterfly networks is also considered

and is very much similar to their application in two-way relay channels. Meanwhile,

for the multi-way relay channel, a JCPNC algorithm is defined as an extension of the

algorithm for the two-way relay channel where only two nodes are scheduled to com-

municate at a time. In here, scheduling algorithms based on different schemes such as

round robin scheduling, channel condition based opportunistic scheduling are used for

scheduling.

Though different channel codes are deployed in different relay network topologies

presented above, multi-way relay channel is paid relatively less attention (Non-existance

of prior work is indicated by ×).

However, the multi-way relay channel is very common in WSN applications and also in

latest wireless cellular systems. Meanwhile, internet of things (IoT) has attracted a huge

attention recently, as a technology which can bring any information to ones’ fingertips

[38,39]. With this recent high interest in IoT, wireless sensor networks have come to the
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forefront of today’s communication [40]. Wireless sensor networks are generally relay

based and the multi-way relay systems are very common in IoT applications. Wireless

sensor nodes which exchange their information through a relay node deployed on a

satellite, a balloon or on an unmanned aerial vehicle (UAV) is very common. Hence the

JCPNC in such channels is worth a consideration.

Table 1.2: JCPNC algorithms for different channel codes

LDPC Turbo Codes RA Codes

Two-way Relay Channel [22,42–44] [23,45,46] [31]
Multi-way Relay Channel × × ×

Multi-relayed Channel [47,48] × ×

On the other hand, although the JCPNC algorithm for a multi-way relay channel

of [41] provides a trade-off between the reliability and the spectral efficiency, it is worth

to analyze ways of further improving the trade-off.

At the same time, though the JCPNC for the two-way relay channel has been defined for

all BPSK, quadrature phase shift keying (QPSK) and quadrature amplitude modulation

(QAM) modulated systems, the JCPNC for multi-way relay channel is investigated only

with BPSK modulation (Table 1.3). With many of today’s communication systems

employing higher order modulations than BPSK in order to achieve a high spectral

efficiency, JCPNC with a higher order modulation scheme is worth to be analyzed.



CHAPTER 1. INTRODUCTION 14

Table 1.3: JCPNC algorithms for different network topologies

BPSK QPSK

Two-way Relay Channel [42,43] [49]
Multi-way Relay Channel [41] ×

Multi-relayed Channel [47, 48] ×

1.7 JCPNC Algorithms for Different Channel Cod-

ing Types

Meanwhile, different schemes of channel coding can be considered in JCNC and JCPNC

deployed networks. Most of the networks use LDPC codes, turbo codes or RA codes

as the channel code due to their capacity approaching performance. At the same time,

the channel codes can be deployed in multiple ways in relay based systems (Table 1.4).

The simplest scheme is the one considered in the Section 1.5 in which the nodes which

communicate via the relay are encoding their individual bit streams with the same

channel code. With the use of the linearity property of the considered channel codes,

the XOR combined bit stream also becomes a valid codeword which is then decoded to

produce the combined bit stream. This approach had been considered with both types

of codes listed above.

Another approach is to use distributed channel encoding where the separate bit streams

of the nodes are separately encoded using distributed, component generator matrices

and collectively decoded at the relay to produce the XORed bit stream. JCPNC with

such an approach has been investigated with the use of turbo codes. However, there are
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open research gaps of such distributed channel coding approaches using JCPNC with

LDPC and RA codes.

Most importantly in two-way, multi-way or in multi-relayed networks, there are more

than one communication channel involved. In these different channels, fading may be

different whereas one channel may undergo less fading while one channel may undergo

deep fading. In such scenarios, using the same channel code is really unfair and will

not yield the best trade-off between the decoder complexity and reliability. Deploying a

high performing (hence complex) channel code for the deep fading channel and using a

simpler (hence less performing) channel code for the less fading channel can be expected

to achieve a better trade-off between complexity and reliability.

Accommodating the above idea with JCNC or JCPNC has not being considered so far.

Investigating the JCPNC in above unexplored scenarios is worthwhile.

Table 1.4: JCPNC algorithms for different channel coding types

LDPC Turbo Codes RA Codes

Distributed Channel Coding [50] [46, 51] ×
Same Channel Coding [42,43,47,48] [45] [29, 31]

Different Channel Coding × × ×

1.8 Theme and Objectives of the Thesis

As already discussed in Sections 1.6 and 1.7, it is apparent that some of the practical ar-

eas in JCPNC have not been investigated so far. This study focuses on these unexplored
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areas. The main objective of this research is to develop improved JCPNC algorithms

for multi-node wireless relay systems communicating via a single relay.

The specific objectives of this research can be summarized as follows.

1. To develop an improved, scalable joint channel-network coding algorithm to be

employed at the relay of multi-way wireless relay systems.

2. To improve the above algorithm in 1. and develop a JCPNC-based receiver algo-

rithm for multi-way relay systems using higher order modulation schemes such as

QPSK.

3. To develop a reduced complexity joint decoding algorithm to be used in multi-way

wireless relay systems.

4. To develop a receiver algorithm for JCPNC-based multi-way relay systems using

distributed channel codes.

5. To develop a receiver algorithm for JCPNC-based multi-way relay systems with

unequal channel codes deployed in different channels.

6. To analyze the algorithm developed in 1. using extrinsic information transfer

(EXIT) characteristics.

1.9 Outline of the Thesis

The rest of the thesis is organized as follows.
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• Chapter 2 presents a joint channel decoding and network coding algorithm to be

employed at relay node of the multi-way wireless relay systems which harnesses

the diversity introduced due to the transmission of some nodes’ information bits

twice. Multiple techniques of diversity combining are also derived. The algorithm

is first presented for BPSK modulated systems and then generalized for M -ary

phase shift keying (MPSK) modulated relay systems. Superior BER performance

of the proposed algorithms over the JCPNC algorithms in which the diversity

is not harnessed are verified via simulations. Moreover, the complexities of the

proposed algorithms are also investigated.

• Chapter 3 presents a novel low-complexity decoding algorithm for non-binary

LDPC codes whose key element is a novel flipped symbol value selection step.

This algorithm is then utilized to produce a low complexity JCPNC algorithm

for the multi-way wireless relay channel in which diversity information is used

to improve the error performance. Complexities of the proposed algorithms are

compared with those of the existing algorithms.

• Chapter 4 presents a variant of the proposed joint channel decoding and network

coding algorithm, which operates with asymmetric, distributed channel codes em-

ployed at different constituent channels of the multi-way relay system. However,

in here too the diversity information exchange takes place. BER performance and

the spectral efficiency of the proposed algorithm is investigated.



CHAPTER 1. INTRODUCTION 18

• EXIT chart based convergence analysis has been widely used in iterative decoder

algorithm analysis. Chapter 5 analyses proposed iterative joint channel decoding

and network coding algorithm using EXIT characteristics.

• Finally, Chapter 6 concludes the thesis highlighting several possible future research

avenues.

1.10 Scope and Limitations of the Study

Scope of this study is centered around developing novel receiver algorithms for the relay

of a multi-way wireless relay system. Due to the time and the complexity constraints,

the study was limited in certain aspects which can be listed as follows.

• The channels between the nodes and the relay were assumed to be quasi-static

block Rayleigh fading, where channel is static for the duration of a block of bits.

However, the practical channels can be varying even within the duration of a block

of bits.

• Channel state information was assumed to be fully available at all nodes partici-

pating in the communication, whereas full channel state information may not be

available in a practical situation.

• Due to prohibitively high complexity, only the JCPNC algorithm for the BPSK

modulated systems was analyzed using EXIT characteristics.



Chapter 2

Proposed Joint Channel-Network

Coding Algorithm for Multi-way

Relay Systems

2.1 Introduction

Among wireless relay systems, multi-way relay systems in which multiple nodes ex-

change their information via a single relay, whose applications range from wireless sensor

networks to wireless teleconferencing networks have drawn considerable attention. In

the literature, many attempts have been made to adopt PNC in multi-way relay sys-

tems [52–55]. Among them, use of joint network-superposition coding [52] and deploying

multiple input-multiple output (MIMO) antenna arrays [53,54] have been two very pop-

19
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ular techniques to exchange bit streams from multiple communicating nodes spending

a small number of time-slots. In all these approaches, all the nodes who participate in

the information exchange transmit at the same time during the MAC phase. There-

after, the relay node detects the individual participating nodes’ bits using this received

combined signal. Thus, the errors introduced due to a poor quality channel between

the relay node and any of the nodes may cause errors in the detection of information

bit sequences of other nodes. As a remedy to this problem, a multi-node information

exchange scheme based on opportunistic scheduling was proposed in [56]. Of [56], the

main idea is pair-wise communication during MAC phase and channel-condition based

communicating node pair selection. At a time, a pair of nodes communicates and ex-

changes information as in a simple two-way relay channel. Moreover, nodes associated

with relatively fair quality channels are scheduled for communication in a manner so

that pairs formed are overlapping. Apart from that, in order to make sure a fair chance

is given to the nodes associated with deep fading channels, a fair scheduling scheme is

also incorporated to the node pair scheduling algorithm. In this chapter, it is first shown

that the minimum number of time-slots required to exchange the total information set

from M nodes using a pairwise relaying approach is 2(M− 1).

Moreover, in a multi-way relay channel where a pair-wise information exchange is

carried out as in [56], channel coding can be employed and a joint channel network

coding process provides an improved decoding performance.

With the node pairs selected for communication are overlapping, the same informa-
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tion from some nodes is transmitted twice under two different channel conditions. This

multiple transmission of same information can be exploited to obtain a diversity gain.

However, the existing joint channel-network coding algorithms as in [31] is incapable

of exploiting this additional diversity. Hence, this chapter presents a joint channel net-

work coding algorithm in which a joint decoding is performed on bit blocks belonging

to different pairs of nodes with the decoders corresponding to different pairs of nodes

exchanging soft information corresponding to nodes transmitting twice, between them.

Furthermore, a number of schemes of soft information exchange between parallely oper-

ating decoders are proposed. For simplicity, the proposed joint channel-network coding

algorithm is first developed and presented for a three-way relay channel. Then the same

is extended to a M-way relay system {M > 3}.

The rest of the chapter is organized as follows. Section 2.2 presents the system

model and Section 2.3 introduces the proposed joint decoding algorithm under BPSK

modulation. Then in Section 2.4, we extend the proposed algorithm to MPSK modulated

systems. In Section 2.5, a set of numerical results and a discussion is included and

Section 2.6 concludes the chapter.

2.2 System Model

In this chapter a three-way relay system is considered in which A, B and C nodes

exchange their information via a relay R as shown in Fig.2.1 [41]. To present the
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Figure 2.1: Three-way relay system (a) MAC phase of A & B transfer (b) MAC phase
of B & C transfer (c) Broadcast phase of A & B transfer (d) Broadcast phase of B & C
transfer

proposed algorithm, let us assume that the channel pair selection algorithm in [41] first

selects A and B nodes to transmit their bit sequences and then B and C nodes to transmit

their bit sequences. All three communicating nodes encode their bit vectors xa,xb and xc

using the same (n−κ)×n binary LDPC channel code and produce three symbol vectors

ca, cb and cc of n code bits in each. The channel coded bit streams are then modulated

and transmitted in pairs as in [41]. In this chapter, let us initially consider BPSK

modulation due to its simplicity. Considering the discrete-time base band equivalent of

the wireless relay system, let the modulation signal constellation be {−1, 1}. Thus the

modulator maps the n-bit channel encoder output sequences cα ∈ {0, 1}n, α = a, b, c

to the n dimensional symbol vectors sα = [sα(1), . . . , sα(n)], where sα(j) ∈ {−1, 1} for

j ∈ [1, n].

During the first n bit-intervals, A and B transmit their n bit information vectors sa and sb

simultaneously. Hence, the relay receives an overlapped version of the two signal vectors
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which is denoted by the yab. Note that the algorithm in [41] performs detection, joint

channel decoding - network coding on this received signal vector and then broadcasts

the XOR bit combination vector. Unlike the algorithm in [41], in here, during the next

n bit-intervals nodes B and C transmit their information bit vectors sb and sc. These

signals are also received as an overlapped signal and let us denote the same as ybc.

Corresponding to the j-th bit of each codeword

yab(j) = hA1(j)sa(j) + hB1(j)sb(j) + nab1(j) (2.1)

ybc(j) = hB2(j)sb(j) + hC2(j)sc(j) + nbc2(j). (2.2)

Here, hA1, {hB1, hB2} and hC2 are complex channel coefficients of quasi-static block

fading A-R, B-R and C-R channels respectively. Furthermore, nab1(j), nbc2(j) represents

the complex additive white Gaussian noise (AWGN) samples having zero mean and

variance σ2 per real dimension added during AB and BC nodes’ communications. Let

us omit the bit index j for the sake of simplicity. Furthermore, let us assume that the

full channel state information is available at the relay. If yab and ybc are detected without

errors, they can be uniquely mapped to ca⊕cb and cb⊕cc at the relay. The detected XOR

bit vectors are then separately channel coded using the same channel code, modulated

and then transmitted as a broadcast to all three nodes. Upon receiving the broadcast,

the nodes detect and channel decode for ca ⊕ cb and cb ⊕ cc. This broadcasting scheme

consumes two bit-intervals per each bit. At node B, using the knowledge of its own
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information cb, cb ⊕ (ca ⊕ cb) and cb ⊕ (cb ⊕ cc) can calculate ca and cc respectively. At

node A, using the knowledge of its own information ca, ca⊕(ca⊕cb) and [ca ⊕ (ca ⊕ cb)]⊕

(cb ⊕ cc) can calculate cb and cc respectively. Similarly at node C, cc ⊕ (cb ⊕ cc) and

[cc ⊕ (cb ⊕ cc)]⊕ (ca ⊕ cb) can calculate cb and ca respectively.

Lemma 1. The minimum number of time-slots required for a complete information

exchange in a M-way relay system, 2(M− 1).

Proof:

• Let the vertices and edges in a graph represent the multi-way relay system’s nodes

and the simultaneously communicating node pairs, respectively.

• A fully connected, cycle free graph (i.e. a tree) is required to have a complete

information exchange.

• By definition, a tree with M vertices consists of (M − 1) edges. Thus, a full

information exchange requires at least (M− 1) communications.

• In physical layer network coding, each bidirectional communication consumes 2

time-slots.

• Thus, for an M-way system we need 2(M− 1) time-slots for the complete infor-

mation exchange.
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2.3 Joint Decoding at the Relay

In this thesis, the main interest is in channel decoding and network coding at the end

of the medium access control phase. Joint channel decoding-network coding can be

performed using yab and ybc received values as in [41] exploiting the linearity of the

channel code.

As stated in Section 2.1, node B’s information is transmitted twice under two dif-

ferent channel conditions. Moreover, in the two decoders, cb information is decoded

separately associated with two different pieces of information ca and cc. This time di-

versity can be exploited to improve the detection of cb bit information at the relay.

However, in a conventional detection scheme where ca ⊕ cb and cb ⊕ cc are detected

independently, this diversity is totally neglected. This section proposes a joint decoding

scheme in which the aforementioned time-diversity of cb is considered and utilized to

improve the performance at the relay. The diversity exploitation is performed by ex-

changing information between different decoders as shown in Fig. 2.2. However, the key

challenge in this approach is the absence of cb information explicitly for the exchange

as the decoding is done for ca ⊕ cb and cb ⊕ cc.

2.3.1 Separating cb information at the relay

In a conventional PNC communication, yab is mapped to ca ⊕ cb using Pr (sab|yab)

during the medium access control phase of A and B nodes’ information exchange. Al-

ternatively, [42] proposes a novel belief propagation based joint LDPC decoding and
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network coding algorithm which exploits the difference in the channel coefficients to cal-

culate Pr (cab = C0|yab) , P r (cab = C1|yab) , P r (cab = C2|yab) and Pr (cab = C3|yab) where

Ci, i = 0, . . . , 3 are as given in Table 2.1.

Moreover, at the end of each iteration, this algorithm calculates four separate prob-

abilities p0 = Pr (cab = C0|Λ), p1 = Pr (cab = C1|Λ), p2 = Pr (cab = C2|Λ) and p3 =

Pr (cab = C3|Λ), compared to two XOR bit’s complementary probabilities in a conven-

tional LDPC channel decoder. Here, Λ refers to the priori information resulted from

the previous iteration. The proposed joint decoder algorithm makes use of the same

iterative algorithm in [42], Hence, Pr(cb|Λ) can be explicitly calculated at the end of
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Table 2.1: PNC symbol mapping for BPSK modulation

cab sa sb sab

C0 −1 −1 −hA − hB
C1 −1 +1 −hA + hB
C2 +1 −1 hA − hB
C3 +1 +1 hA + hB

each iteration as,

Pr(ca = 1|Λ) = p2 + p3

Pr(ca = 0|Λ) = p0 + p1

Pr(cb = 1|Λ) = p1 + p3

Pr(cb = 0|Λ) = p0 + p2. (2.3)

Similarly, by performing joint LDPC decoding and PNC coding on ybc, Pr(cb = 1|Λ), P r(cb =

0|Λ), P r(cc = 1|Λ) and Pr(cc = 0|Λ) can also be calculated.

2.3.2 Exchanging cb information between ca ⊕ cb and cb ⊕ cc de-

coders

The key contribution of this research is the exchange of information between separate

decoders. For calculating a new cb probability at the end of each iteration after exchang-

ing the cb information between the two decoders, three schemes are proposed.
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Average Probability (AP):

The new probability value of cb is calculated by averaging the two cb probability infor-

mation from the two decoders.

Pr(cb = 1|Λ) = (Prab(cb=1|Λ)+Prbc(cb=1|Λ))
2

Pr(cb = 0|Λ) = (Prab(cb=0|Λ)+Prbc(cb=0|Λ))
2

.

This new cb probability value is then used in the two ca ⊕ cb and cb ⊕ cc decoders.

Best Probability Selection (BPS):

|LLRµ(cb|Λ)| =
∣∣∣log

(
Prµ(cb=1|Λ)

Prµ(cb=0|Λ)

)∣∣∣, µ ∈ {ab, bc} is a very good measure of the reliability

of the calculated probability.

Then the new probability value for cb is calculated as,

[Pr(cb = 0|Λ), P r(cb = 1|Λ)] =


[Prab(cb = 0|Λ), P rab(cb = 1|Λ)] if |LLRab(cb|Λ)| ≥ |LLRbc(cb|Λ)|

[Prbc(cb = 0|Λ), P rbc(cb = 1|Λ)] Otherwise.

(2.4)

The cb bit’s probability value with the lower reliability is replaced with the high reliable

probability value available at the other decoder. It is noteworthy that this scheme is

resembling the popular selection combining [57].

Average Log-likelihood-ratio (ALLR):

Main drawback of the above BPS scheme is that the information transfer is unidirec-

tional. Thus, only one of the decoders’ cb bit information is updated during an iteration
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which results in a performance degradation. On the other hand, a bidirectional in-

formation transfer can yield a better overall performance. Note that maximal ratio

combining [57,58] is a very popular diversity combining technique in which the different

copies of the same signal received separately are weighted averaged to form a combined

signal. This combining method can be utilized to combine the two probabilities in the

joint decoder such that a bidirectional information transfer occurs. Under the channel

condition having a fading coefficient of hB, AWGN with zero mean and variance σ2 and

BPSK modulation

LLR(cb|Λ) = log
P (cb = 1|Λ)

P (cb = 0|Λ)
= log

e−
(y−hB)2

2σ2

e−
(y+hB)2

2σ2

=
2

σ2
yhB, (2.5)

where received value is represented by y. Consider the maximal ratio combined signal

y = hB1yB1 + hB2yB2, where hB2, hB2, yB1, yB2 correspond to two diversity paths partic-

ipating in the combining. Since yB1 and yB2 are both Gaussian random variables y too

becomes a Gaussian random variable. Therefore σ2
y = (h2

B1 + h2
B2)σ2. Furthermore,

LLRy(cb|Λ) =
2

σ2
y

yhB

=
κ

σ2
(hB1yB1 + hB2yB2)

= κ
[LLRab(cb|Λ) + LLRbc(cb|Λ)]

2
, (2.6)
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where κ = hB1+hB2

h2
B1+h2

B2
. Hence, weighted combining of the received values y is equivalent to

averaging of LLR(cb|Λ) of the two available copies of cb information. Thus the combined

LLR is given by,

LLR(cb|Λ) =
1

2

(
hB1 + hB2

h2
B1 + h2

B2

)
[LLRab(cb|Λ) + LLRbc(cb|Λ)] . (2.7)

Further, Pr(cb = 0|Λ) = 1
1+eLLR(cb|Λ) and Pr(cb = 1|Λ) = eLLR(cb|Λ)

1+eLLR(cb|Λ) can calculate b’s

probability information following the information exchange.

2.3.3 Re-calculation of Joint Probabilities

After the information exchange, probabilities {p0, . . . , p3} can be recalculated as

p0 = Pr(ca = 0|Λ)Pr(cb = 0|Λ)

p1 = Pr(ca = 0|Λ)Pr(cb = 1|Λ)

p2 = Pr(ca = 1|Λ)Pr(cb = 0|Λ)

p3 = Pr(ca = 1|Λ)Pr(cb = 1|Λ). (2.8)

Also the probabilities {p0, p1, p2, p3} at the decoder for cbc can too be calculated. During

the next iteration, the calculated joint probability information are utilized in the two

LDPC decoders.
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2.4 Extending the Joint Decoding Algorithm to MPSK

Modulated Muti-way Relay Systems

The algorithm presented so far is limited to BPSK modulated multi-way relay systems.

However, almost all of the today’s communication systems deploy higher order modula-

tion schemes in seek of a high spectral efficiency, in which multiple bits of information

are encapsulated in to a single symbol. To cater for such systems, this section pro-

poses an extension of the joint decoder algorithm for a multi-way wireless relay system

employing MPSK modulation.

2.4.1 New System Model

Following two different communication models are considered in the development of the

proposed joint decoder algorithm.

Model I

Let m = log2(M) where m ∈ Z+. The information bit stream at a node is separated to

m sub-streams such that first bit is in sub-stream 1, second bit is in sub-stream 2,...,

(m+ 1)-th bit is again in sub-stream 1. All nodes block their bit sub-streams to sets of

sub-vectors which are then encoded using the same (n − κ) × n binary LDPC channel

code. Thereafter, groups of m code bits are formed by taking bit values at the same

bit position in each resultant binary codeword. A MPSK modulation scheme is used to
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modulate the vectors having such groups of m bits. The modulation results in a M -ary

symbol vector. Finally, the scheme in Fig. 2.1 is employed to transmit three such n

dimensional symbol vectors at nodes A, B and C.

Model II

In Model II, we consider the consecutive m bits together to form m bit groups. Each

group of m bits is mapped to a GF(M = 2m) symbol and the resultant Galois Field

(GF) symbol stream GF(M) at each node is encoded with a (n − κ) × n non-binary

LDPC channel code in GF(M). Thereafter, three M -ary symbol vectors are formed by

modulating each GF(M) non-binary code symbol using a MPSK modulation scheme.

The modulator output symbols are transmitted as in Fig. 2.1.

Let the base band discrete-time modulation signal constellation be ej
2π
M
γ, where

γ = {0, . . . ,M − 1}. Hence the modulators map the three n-symbol GF(M) codewords

ca, cb and cc to the n−dimensional MPSK symbol vectors sa = {sa(1), sa(2), . . . , sa(n)},

sb = {sb(1), . . . , sb(n)} and sc = {sc(1), sc(2), . . . , sc(n)}.

Similar to the BPSK modulated scenario, nodes A and B transmit their individual

blocks of n code symbols simultaneously during n symbol intervals of the first time-slot.

The relay node receives the overlapped signal vector yab resulted from the simultaneous

transmissions from nodes A and B. Let us again assume the complete channel state

information to be available at the relay node. Thus, a joint channel decoding and
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network coding can be carried out at the relay node as described in Section 2.4.3. After

obtaining the resultant XORed symbol vectors corresponding to nodes A-B and B-C

communications over the first two time-slots, they are again channel coded using the

same (n − κ) × n channel code, modulated with the same MPSK modulation scheme

and broadcasted by the relay during next two time-slots of n symbol intervals each.

This communication scheme can provide the complete information set to all nodes in

the relay system.

2.4.2 Pair-wise Iterative Joint Decoding at the Relay

Similar to Section 2.3, in this section a joint decoder algorithm is proposed to be em-

ployed at the relay node in order to exploit the time diversity available due to the

transmission of MPSK modulated information symbol vector of node B twice under two

different channel conditions. The basis for the proposed algorithm is the JCPNC algo-

rithm of [44] developed for two-way relay systems using BPSK modulation, where joint

probabilities for different bit combinations are calculated at each iteration. However,

the algorithm in [44] is limited to BPSK modulation. Thus, the algorithm of [44] is first

extend to a MPSK modulated system.

Let us consider the first time-slot of the MAC phase during which nodes A and B

transmit simultaneously.
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Initialization

There are M2 equally likely error free possible constellation points for the joint estimate

at the relay node as a result of M -ary modulation employed at each of the two nodes

A and B. These composite constellation points are given by ej
2π
M
γ + ej

2π
M
θ where γ, θ ∈

{0, . . . ,M−1}. Thus the transmitted symbol pair sab = {sasb} = Υ(i), i ∈ {0, . . . ,M2−

1} has a-priori probability,

Pr {sab = Υ(i)} =
1

M2
(2.9)

where Υ(i) is a base band equivalent MPSK symbol pair combination. The conditional

probability of received signal yab given an i-th symbol pair being transmitted is,

Pr{yab |sab = Υ(i)} =
1

2πσ2
exp−

(
‖yab −Υ(i)‖2

2σ2

)
. (2.10)

Thus, the conditional a-posteriori probability that signal Υ(i) was transmitted given the

received signal yab is,

pi = Pr{sab = Υ(i) |yab}

= Pr{yab |sab = Υ(i)} × Pr(sab = Υ(i))

Pr(yab)

= Pr{yab |sab = Υ(i)} × C (2.11)

where C = 1
M2Pr(yab)

is a constant. Note that the property
∑
∀i pi = 1 can be used to

calculate C.



CHAPTER 2. JCPNC ALGORITHM FOR MULTI-WAY RELAY SYSTEMS 35

Variable node to check node message

Let us consider an equivalent Tanner graph representation of the LDPC code [16]. Then

the joint decoding process performs an iterative message passing between the check nodes

and the variable nodes in the Tanner graph. The same message passing scheme of [44]

is used here, in which the initial value vector of the passed messages are selected to be

the set of probabilities p = {p0, p1, . . . , pM2−1} in (2.11). Let VAR and CHK represents

the messages passed from the variable nodes and check nodes, respectively. Consider

a degree three variable node and p = {p0, p1, . . . , pM2−1} and q = {q0, q1, . . . , qM2−1}

be the M2 dimensional probability message vectors received from two of the connected

check nodes. Then VAR(p,q) = {r0, r1, . . . , rM2−1} represents the message passed to

the other check node. Here, ri = Pr{cab(j) = ζ(i) |p,q} with cab(j) and ζ(i) refers to

the j-th channel encoder output symbol and the i-th channel encoder output realization

value, respectively.

ri =
Pr{p,q |cab(j) = ζ(i)}Pr{cab(j) = ζ(i)}

Pr(p,q)
(2.12)

=
Pr{cab(j) = ζ(i) |p}Pr{cab(j) = ζ(i) |q}Pr(p)Pr(q)

Pr{cab(j) = ζ(i)}Pr(p,q)

= βpiqi.

Here β =
Pr(p)Pr(q)

Pr{cab(j)=ζ(i)}Pr(p,q)
= 1

pqT is a normalizing factor. Moreover, VAR(p,q, . . .) =

VAR(p,VAR(q,VAR(. . .))) can be used to calculate the messages from variable nodes

connected to more than three check nodes.
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Check node to variable node message

Calculation of the check node to variable node message differs from one to other for

the two communication models described in Sub-section 2.4.1 Thus, we present the two

calculations separately as follows.

Model I

When the GF(M2) sum of the participating M2-ary symbols is equal to zero, a parity

check is satisfied. Let us first consider a check node having a degree three. When

the probability message vectors p and q are received from two connected variable

nodes cab(ν) and cab(µ), the message passed to the third variable node is CHK(p,q) =

{s0, s1, . . . , sM2−1} where,

sτ = Pr{cab(j) = ζ(τ) |p,q} (2.13)

=
M2−1∑
i=0

Pr{cab(ν) = ζ(i), cab(µ) = ζ(Ψτ,i) |p,q}

=
M2−1∑
i=0

piqΨτ,i .

Here Ψτ,i is the integer converted version of ζ(τ) ⊕ ζ(i), while ⊕ representing a

GF(M2) sum.

Model II

Calculation of the output message is slightly different when non-binary LDPC channel

coding is used. In such a case, when parity check matrix coefficient weighted addition
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of participating GF(M2) composite symbols equals zero, a parity check equation is

satisfied. Thus, the check node to variable node message passed, given the input message

vectors p and q coming from the two other connected variable nodes cab(ν) and cab(µ)

has the same format as (2.13). However in this case,

t⊗ ζ(Ψτ,i) = (tτ ⊗ ζ(τ))⊕ (ti ⊗ ζ(i)) . (2.14)

Here, ⊗ stands for a GF(M) multiplication and t, tτ , ti are the corresponding non-

binary parity check matrix coefficient values. With the property that tM−1 = 1 in

GF(M), we have t−1 = tM−2. Hence, Ψτ,i gives the integer conversion of tM−2 ⊗

[(tτ ⊗ ζ(τ))⊕ (ti ⊗ ζ(i))].

Moreover, the check nodes output messages when the degree is larger than three can

be calculated using CHK(p,q, . . .) = CHK(p,CHK(q,CHK(. . .))).

Finalization

Soft information to PNC coded symbol mapping at the end of each iteration is carried

out as,

cab(j) = ζ(η), (2.15)
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where η = arg maxi pi for the j-th symbol.

At the end of the PNC mapping, the resultant XORed codewords are checked for the

satisfaction of the parity checks. The joint decoding algorithm is terminated when a

given number of iterations is completed or if all the parity checkings are satisfied.

2.4.3 Improved Iterative Joint Decoding at the Relay

This sub-section presents the proposed iterative joint channel decoding and physical

layer network coding algorithm which can harness the diversity gain present at the relay.

In Sub-section 2.4.2 an extension of the algorithm of [44] was derived to determine the

set of probabilities corresponding to all possible different symbol value combinations,

during each iteration at each of the two decoders. Algorithm in Section 2.4.2 can be

used to perform node pair-wise joint decoding in the proposed algorithm, in a way

that during each iteration a M2 dimensional probability vector corresponding to all the

possible received value constellation points at each symbol position is calculated.

Extracting node B information at the relay and exchanging information be-

tween parallel decoders

Consider an arbitrary iteration. Let us denote the node pair A and B’s probability value

vector at symbol position j to be p(j) = {p0(j), . . . , pM2−1(j)}, pl(j) = Pr(cab(j) =

ζ(l)|Λ), l ∈ {0, 1, . . . ,M2 − 1} where Λ stands for a-priori information resulting from

the previous iteration.
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Further, let ζ(l) = {A(l′),B(l′′)}, l′, l′′ ∈ {0, 1, . . . ,M − 1} where A(l′) and B(l′′) rep-

resent GF(M) symbol values of nodes A and B respectively which construct ζ(l). Let

cb1(j) represents the j-th symbol of node B during the first time-slot of the MAC phase.

Then,

Pr (cb1(j) = B(l′′)|Λ) =
∑
∀l

Pr(cab(j) = ζB(l′′)(l)|Λ). (2.16)

Here, ζB(l′′)(l) is a joint symbol which has B(l′′) as a part.

Let pb1 = {Pr (cb1(j) = B(0)|Λ) , . . . , P r (cb1(j) = B(M − 1)|Λ)}. Pr(cb2(j) = B(l′′)|Λ)

can also be calculated at the joint decoder for node pair B and C.

Let, pb2 = {Pr (cb2(j) = B(0)|Λ) , . . . , P r (cb2(j) = B(M − 1)|Λ)}.

Three schemes to exchange the soft information between the two parallely operating

decoders are proposed.

Average Probability (AP):

Consider the two probability vectors pb1 and pb2 from the two decoders. New updated

probability vector is calculate by element-wise averaging pb1 and pb2 and this updated

information is used as the node B’s symbol probability vector at the two decoders.

pb =
1

2
[pb1 + pb2] . (2.17)

Best Probability (BP):

Note that the ratio between the highest symbol value probability (pH) and the next
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highest symbol value probability (pL) is a clear measure of the reliability of the current

symbol value at that position. Thus,

rel(b1) =

∣∣∣∣log(pHb1pLb1
)∣∣∣∣ (2.18)

rel(b2) =

∣∣∣∣log(pHb2pLb2
)∣∣∣∣ .

Then the updated probability value vector for node B is selected by,

pb =


pb1 if rel(b1) > rel(b2)

pb2 Otherwise

(2.19)

Weighted Sum Probability (WSP):

Recall that in BPS approach, only one decoder’s information is updated during an itera-

tion. Thus, one of the main short-comings of the BPS approach is that its uni-directional

information exchange. However, a bi-directional soft information exchange can be ex-

pected to yield an improved performance. It is worth to emphasize that during the soft

information combining process, the soft information of a symbol with a high reliability

has to be highlighted while the soft information of a symbol with a low reliability has

to be suppressed. In order to cater for this requirement, a weighting scheme is proposed

in which the soft information is weighted with its corresponding normalized reliability.

This weighted averaging closely resembles maximal ratio combining. Let us denote the

weights by w1 = rel(b1)
rel(b1)+rel(b2)

and w2 = rel(b2)
rel(b1)+rel(b2)

. Thus, the updated combined soft



CHAPTER 2. JCPNC ALGORITHM FOR MULTI-WAY RELAY SYSTEMS 41

information is

pb = w1pb1 + w2pb2. (2.20)

This scheme is expected to provide a good bit error rate (BER) performance im-

provement as in optimal ALLR scheme in [61].

Bit wise information exchange

Another method to exchange the information between the parallely operating decoders

is to perform the information exchange at the bit level. In here, the individual bit

probabilities are calculated and the bit-level soft information is exchanged between the

two decoders. We propose three schemes for this bit-level information exchange.

Bit-wise Average Probability (BAP):

In this approach, the bit level soft information vectors corresponding to Node B are

calculated at each of the decoders by combining the corresponding symbol probabilities.

Then, the two bit level soft information vectors are averaged. Let b′1 and b′2 represents

the two decoders’ probability values corresponding to a certain bit position. Then the

averaged bit probability is given by,

Pr(b′) =
1

2
(Pr(b′1) + Pr(b′2)) . (2.21)

Bit-wise Best Probability (BBP):

We know that the reliability values of a certain bit position are given by rel(b′1) =
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∣∣∣log [Pr(b′1=1)

Pr(b′1=0)

]∣∣∣ and rel(b′2) =
∣∣∣log [Pr(b′2=1)

Pr(b′2=0)

]∣∣∣. Thus, a combined probability value for

the considered bit position can be calculated by selecting the probability value with the

higher reliability.

Pr(b′) =


Pr(b′1) if rel(b′1) > rel(b′2)

Pr(b′2) Otherwise.

(2.22)

Bit-wise Weighted Sum Probability (BWSP):

Let us consider weighing factors w′1 =
rel(b′1)

rel(b′1)+rel(b′2)
and w′2 =

rel(b′2)

rel(b′1)+rel(b′2)
. A combined

probability corresponding to node B’s bit can be calculated as,

Pr(b′) = w′1Pr(b
′
1) + w′2Pr(b

′
2). (2.23)

It is straight forward to calculate pb using the bit-probability vectors obtained as

above.

We are also interested in studying how the errors which were introduced during

initial symbol estimation propagate when the proposed combining process is carried out

at either the symbol level or at the bit level.

Lemma 2. The lowest error in average can be obtained when combining is carried

out at the symbol level.

Proof:

Let xι s be variables with associated errors δxι respectively. Then, if z =
∑
∀ι αιxι
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with constant αι s,

δz =
∑
∀ι

αιδxι. (2.24)

Moreover, if u =
∏
∀ι xι,

δu
u

=
∑
∀ι

δxι
xι

[59, 60]. Thus,

δu =
∑
∀ι

δxι
∏
∀ι′,ι′ 6=ι

xι′ . (2.25)

Let us consider an (M = 2m)-ary symbol set at each of the parallelly operating two

decoders. Furthermore, let the M -ary symbol soft information corresponding to node B

at the two decoders are denoted by pb1(ι) and pb2(ι), ι = 0, 1, . . . , 2m − 1. To combine

and calculate bit level soft information 2m−1 symbol probabilities are added together.

This addition calculates m soft information pairs at bit level.

Moreover, let’s assume that each M -ary symbol soft information value is having an equal

error ∆.

Hence for a certain bit position k, a combined bit level soft information can be calculated

as,

pk = w′1
∑

2m−1 pb1(ι) + w′2
∑

2m−1 pb2(ι), where w′1 + w′2 = 1. k = 0, 1, . . . ,m. According

to (2.24), pk is associated with an error ∆pk = w′1 × 2m−1∆ + w′2 × 2m−1∆ = 2m−1∆.

Probabilities of the recombined symbols are given by pt =
∏

m pk.

Thus with (2.25), the corresponding error ∆pt =
∑

m ∆pk

(∏
m−1,k′ 6=k pk′

)
. Then
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the error in average is given by,

∆avg =

∑
2m ∆pt
2m

(2.26)

=
1

2m

∑
2m

∆pk
∑
m

( ∏
m−1,k′ 6=k

pk′

)

=
2m−1∆

2m

∑
2m

∑
m

( ∏
m−1,k′ 6=k

pk′

)
.

Let’s assume, ∑
2m

∑
m

( ∏
m−1,k′ 6=k

pk′

)
= 2m. (2.27)

Note that only 2 bit probabilities are introduced in addition to 2m existing proba-

bility values when moving from M -ary to (M + 1)-ary. Hence, pt multiplication involves

only two additional terms. New 2m number of terms are affected from and encompasses

the new probability terms. Therefore number of probability values increase by 2 more,∑
2m+1

∑
m+1

(∏
m,k′ 6=k pk′

)
= 2m+ 2 = 2(m+ 1).

Thus, if (2.27) is true for m → it is true for m+ 1.

For m = 2: Assume that the two bits in a symbol are given by b(1) and b(2) where the

most significant bit is represented by b(1). Let pb(2)=0, pb(2)=1, pb(1)=0 and pb(1)=1 represent

individual bit probabilities. Thus,

∑
22

∑
2

pk′ = (pb(2)=0 + pb(1)=0) + (pb(2)=1 + pb(1)=0) (2.28)

+ (pb(1)=1 + pb(2)=0) + (pb(1)=1 + pb(2)=1)
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= 2 [(pb(2)=0 + pb(2)=1) + (pb(1)=0 + pb(1)=1)]

= 2[1 + 1] = 2× 2.

Hence, (2.27) is true for m = 2.

Thus by the principle of mathematical induction, for any m ≥ 2, (2.27) is true.

Thus with (2.26), ∆avg = ∆
2
× 2m = m∆.

When a direct combining at symbol level occurs p(ι) = w1pb1(ι) +w2pb2(ι), w1 +w2 = 1,

j = 0, 1, . . . , 2m − 1. By (2.24), ∆p(ι) = w1∆ + w2∆ = ∆.

Hence, it is clear that a lower error value in average can be obtained when symbol level

combining is carried out.

Calculating the New Joint Probability Values

The probability soft information vectors corresponding to node pair A and B, and node

pair B and C decoders’ inputs can be recalculated using the extracted soft information

of nodes A and C, as above. Thereafter, during the next iteration, these recalculated

new joint probabilities are inputted to the individual decoders.

2.4.4 Analysis of Computational Complexity

This sub-section analyses the computational complexity involved in the information

exchange during a single iteration of the decoder. The computational complexity is

shown in Table 2.2, in terms of the number of real mathematical operations performed.



CHAPTER 2. JCPNC ALGORITHM FOR MULTI-WAY RELAY SYSTEMS 46

It also lists the computational complexity for different information exchange schemes

presented in Sub-section 2.4.3.
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Note that wr and wc represent the row weight and the column weight of the LDPC

parity check matrix. At the same time, per iteration number of mathematical operation

requirement of the belief propagation (BP) based decoders’ probability soft information

updating is given by 4nM2wc(wc − 2)(M− 1) + κM2(3M2 − 1)wr(wr − 2)(M− 1). It

is worth to note that the number of mathematical operations required for information

exchange increases exponentially in the order of 2 with the increased modulation order

while the number of mathematical operations required for the BP decoder increases

exponentially in the order of 4.

2.5 Numerical Results and Discussion

This section presents the BER performance of the proposed JCPNC algorithm for a

BPSK modulated three-way relay channel. Furthermore, it also presents the BER per-

formance of an algorithm where the two decoders operate independently for the compar-

ison purposes. The simulations use a relatively short 255× 175 binary LDPC code and

a long 1057× 813 binary LDPC code. We also assume a quasi-static uncorrelated block

fading with unity parameter value. Fig. 2.3 and Fig. 2.4 shows the BER performances

of the proposed JCPNC algorithm under the three information exchange schemes. Note

that these simulations are carried out for decoding iterations.

The proposed algorithm for a BPSK modulated system shows a considerably better

performance, as a result of harnessing the diversity available at the separate transmis-
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Figure 2.3: Comparison of decoder BER performance for 255× 175 LDPC code.

sions. Out of the proposed information exchange schemes, the ALLR scheme is providing

a better performance compared to other two.

The BER performance of the proposed iterative JCPNC algorithm for a three-way

relay channel having MPSK modulation is presented next. We use three different LDPC

codes for our experiments, the short 255 × 175 binary LDPC code, a long 1057 × 813

binary LDPC code and a 204 × 102 non-binary LDPC code in GF(4). Uncorrelated

quasi-static Rayleigh block fading with unit parameter value is considered. Fig. 2.7,

Fig. 2.8 and Fig. 2.9 presents the BER performance after after 10 decoder iterations

of the proposed algorithm with QPSK, 8-PSK and 16-PSK modulations. The graphs

also present the comparison of BER performance when using three different information
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Figure 2.4: Comparison of decoder BER performance for 1057× 813 LDPC code.

exchange schemes proposed. Furthermore, Fig. 2.10 shows the FER performance of the

proposed JCPNC algorithm when QPSK modulation is employed. The graphs also show

the BER performance when two decoders operate independently, for the comparison

purposes.

Proposed JCPNC algorithm for a MPSK modulated system also shows a superior

BER performance compared to separate decoding algorithms. Bit or symbol level infor-

mation exchange between the constituent decoders which enables to harness the diver-

sity of the separate transmissions is the key to this performance improvement. We can

also observe that the WSP scheme provides the most superior performance among all

proposed information exchange schemes. Moreover, the bit-wise information exchange
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Figure 2.5: BER performance of the proposed algorithm for 255 × 175 binary LDPC
code with QPSK modulation.

scheme’s BER performance is inferior to that of symbol-wise information exchange.

Hence, Lemma 2 presented in Section 2.4.3 is well confirmed by the simulation results.

However, it is also worth to note that compared to the other two bit-wise information

exchange schemes BWSP scheme’s error performance is considerably better.

We also investigate the convergence of the proposed algorithms for a BPSK mod-

ulated system using the BER performance for 5, 10 and 20 iterations in the proposed

algorithm. For this purpose we use the 255 × 175 binary code. Only a negligible BER

performance improvement is observed after 10 iterations as shown in Fig. 2.11. These

results verify a convergence within a 10 iterations.
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Figure 2.6: BER performance of the proposed algorithm for 1057 × 813 binary LDPC
code with 8-PSK modulation.

Convergence of the proposed JCPNC algorithm under QPSK modulation is presented

in Table 2.3 for 10 decoder iterations and for a 255×175 LDPC code. From Table 2.3 it

can be observed that the proposed JCPNC algorithm attains convergence in more than

93% of the time once one of the symbol level information exchange schemes is used. At

the same time, its convergence percentage is more than 87% when bit level information

exchange is used. Compared to an algorithm in which the two decoders operate indepen-

dently where the convergence percentage is 82.8%, the proposed algorithm’s convergence

is very much superior. Moreover, Fig. 2.12 shows the BER performance of the proposed

algorithms for MPSK modulated systems with symbol-wise information exchange after
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Figure 2.7: BER performance of the proposed algorithm for 255 × 175 binary LDPC
code with 16-PSK modulation.

1, 3 and 10 decoder iterations. Here also, a faster convergence compared to the separate

decoding is observed when information exchange is carried out.

In Table 2.4, the numerical values for the computational complexity given in Table

2.2 are listed for 255× 175 LDPC code with wr = wc = 16 and QPSK modulation.

On the other hand, the BP based decoders consumes 51466240 mathematical oper-

ations in average for the probability information update during a single iteration.

It is clear that only a negligible complexity is added by the information exchange step

to the overall JCPNC algorithm. For higher orders of modulation, the added complexity

by the information exchange step is even less significant. Thus, it is noted that in the
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Figure 2.8: BER performance of the proposed algorithm for 204 × 102 GF(4) LDPC
code with QPSK modulation.

proposed six information exchange schemes a faster convergence and an improved BER

performance is achieved without much increment in complexity. Furthermore, WSP

obtains a higher BER performance over AP and BPS while BWSP obtains a higher BER

performance over BAP and BBP with only a negligible increment in the complexity.

2.6 Conclusion

In this chapter a joint decoding algorithm for BPSK-modulated multi-way relay systems

employing both physical-layer network coding and LDPC channel coding was presented
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Figure 2.9: BER performance of the proposed algorithm for 255 × 175 binary LDPC
code under different modulation orders.

and then the above algorithm was extended to MPSK modulated systems. Though we

did not specifically present the extension to quadrature amplitude modulation (QAM),

the joint decoding algorithm for QAM modulated systems is also the same except for the

initialization step. Soft information corresponding to bits or symbols which are transmit-

ted repeatedly during two time-slots of the MAC phase from the chosen communication

node is exchanged between the two constitute LDPC channel decoders employed at

the relay node. This exchange results in an additional time diversity gain. Moreover,

three different information exchange schemes for the BPSK based JCPNC algorithm
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Figure 2.10: FER performance of the proposed algorithm for 255 × 175 binary LDPC
code with QPSK modulation.

have been proposed while six schemes operating at either the bit-level or symbol-level

have been proposed for MPSK based JCPNC algorithm. The simulation results have

shown that the proposed joint decoding algorithms offer considerably superior BER

performances and superior convergences without much added complexity compared to

separate decoding.
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Figure 2.11: Comparison of decoder BER performance for 255× 175 LDPC code for 5,
10 and 20 decoding iterations.

Table 2.3: Percentage number of times the algorithm converges at different number of
iterations for 255× 175 LDPC code with QPSK modulation

Iterations for convergence 1 2 3 4 5 6 7 8 9 10

Separate 68.2 10.2 2.5 1.3 0 0 0.6 0 0 0
AP 91.2 1.8 0.6 0.4 0.1 0 0 0.1 0 0
BPS 90.4 2.1 0.9 0.1 0.1 0 0 0 0 0
WSP 90.9 2.4 0.8 0.3 0.1 0.1 0 0 0 0
BAP 85 3.6 1.2 0 0 0 0 0 0 0
BBP 84.8 1.7 0.6 0 0 0 0 0 0 0

BWSP 72.6 10.7 3.6 1.2 1.2 0 0 0 0 0
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Figure 2.12: BER performance of the proposed algorithm for 255 × 175 binary LDPC
code with QPSK modulation after 1, 3 and 10 decoder iterations.

Table 2.4: Per iteration, number of mathematical operations involved under different
information exchange schemes in 255× 175 binary LDPC code with QPSK modulation

Scheme Per iteration, number of mathematical operations

Separate 0
AP 24480
BPS 24225
WSP 28560
BAP 29580
BBP 31110

BWSP 39780



Chapter 3

Low-Complexity Joint

Channel-Network Coding Algorithm

for Multi-Way Relay Systems

3.1 Introduction

The joint decoding algorithm presented in Chapter 2 and in [61, 62] is based on a BP

based channel decoder. However, the complexity added by the BP based channel de-

coder to the joint decoding process is intolerable in certain conditions. Specially, decod-

ing becomes prohibitively complex for very popular finite geometry LDPC (FG-LDPC)

codes.

At the same time, a comparatively low-complexity decoding is provided by the bit-

59
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flipping (BF) algorithm [63, 64]. In each iteration, the decoder calculates the most

unreliable bit in the received bit vector and flips the same. The resulting new bit

vector is a candidate for a valid codeword. Thus, the decoder heuristically searches

for a valid codeword in a multi-dimensional codeword space. In this chapter, it is

proposed to employ the BF algorithm in the joint decoder in order to reduce the overall

complexity of the joint decoding algorithm. Nevertheless, the application of the existing

BF algorithm is not straight-forward as it will not facilitate an information exchange

between the two parallel channel decoders. Moreover, in the proposed BF based joint

decoder, the flipped symbol-value selection step can be further improved which enables a

better BER performance. Therefore, the contribution in this chapter is threefold. First,

a modified BF algorithm which can facilitate hard information exchange between the two

channel decoders operating parallely is proposed. Second, a technique for information

exchange between the parallely operating decoders is presented. Third, an improved

flipped symbol-value selection scheme is proposed for the existing non-binary symbol

flipping decoder which can be also incorporated to the proposed low-complexity BF

based joint decoder.

The rest of the chapter is organized as follows. Section 3.2 presents the system model

and Section 3.3 introduces the proposed low-complexity joint decoding algorithm. Then,

Section 3.4 presents a complexity analysis. In Section 3.5, a novel flipped symbol-value

selection scheme is proposed for the symbol flipping based non-binary LDPC decoder

and then this scheme is adopted in the proposed low-complexity joint channel-network
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coding algorithm to improve BER performance. Numerical results and a discussion is

presented in Section 3.6 followed by a conclusion in Section 3.7.

3.2 System Model

In this chapter the same system model presented in Section 2.2 is used, where three nodes

A, B and C are to exchange their information via a relay R as shown in Fig.2.2 [61]

which can be summarized as follows. Moreover, to present the proposed algorithm,

without the loss of generality let us assume that the channel pair selection algorithm

in [41, 61] selects nodes A and B to transmit their information first and then B and C

to transmit second. Three nodes use the same (n − κ) × n linear block channel code

Γ to encode their information bit vectors xa,xb and xc. This encoding process outputs

three code vectors ca = Γ (xa) , cb = Γ (xb) and cc = Γ (xc) having n code bits in

each. Then the baseband mapping rule {0 → −1, 1 → +1} maps each element of the

codewords to a BPSK symbol. In here we use BPSK modulation in seek of simplicity,

though with some modifications to the decoder it can be easily replaced by a higher

order modulation scheme. Thereafter, BPSK modulator output symbol-vectors sa, sb

and sc are transmitted pair-wise as shown in Fig.2.2.

During the first n time-slots, both nodes A and B transmit their n dimensional

symbol vectors sa and sb simultaneously which are received at the relay as an overlapped

signal vector yab. In [41], after detection, joint network coding and channel decoding is
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carried out for this received signal vector to determine the XOR combined bits. After

detection the XOR bit vector is again modulated and broadcasted. In comparison, in

here, just after the initial detection from yab, nodes B and C transmit their symbol

vectors sb and sc during the next n bit-intervals. These are received as an overlapped

signal at the relay given by ybc. The j-th elements of the two such received overlapped

signal vectors are given by,

yab(j) = hA1(j)sa(j) + hB1(j)sb(j) + nab1(j) (3.1)

ybc(j) = hB2(j)sb(j) + hC2(j)sc(j) + nbc2(j). (3.2)

Here hA1 and hB1 represent the A-R and B-R channels’ channel coefficient during the

first n bit-intervals. Also, hB2 and hC2 represents the B-R and C-R channels’ channel

coefficients during the second n bit-intervals. nab1(j) and nbc2(j) are the complex AWGN

samples with zero mean and σ2 variance per real dimension added at the relay antennas

during the two transmissions.

yab(j) and ybc(j) can be used to detect xa ⊕ xb and xb ⊕ xc bits by following a joint

decoding process as in [61].

3.3 Low-complexity Joint Decoding at the Relay

In this chapter, as stated before we focus on channel decoding and network coding at

the relay during the MAC phase where exploiting the time diversity is an important
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aspect. Meanwhile, as stated in Section 3.1, a BF based decoding is proposed in order

to reduce the overall decoder complexity. However, the BF algorithm deals with the

hard information and an information exchange is not possible to be carried out when

performing the BF decoding in its original form. Thus, the original version of the BF

algorithm is modified and the modified BF algorithm is employed in the joint decoder

to explore additional time diversity, while maintaining a low-complexity.

3.3.1 Initialization

Let us consider the A and B nodes’ communication during j-th time-slot (1 ≤ j ≤ n).

Further, to simplify, we omit the index j. Combined signals map to four equi-probable

constellation points ŷab are given in Table 3.1.

Table 3.1: Combined transmitted signal constellation

cacb ŷab

00 −hA − hB
01 −hA + hB
10 hA − hB
11 hA + hB

Thus the transmitted combined signal sab = S(i)’s a priori probability is given by,

Pr {sab = S(i)} =
1

4
, (3.3)

where S(i) ∈ {(−1− 1), (−1 + 1), (+1− 1), (+1 + 1)}.
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Let,

Pr{yab |sab = S(i)} =
1

2πσ2
exp−

(
‖yab − S(i)‖2

2σ2

)
(3.4)

denote the probability density of yab given a certain symbol combination being trans-

mitted. With a received signal yab, is Hence, given the received value yab, the probability

that the symbol S(i) was transmitted is,

pi = Pr{sab = S(i) |yab}

= Pr{yab |sab = S(i)} × Pr(sab = S(i))

Pr(yab)

= Pr{yab |sab = S(i)} × C (3.5)

where C = 1
4Pr(yab)

is a constant which can be calculated using the property
∑
Pi = 1.

Hence, the initial hard decision bit combination at the j-th position is given by,

sab(j) = S(η),where η = arg max
i
pi (3.6)

3.3.2 Modified Bit-flipping Algorithm

One obvious technique to carry out the low complexity joint channel decoding-network

coding is operating the conventional BF algorithm on calculated XORed bit vector using

sab. However, this method does not utilize the complete information available at the

joint decoder. Therefore, first an algorithm to harness the complete set of information is
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proposed. The novel joint decoding algorithm considers nodes A and B’s individual bits

to form symbols in a Galois field GF(4) such that {00→ 0, 01 → 1, 10→ 2, 11→ 3}.

This makes the original binary parity check matrix’s parity check equations to be valid

for the formed GF(4) symbols under the GF(4) addition operation to replace the binary

XOR. However, note that the parity check matrix we use here is binary, so that this

scenario is different to that of conventional non-binary channel coding.

We employ a symbol flipping algorithm to perform the joint decoding. At the initial

step, hard decision symbol-values are calculated using (3.6) and are assigned to the

symbol positions. Then, the rule given below is used to determine the symbol position

to be flipped.

Let us denote the reliabilities of the n symbols to be rel = [rel1, rel2, . . . , reln]

= [|llr(sab(1)|y)| , |llr(sab(2)|y)| , . . . , |llr(sab(n)|y)|] where sab(j) represents the j-th po-

sition’s currently selected symbol. Corresponding to each position j = 1, . . . , n, a reli-

ability metric φj is calculated during each iteration by considering the parity checks in

which the given position contributes. Let N (i), i = 1, . . . , κ, denote the set of symbols

involved in the parity check equation i. Let, li = min
j∈N (i)

relj and ui = max
j∈N (i)

relj.

Hence,

φji =


relj − li

2
if j ∈ N (i) and zi = 0

relj − li
2
− ui if j ∈ N (i) and zi 6= 0,

(3.7)

where zi is the i-th parity check GF(4) syndrome symbol calculated using the decoder’s
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input symbol vector. Thus, the metric can be calculated by,

φj =
∑
i

φji, j = 1, . . . , n. (3.8)

Note that for low φj values there is a higher probability for the selected symbol to be

erroneous. Hence we select the position to be flipped as

j′ = arg min
j
φj. (3.9)

3.3.3 Information Exchange Between Decoders

In the conventionally employed bit-flipping algorithm, the symbol-value at the selected

position would be replaced by the symbol-value with the next highest reliability. How-

ever, with two information pairs cab = {ca, cb} and cbc = {cb, cc} available at the relay, it

is obvious that cb information is duplicated. This can be viewed as diversity information

as in Chapter 2 and [61] and the diversity can be utilized in the new symbol selection

process at the two decoders. This can also be explained as an information exchange

between the two decoders decoding cab and cbc information pairs parallelly as shown in

Fig. 3.1. Note that the information exchange is occurring at the new symbol selection

step.

Let j and k be the two selected positions for flipping from two codewords. Further,

let cabb and cbcb represent the cb hard-decision information corresponding to the cab and cbc
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Figure 3.1: Information exchange

Rule 1:

(cab(j), cbc(k)) =



(ca(j)cb(j), cb(k)cc(k)) if j = k and cabb (j) = cbcb (k)

(ca(j)cb(j), cb(k)cc(k)) if j = k and cabb (j) 6= cbcb (k)

(ca(j)cb(j), cb(k)cc(k)) if j 6= k and cabb (j) = cbcb (j) and cabb (k) = cbcb (k)

(ca(j)cb(j), cb(k)cc(k)) if j 6= k and cabb (j) = cbcb (j) and cabb (k) 6= cbcb (k)

(ca(j)cb(j), cb(k)cc(k)) if j 6= k and cabb (j) 6= cbcb (j) and cabb (k) = cbcb (k)

(ca(j)cb(j), cb(k)cc(k)) if j 6= k and cabb (j) 6= cbcb (j) and cabb (k) 6= cbcb (k)

MAC phase information transfers respectively. Then the new symbol-value is selected

as per the Rule 1. Note that here x stands for the bit-wise inversion operation on a

binary value x.

The decision on the new symbol-value is decided using the fact that if the selected

positions are not the same in the two codewords, selected position at one codeword can

be updated using the non-selected (hence assumed to be correct) corresponding symbol

in the other codeword. On the other hand, if the two selected positions are identical

while the two cb bit values are also identical, we assume the cb bit values to be erroneous
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and flip the same. The reliabilities of the selected new symbols are carried forward to

the next iteration as the new reliabilities corresponding to the position.

3.3.4 Finalization

At each of the two decoders, at the end of each iteration, a the resultant hard decision

symbol vector ĉ is tested for validity. Let the GF(4) syndrome vector be z = ĉHT where

H is the binary parity check matrix. If the checks result in z = 0, the algorithm is

stopped. Otherwise, it proceeds to the next iteration with the resulting symbol vectors

as inputs. One other important feature to note in this algorithm is that if only one

symbol vector satisfies its parity check, then it is fixed and during the next iteration,

only the other decoder is operated. However, during the information exchange, the fixed

cb information is used in correcting the symbol-values of the other decoder.

3.4 Computational Complexity Analysis

The computational complexity of the proposed algorithm is analyzed in this section and

is compared to that of the joint decoder algorithm using BP proposed in Chapter 2 and

also in [61]. Let us consider a joint decoding algorithm’s iteration for a relatively short

255× 175 and a long 1023× 781 FG-LDPC codes with row and column weights (wr and

wc respectively) equal in each and are 16 and 32 respectively. The complexity in terms

of real operations (additions and multiplications) can be listed as in Table 3.2.
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Table 3.2: Comparison of computational complexity

Proposed Algorithm Algorithm in [61]

General 8wc + (n− 1) 4(wr − 1)(n−m)
+28(wc − 1)n+ 20n

255x175 LDPC code 382 117000
1023x781 LDPC code 1278 938432

We can observe from Table 3.2 that the computational complexity (per iteration) of

the proposed joint decoder is much less than that of the algorithm in [61]. The average

number of iterations consumed before converging is also a parameter to be considered

along with per iteration complexity, once determining the overall computational com-

plexity. In Figure 3.2, we present the histograms of the average number of iterations

required before converging. We also present the histograms corresponding to the algo-

rithm in [61] for comparison. The two histograms show that the proposed algorithm’s

average number of iterations is only marginally higher than that of the BP based al-

gorithm in [61]. Thus, we can easily conclude the overall complexity of the proposed

algorithm to be several orders of magnitude lower than that of the algorithm in [61].
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Figure 3.2: Histogram for the average number of iterations per decoded codeword for
255× 175 LDPC code.

3.5 Improved Low-complexity Joint Channel Net-

work Coding Algorithms for Multi-Way Relay

Systems

One of the major drawbacks of the low-complexity joint decoding algorithm proposed

above is the fact that during the new bit combination values selection step using Rule
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1, whenever the selected positions are the same in the two decoders’ codewords but the

corresponding hard decision cb bits are different we do not find sufficient information to

decide on new bit combination values for the selected position. Thus, we take a random

new symbol-value selection. However, through simulations it was observed that in a

considerable number of instances this random selection leads to an erroneous flip. Thus,

a better mechanism is desired for the selection of the new symbol-value. Furthermore,

the currently used non-binary LDPC decoding algorithm using symbol flipping too suf-

fers from similar drawbacks. Noting that the new bit combination value selection in

the proposed low-complexity joint decoder algorithm is equivalent to a special case of

selection of the flipped symbol-value in the non-binary LDPC decoding algorithm using

symbol flipping, in this section, an improved symbol-value selection step is proposed for

the currently used non-binary LDPC decoding algorithm having symbol flipping. Then

the same is incorporated in the low-complexity joint decoding algorithm proposed in

Section 3.3.

3.5.1 Introduction

A large variety of algorithms have been proposed for non-binary LDPC decoding using

a complete hard decision decoding. the key benefit of the hard decision decoding is the

l in decoding [65–67]. Two steps constitute one decoder iteration of the aforementioned

iterative non-binary LDPC decoding algorithms. At the first step, a symbol position to

be flipped is selected considering the now-selected symbol-value reliabilities. Thereafter
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a new symbol-value having the next highest reliability is selected to replace the current

symbol-value at the selected position. This procedure iteratively performed till a a

predefined number of iterations have been performed or a valid codeword is created.

Previously done work in this area is only on the improvement of the symbol position

to be flipped. To the best of my knowledge, no existing research work has attempted

to improve the second step. It is apparent that the second step also has a considerable

effect on the error performance of the overall decoding algorithm. At the same time,

[68–70] present three researches where flipped symbol-value selection and the flipped

symbol position selection are done simultaneously. Nevertheless, a dedicated symbol-

value selection step can be expected to have a better overall BER performance. Hence,

in this section, a new method is presented for the selection of a new symbol-value to the

selected symbol position.

3.5.2 System Model

Consider the basic communication model shown in Fig. 3.3, in which a bit-stream is

used to form multi-bit symbols. these symbols are then mapped to the symbols of non-

binary Galois field of order q, (GF (q = 2p)), where p ∈ Z+. An n−κ dimensional block

of symbols is encoded using a (n, n− κ) non-binary LDPC code into an n dimensional

codeword s = [s1, s2, . . . , sn] over GF (q). The codeword is then binary converted to

be c ∈ {0, 1}np and is BPSK modulated to form an np dimensional modulated vector

x = [x1, x2, . . . , xnp], where xj ∈ {−1, 1} for j ∈ [1, np]. It is important to note that
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Figure 3.3: System model

any higher-order linear modulation technique can be used here though we considered

BPSK modulation in seek of low-complexity. Let us assume an AWGN channel. Thus

the received signal vector y = [y1, y2, . . . , ynp] resulting from the transmission of the

codeword is,

y = x + n. (3.1)

Here n = [n1, n2, . . . , nnp]. ni, i ∈ {1, . . . , np} are the iid complex AWGN samples with

zero mean and σ2 variance per real dimension. Symbol flipping LDPC decoder takes y

as its input.

3.5.3 Non-binary LDPC Decoding

Three steps constitute the conventional symbol flipping-based non-binary LDPC decod-

ing algorithm: initialization, flipped symbol position selection and flipped symbol-value

selection. In here the last two steps run iteratively till a valid codeword is met [66].



CHAPTER 3. LOW COMPLEXITY JCPNC ALGORITHM 74

Initialization

The a-posteriori probability of the original transmitted j-th symbol being xj provided

that the received value is yj,

Pr(xj|yj) =
f(yj|xj)Pr(xj)

Pr(yj)
. (3.2)

Furthermore, f(yj|xj) = 1
2πσ2 exp

(
−‖yj−xj‖

2

2σ2

)
. Let us assume that Pr(xj = +1) =

Pr(xj = −1) = 1
2
. Hence,

Pr(xj|yj) =
1

2C
exp

(
−‖yj − xj‖

2

2σ2

)
. (3.3)

C is a constant which is to be determined via the property
∑
Pr(xj|yj) = 1.

Let us assume bits constituting a particular symbol sk, k ∈ [1, n] are independent,

thus, Pr(sk|y) =
∏kp

j=(k−1)p+1 Pr(xj|yj). The initial hard decision estimate of symbol sk

is obtainable as below:

ŝk = S(ν), (3.4)

where S is the GF (q) symbol-space and ν = arg maxη Pr(sk = S(η)|y). Furthermore,

let

llr(sk = S(η)|y) = log

(
Pr(sk = S(η)|y)

1− Pr(sk = S(η)|y)

)
(3.5)

define the log-likelihood-ratio (LLR) of symbol S(η) at each symbol position sk.
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Symbol Position Selection

For the selection of the symbol position to be flipped the single-bit flipping algorithm

of [63] and the modified bit-flipping algorithm of Sub-section 3.3.2 is adopted. In here,

the symbols’ correlation which in turn depends on the structure of the code and the

initial symbol reliability values are used to find the symbol position to be flipped.

Let the n symbols’ reliability values at the t-th iteration be rel(t) = [rel
(t)
1 , . . . , rel

(t)
n ] =

[|llr(s1|y)| , |llr(s2|y)| , . . . , |llr(sn|y)|] where sk stands for the now selected symbol at

the k-th position. During each iteration, a reliability metric φk is calculated, for each

symbol k = 1, . . . , n separately. This calculation is totally based on the set of parity

check equations in which the considered symbol is involved in.

Let the symbols those contribute to the i-th parity check be given by N (i), i =

1, . . . , κ and l
(t)
i = min

k∈N (i)
rel

(t)
k and u

(t)
i = max

k∈N (i)
rel

(t)
k . Then,

φ
(t)
ki =


rel

(t)
k −

l
(t)
i

2
if k ∈ N (i) and z

(t)
i = 0

rel
(t)
k −

l
(t)
i

2
− u(t)

i if k ∈ N (i) and z
(t)
i 6= 0,

(3.6)

where z
(t)
i is the i-th parity check syndrome symbol. this syndrome symbol is calculated

using the input symbol vector to the decoder during the t-th iteration. Then, at the

t-th iteration and k-th symbol position, the metric value can be calculated by

φ
(t)
k =

∑
φ

(t)
ki , k = 1, . . . , n. (3.7)
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Note that φ
(t)
k is inversely proportional to the probability of a symbol error.

Therefore, at the end of the t-th iteration, we can select a position to be flipped by

using

k′ = arg min
k
φ

(t)
k . (3.8)

Flipped Symbol-value Selection and Finalization

In a conventional bit flipping algorithm, at each iteration, the current bit value available

is inverted to calculate the new bit value for the selected position. Finally, at the end

of each iteration the resultant bit-vector is parity checked. If all the parity checks are

satisfied the algorithm is terminated. Otherwise we proceed to the next iteration with

the updated hard decision bit vector. Nevertheless, in the case of non-binary LDPC

decoding using the symbol flipping algorithm, this is not that simple as the selected

position has many candidate symbol values to be placed at that position. In fact we

have q − 1 possible symbol-value candidates out of which we need to select the best.

As mentioned in Section 2.1, the currently used symbol flipping algorithms follow two

methods to select the new symbol-value for the selected position. In [66,67], the selection

of the new flipped symbol-value is considering only the reliabilities of possible candidate

symbol-values determined via the initial received signal values. New flipping symbol-

value is chosen to be the candidate which has the next best reliability. Alternatively

one can convert the selected symbol position over GF (q) into p bit positions where each

of these bit positions is associated with a channel output value given by yj, kp ≤ j <
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(k+ 1)p. |yj| is a measure of the reliability of the bit j [66], thus a set of f , (1 ≤ f ≤ p)

bits corresponding to the lowest |yj| values are selected and inverted. The value f known

as flagbit is a parameter which starts from 1 at the first decoding iteration and then

increments by 1 at each successive iteration. After the flipping, the new symbol value

is formed with the use of the newly inverted bit position value and the other p− 1 bits

which constitute the symbol. However, both these methods use only the reliabilities

based on initial channel output values. These methods do not use the correlations

among bits/symbols introduced due to the channel code in the process of new symbol

value selection. In this work we expect the incorporation of this additional correlation

information in the flipped symbol-value selection step to produce an improved overall

decoding performance. Meanwhile in [68–70] all possible symbols that a position can

have are considered in forming the extended symbol combinations set to search for a

valid codeword. As already mentioned before we expect a dedicated flipped symbol-value

selection to provide an even better performance though the second approach described

above considerably improves the decoding performance of the overall non-binary LDPC

decoding algorithm.

3.5.4 Proposed Symbol-value Selection

In this sub-section a novel symbol-value selection algorithm is proposed for the symbol

flipping based non-binary LDPC decoder in seek of an improved performance while

retaining the simplicity. The key idea behind the proposed algorithm is the utilization
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of the knowledge of both the symbol reliabilities and the correlation available in the

channel code.

During every iteration, all other possible candidate symbol-values available at a po-

sition selected to be flipped are voted with a positive metric value for every satisfactory

parity check the considered symbol-value is involved in. Moreover, for each unsuccessful

parity check a symbol is involved in, the symbol value is voted with a negative metric

value. Moreover, to incorporate the knowledge available with the initial channel output

values, the voting metric values are selected to be related to the initial channel output

based reliabilities. This selection eliminates the erroneous decisions made due to erro-

neous symbol values present at other positions than the position considered.

Let us consider the t-th iteration’s selected position to be flipped is k′ and let M(k′)

represent the parity checks in which sk′ is involved in. Then one can calculate the candi-

date symbol-value’s metric value as Sν (Sν ∈ GF (q) and Sν 6= s
(t)
k′ ) from the i-th parity

check

v
(t)
k′,i(Sν) =


Γ

(t)
i if z

(t)
i (Sν) = 0

−Γ
(t)
i if z

(t)
i (Sν) 6= 0,

(3.9)

where Γ
(t)
i =

∣∣∣∣rel(t)k′ − min
j∈N (i)

rel
(t)
j

∣∣∣∣ and z
(t)
i (Sν) represents the i-th element of the

syndrome vector (i ∈ {1, 2, . . . , κ}) with Sν in the k′-th symbol position.

An accumulated metric value can be calculate using,

vtk′(Sν) =
∑

i∈M(k′)

vtk′,i(Sν). (3.10)
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Then the new symbol value for the k′-th position is given by,

sk′ = arg max
Sν

v
(t)
k′ (Sν). (3.11)

3.5.5 Computational Complexity

In this sub-section we evaluate the proposed symbol-value selection algorithm’s compu-

tational complexity and then compare the same to those of several other existing symbol

flipping based non-binary LDPC decoding algorithms. Let us denote the row and the

column weight of the parity check matrix and the weight of the syndrome vector by wr,

wc and wz, respectively. Then let us consider an iteration which occurs after the first

iteration in order to analyze the computational complexity. As we are considering an

iteration after the first iteration we can assume that the LLRs of the symbols and the

initial syndrome vector to be available. Thus we do not consider the computations re-

quired to calculate these. Furthermore, in seek of simplicity during the search for a valid

codeword, the algorithm in [69] considers only a subset of the all possible combinations

of symbol vectors having n symbols. This is practically implemented by limiting the

number of candidate symbol-values per position and the number of symbol positions

considered while calculating the flipping function [69]. Let ε, (ε ≤ q) and η, (η ≤ wr)

denote the symbol-values per position and number of positions respectively. Recall that

ε = 2 in [69]. Table 3.3 lists the number of real operations needed for the proposed and

existing decoding algorithms.



CHAPTER 3. LOW COMPLEXITY JCPNC ALGORITHM 80

Table 3.3: Number of real operations for the symbol flipping algorithm

Symbol Position Selection symbol-value Selection

RBA [66] (κ+ wz)wr + (wc − 1)n 0
PSF [68] 7κwr − κ
MVA [69] κηεη + (wc − 1)nε

MVPSF [70] 7κwr − n+ n log2(n)
Proposed (κ+ wz)wr + (wc − 1)n 2pwc + (wc − 1)(2p − 1) + 2pwc + (2p − 1)wc

It is worth to note that the computational complexity of algorithm of [69] has an

exponential increment with the η value while the complexity of the proposed flipped

symbol-value selection step has an exponential complexity increment with the increase

order of the Galois field.

Tables 3.4, 3.5 and 3.6 presents the computational complexity of the proposed algo-

rithm together with the other existing algorithms namely, multiple-vote parallel symbol

flipping algorithm (MVPSF), multiple-vote symbol flipping algorithm (MVA), parallel

symbol flipping algorithm (PSF) and reliability based symbol-value selection algorithm

(RBA) in terms of the per iteration required number of real operations. For the sim-

ulations we select three non-binary LDPC codes, 1023× 781 LDPC code over GF(16),

63×37 LDPC code over GF(16) and 204×102 LDPC code over GF(4). For the 204×102

LDPC code having wc = 3 and wr = 6, Table 3.4 shows that the on average per iteration

real operations required is 1326. Meanwhile in the reliability based algorithms of [66] we

require no operations for the symbol selection step while the proposed algorithm requires

only 39 real operations for the same. Based on the result we can conclude that the total
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number of operations required in the proposed algorithm is very much the same as that

the algorithm in [66] for the 204 × 102 LDPC code in GF (4). Moreover, compared to

the algorithm of [69] the proposed algorithm has significantly less complexity for ε = 2

and η = wr
2

= 3. Though the complexity of the algorithms of [68] and [70] are in the

same order as the proposed algorithm, they are approximately 20% and 30% higher in

complexity compared to the proposed. Table 3.5 presents the real operations needed

per iteration when the 63 × 37 LDPC code, with wc = wr = 8 is used. It is apparent

that the symbol position selection step needs 753 operations on average. Meanwhile the

symbol selection step of the proposed algorithm consumes 481 operations per iteration

in average compared to zero operations in algorithm of [66]. Note that a relatively large

number of operations required for the symbol-value selection step due to the higher

Galois field order. Anyhow, the increase in the overall complexity as a result of the

proposed symbol-value selection step is only marginal for the 63 × 37 LDPC code in

GF (16) too.

The complexity of the proposed algorithm is still less for ε = 2 and η = wr
2

= 4 when

compared to the algorithm of [69]. Table 3.6 shows the computational complexity for

the 1023× 781 LDPC code, with wc = wr = 32. Here the symbol position selection step

consumes nearly 43329 operations on average when the proposed algorithm consumes

1969 operations. Once we consider the 559042 operation needed for the algorithm of [69]

with η = 8, proposed algorithm has very much less overall complexity. Moreover, the

computational complexities of algorithms of [68] and [70] are approximately 20% and
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30% higher than that of the proposed algorithm, respectively.

Table 3.4: Number of real operations for the symbol flipping algorithm for 204 × 102,
GF(4) LDPC code.

Symbol Position Selection symbol-value Selection

RBA [66] 1326 0
PSF [68] 4182
MVA [69] 3264

MVPSF [70] 5645
Proposed 1326 39

Table 3.5: Number of real operations for the symbol flipping algorithm for 63 × 37,
GF(16) LDPC code.

Symbol Position Selection symbol-value Selection

RBA [66] 753 0
PSF [68] 1430
MVA [69] 2722

MVPSF [70] 1769
Proposed 753 481

As already mentioned, one of the main drawbacks of the low-complexity joint de-

coder algorithm presented in Section 3.3 is the lack of sufficient information to decide

on a flipped bit combination value whenever the selected positions of the two decoders’

codewords are the same but the corresponding hard decision cb bits are different. To

overcome this limitation, the improved symbol-value selection step proposed in Subsec-

tion 3.5.4 can be adopted whenever the above mentioned situation occurs.
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Table 3.6: Number of real operations for the symbol flipping algorithm for 1023× 781,
GF(16) LDPC code.

Symbol Position Selection symbol-value Selection

RBA [66] 43329 0
PSF [68] 53966
MVA [69] 559042

MVPSF [70] 63173
Proposed 43329 1969

3.6 Simulation Results and Discussion

The BER performance of the non-binary LDPC decoding algorithm with symbol flipping

is investigated here. Note that this algorithm has the proposed symbol-value selection

step in extra to the adopted initialization and flipped symbol position selection steps

from the algorithm in [63]. This point onwards, we use the term ”proposed decoding

algorithm” to denote the overall decoding algorithm having the proposed symbol value

selection step. We consider a 1023×781 LDPC code over GF (16), a 63×37 LDPC code

over GF (16) and a 204×102 LDPC code over GF (4) for the performance investigation.

Let’s consider an AWGN channel where iid zero-mean Gaussian noise samples are added

to the received signal.

In Fig. 3.4, Fig. 3.5 and Fig. 3.6 we present the BER and frame error rate (FER)

performances. The BER and FER performances of algorithms of [66], [68], [69] and [70]

are also presented for comparison.

Compared to the 2-stage algorithm in [66], the proposed algorithm offers an approx-

imately 0.8 dB BER performance improvement at 10−4 BER level which is visible in
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Figure 3.4: Comparison of decoder BER performance for 204× 102, GF(4) LDPC code.

Fig.3.4, Fig.3.5 and Fig.3.6. The reason for this improvement is the use of correlation

among the symbols to determine the new flipped-symbol-value. Furthermore, the pro-

posed algorithm is superior than the algorithm of [69] by nearly 0.3 dB and the algorithm

of [68] by nearly 0.4 dB in the BER performance at 10−4 BER level. We can also ob-

serve superior FER performances of approximately 1dB, 0.5dB and 0.3dB respectively

at 10−3 when the proposed algorithm is compared to the algorithms of [66], [68] and [69].

The algorithm of [70] has a very much similar BER performance to the proposed. It is
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Figure 3.5: Comparison of decoder BER performance for 63× 37, GF(16) LDPC code.

noteworthy that the algorithm of [70] is a combined algorithm of those in [68] and [69],

hence it harnesses the coding gains of both the algorithms. We note that the proposed

algorithm’s novel flipped symbol-value selection step has been able to obtain a coding

gain that matches with the high coding gain of the combined algorithm in [70].

Moreover, the simulation results demonstrate that the algorithm of [66] converges after

6.5 iterations on average, while the proposed algorithm converges only in 4.8 iterations

on average. Therefore, the overall computational complexity of the proposed algorithm
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Figure 3.6: Comparison of decoder BER performance for 1023 × 781, GF(16) LDPC
code.

is only marginally higher than that of the algorithm of [66]. On the other hand, in terms

of the real operations required for an iteration, we have a very low-complexity in the

proposed algorithm compared to the algorithms of [69] and [70]. In summary, with the

proposed flipped symbol-value selection step, it obtains a higher error performance very

similar to that of [70], but with much less complexity.

Next, let us investigate the BER performance of the proposed low-complexity joint
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channel decoding - physical layer network coding algorithm for the multi-way relay sys-

tems. For comparison purposes the BER performance of the separate decoding scheme

which doesn’t exchange information between decoders is also presented. The BER

performance of the joint decoding algorithm proposed in [61] which employs belief prop-

agation for the channel decoder is also produced. Let us consider the same 255 × 175

and 1023 × 781 FG-LDPC codes used for the computational complexity comparison.

Furthermore, let us assume that the channels between the relay and nodes undergo un-

correlated quasi-static Rayleigh block fading with unity parameter value. In Figures 3.7

and 3.8, the BER performances of the proposed improved low-complexity joint channel

network coding algorithm is compared with the BP based joint decoding algorithms and

BF based algorithm which ignores the additional time diversity. The BER performance

of the joint decoder algorithm presented in Section 3.3 is also shown. It can be observed

that the BF based low-complexity algorithm presented in Section 3.3 achieves a much

superior performance compared to the separately decoding algorithm in which the ad-

ditional time diversity is not considered. This is further improved in the improved joint

decoding algorithm presented in 3.5. Nevertheless, the BP based algorithm in [61]’s

BER performance is much superior than the proposed algorithm.



CHAPTER 3. LOW COMPLEXITY JCPNC ALGORITHM 88

20 22 24 26 28 30 32 34 36

10
−5

10
−4

10
−3

10
−2

Eb/No (dB)

B
E

R
Seperate decoding with BF
Joint decoding with BF
Improved joint decoding with BF
Seperate decoding with BP
Joint decoding with BP

Figure 3.7: Comparison of decoder BER performance for 255× 175 LDPC code.

3.7 Conclusion

In this chapter, a low-complexity joint channel-physical layer network coding algorithm

had been proposed which is to be deployed in multi-way relay systems [71]. The key ele-

ment of the proposed decoding algorithm for a 3-way relay system is the exchange of hard

information between the two channel decoders operating simultaneously. This informa-

tion exchange exploits the additional time-diversity gain present due to the duplicated

transmission of node B information. Therefore, the proposed algorithm’s performance is

much superior compared to separately BF based channel decoding and network coding
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Figure 3.8: Comparison of decoder BER performance for 1023× 781 LDPC code.

algorithm. Also due to the employment of the BF decoder in place of a BP decoder,

the joint decoder complexity has greatly reduced.

Furthermore, in seek of an an improved overall BER performance, an improved symbol-

value-selection step for the symbol flipping based non-binary LDPC decoder is also

proposed [72]. It is apparent from the simulation results that the proposed symbol

flipping algorithm obtains a better error performance than all the currently available

similar algorithms while maintaining the low-complexity except the algorithm of [70].

Error performance of the proposed algorithm is almost equal to that in [70]. How-
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ever, in terms of the decoder complexity, the proposed algorithm is much superior when

compared to [70].

However, there is an exponential increment in the computational complexity of the

proposed algorithm when the non-binary field’s order is increased. This constraint limits

the use of higher order non-binary fields which is a major drawback of the proposed

algorithm. The proposed flipped symbol-value selection algorithm is then adopted in the

low-complexity joint channel-physical layer network coding algorithm for an enhanced

BER performance with only a non-significant added complexity.

Further work includes the investigation of the proposed algorithm in continuous time

varying channels which will relieve the block fading assumption. Moreover, the the BF

algorithm has a tendency to enter in to loops so that the algorithm does not converge

in certain cases. Therefore, the investigation of techniques to avoid such loops would

also be a future research direction.



Chapter 4

Joint Channel-Network Coding in

Unequally Error Protected

Multi-way Wireless Relay Systems

4.1 Introduction

The multi-way wireless relay systems are usually heterogeneous. In other words, the

channels from different nodes to the relay may undergo different channel impairment

conditions. So far, this research has been focusing on a system model where the multiple

nodes transmit to the relay in pairs and the selection of pairs is mainly based on the

quality of the channels between the nodes and the relay. However, a scheme of trans-

mission as in [61] and [62] would be ill-treating the nodes associated with poor quality

91
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channels and the throughput of these nodes will be considerably low. Therefore, it may

not be very effective to protect all channels with the same channel code. Employing a

single channel code with high code rate for all nodes will result in a higher BER as it

is incapable of catering poor quality channels. At the same time, a single code with a

lower rate employed for all nodes’ communication would result in a reduced throughput

without producing a significant BER performance improvement. Thus, the need for an

asymmetric error protection is obvious to meet a trade-off between error performance

and the throughput.

Enlightened by this fact, an asymmetric error protection scheme is proposed for the

PNC coded multi-way wireless relay systems. Though asymmetric error protection in

multiple channels had been explored in literature [73–76], asymmetric error protection

in a JCPNC system is a completely novel contribution. Moreover, a JCPNC algorithm

is also proposed to be deployed at the relay of an asymmetrically error protected multi-

way relay system. This asymmetric error protection is expected to provide a trade-off

between the error performance and the throughput. In this scheme the bit streams

communicated poor quality channels are encoded with a larger block length channel

code having a low code rate while the communications through good quality channels are

encoded with high rate codes with lower block lengths. This ensures that communication

from the nodes to relay through poor quality channels are given comparatively higher

protection. To facilitate the pairwise joint channel decoding proposed in sub-section 4.4

while providing the aforementioned multi-level protection, each node employs a linear
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block channel code whose parity checks are distributed among the multiple nodes. In

practice this is achieved by employing a full length channel code with a k number of

parity checks for the nodes with poor quality channel while code punctured versions [77,

78] of the original channel code with the number of parity checks k′(< k) are employed

at the nodes associated with good quality channels.

The rest of the chapter is organized as follows. Section 4.2 presents the system

model followed by the presentation of the throughput enhancement gained by the pro-

posed model over the conventional multi-way relay communication models in Section

4.3. In Section 4.4 we present the proposed JCPNC algorithm for the unequally error

protected multi-way relay system. Section 4.5 elaborates on the scaling of the proposed

algorithm to higher number of nodes. Section 4.6 and Section 4.7 are dedicated to

present simulation results with a discussion and a conclusion respectively.

4.2 System Model

Let us consider the same three-way relay system as in Chapter 2 in which nodes A, B and

C are exchanging their information via a relay R as shown in Fig.2.1. In order to present

the proposed communication system model and the decoder algorithm, let us assume

that the channel from node B to relay to have relatively less quality when compared

to other two channels. As a result, the node selection for pair-wise transmission selects

the nodes A and B for the communication during the first time-slot while nodes B
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and C are scheduled to communicate during time-slot 2. It is important to select the

nodes associated with the relatively low quality channel to transmit twice when the

aforementioned communication scheme is extended to a multi-way relay system.

First, blocks of n bits are formed by grouping the information bit streams of nodes A,

B and C. Let ζ denote a [n×(n+k1 +k2)] binary low density parity check (LDPC) code.

Let us create two LDPC codes with higher rates after performing code puncturing [77]

on ζ. During the code puncturing one should make sure that the parity checks in the

two resultant codes are non-overlapping, thus the two punctured codes are uncorrelated.

Let us use ζ1 : [n×(n+k1)] and ζ2 : [n×(n+k2)] to denote the two codes created. Three

bit vectors of lengths n+k1 + k2, n+ k1 and n+k2 are generated by encoding the nodes

B, A and C’s bit blocks with codes ζ, ζ1, ζ2, respectively. It is noteworthy that selecting

k1 and k2 to be inversely proportional to the quality of the respective associated channel

can yield better performances.

Three base-band symbol vectors sa ∈ {−1, 1}n+k1 , sb ∈ {−1, 1}n+k1+k2 and sc ∈

{−1, 1}n+k2 are generated by BPSK modulating the three coded bit vectors. The output

symbol vectors are then transmitted in pairs, first A and B and then B and C as shown

in Fig. 4.1. Consider the j-th symbol duration (j = 1, 2, . . . , n+k1) of the first time-slot

during which A and B transmission occurs. The received signal at the relay is given by

yab(j) = hA1sa(j) + hB1sb(j) + nab1(j). (4.1)
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Figure 4.1: Asymmetric information exchange

Similarly, at the j′-th symbol duration during the second time-slot (j′ = 1, 2, . . . , n+

k2)

ybc(j
′) = hB2sb(j

′) + hC2sc(j
′) + nbc2(j′), (4.2)

is received at the relay. Here hA1, {hB1, hB2} and hC2 are the Rayleigh block fading

channel coefficients between the nodes A, B & C and the relay. nab1(j) and nbc2(j′)

s are the AWGN samples with zero mean and σ2 variance. Relay first decodes yab =

{yab(1), yab(2), . . . , yab(n+ k1)} and ybc = {ybc(1), ybc(2), . . . , ybc(n+ k2)} for ca⊕ cb and

cb ⊕ cc. Thereafter, relay separately encodes the resulting n dimensional bit vectors

using the same [n× (n+k1 +k2)] channel code, BPSK modulates and broadcasts in two

time-slots. The individual nodes A, B and C then use the received signals to calculate

the information bits coming from other nodes, as shown in [61].
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4.3 Throughput Enhancement

Recall that the motivation for asymmetric error protection is to have an improved trade-

off between the BER performance and the throughput. By employing a a low-rate

channel code to encode in the poor quality channel and relatively high-rate channel

code to encode in the good quality channels, the corresponding information exchange

scheme consumes only (2n+ k1 + k2) + 2(n+ k1 + k2) bit-intervals for a full exchange of

information. Recall that a conventional three-way relay system using n+ k1 + k2 length

channel code for all channels in the system consumes 4(n+ k1 + k2) bit-intervals. Thus,

the proposed asymmetric error protection scheme achieves a bit-intervals saving given

by

% =
k1 + k2

4(n+ k1 + k2)
(4.3)

=
1

4
(

n
k1+k2

+ 1
) ,

which also result in a spectral efficiency of

η =
1

1− %
. (4.4)
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4.4 Iterative Joint Decoding at the Relay

As already mentioned, the main interest in this work is the bit-flipping based hard-

decision decoding. This decoding process produces ca ⊕ cb and cb ⊕ cc bit vectors at

the relay node. Three key steps constitute the decoding process: initialization, iterative

message passing and finalization.

4.4.1 Initialization

Considering the simultaneous communication of nodes A and B during the j-th bit-

interval (j ∈ {1, . . . , n + k1}), received signal’s realization falls on to one of the four

equi-probable constellation points given by ŷab ∈ {−hA1 − hB1, − hA1 + hB1, hA1 −

hB1, hA1 +hB1}. Thus the transmitted combined signal’s a-priori probability sab = S(i)

is given by,

Pr {sab = S(i)} =
1

4
, (4.5)

where S(i) ∈ {(−1− 1), (−1 + 1), (+1− 1), (+1 + 1)}.

Hence, the conditional probability density function of yab given a certain symbol

combination being transmitted is,

Pr{yab |sab = S(i)} =
1

2πσ2
exp−

(
‖yab − ŷab(i)‖2

2σ2

)
. (4.6)

Thus, pi, (i ∈ {0, 1, 2, 3}) which denotes the probability of symbol S(i) had been trans-
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mitted given the received value yab is,

pi = Pr{sab = S(i) |yab}

= Pr{yab |sab = S(i)} × Pr(sab = S(i))

Pr(yab)

= Pr{yab |sab = S(i)} × C. (4.7)

Here, C = 1
4Pr(yab)

is a constant which can be calculated using the property
∑
pi = 1.

In the same way, corresponding to each bit position j′ ∈ {1, . . . , n + k2}, Pr{sbc =

S(i) |ybc} can also be calculated .

4.4.2 Iterative Decoding

Let us consider the proposed iterative decoder shown in Fig. 4.2. Let the two four

dimensional soft-information vectors at the two decoders decoding ca⊕cb and cb⊕cc be

[p0(j), p1(j), p2(j), p3(j)] and [p0(j′), p1(j′), p2(j′), p3(j′)]. Hence, in a single constituent

sub decoder decoding can be carried out as in Chapter 2 and [61].

It is worth to be recalled that a lower rate channel code is employed to encode node

B’s bit vector seeking a relatively higher error protection. In order A third decoder is

employed after the two joint sub-decoders used in Chapter 2 in seek of exploiting this

extra coding gain.

During each iteration a decoding operation as in [44] is performed by the two sub-

decoders decoding for ca ⊕ cb and cb ⊕ cc. Thereafter, the node B’s soft-information is
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Figure 4.2: Proposed decoder arrangement

extracted at the two sub-decoders as done in the algorithm in Chapter 2. Thereafter

the calculation of the combined soft-information corresponding to node B is as follows:

1. Two soft-information sets are present corresponding to the n information bits,

which are coming from the output of each of the sub-decoders discussed above.

these information can be combined as in Sub-section 2.3.2 and [61],

LLRy(cb|Λ) = κ
[LLRab(cb|Λ) + LLRbc(cb|Λ)]

2
, (4.8)

where κ = hB1+hB2

h2
B1+h2

B2
, LLRab(cb|Λ) = log

(
Pab(cb=1|Λ)
Pab(cb=0|Λ)

)
and LLRbc(cb|Λ) = log

(
Pbc(cb=1|Λ)
Pbc(cb=0|Λ)

)
.

This combined soft-information is used to replace node B’s soft-information at the

two decoders as described in Sub-section 2.3.2 and [61].
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2. A soft-information vector corresponding to node B having a dimension of n+k1 +

k2 is prepared by using the combined soft-information of the n information bits

as given in 1), soft-information corresponding to k1 parity bits coming from the

output of the decoder for ca ⊕ cb and soft-information corresponding to k2 parity

bits coming from the decoder for cb⊕cc. The decoder of cb codeword is using this

n+ k1 + k2 dimensional complete soft-information vector as its input.

3. At the output of the decoder for cb codeword we have further refined node B’s soft-

information. During the next iteration, this refined information is again combined

with the soft-information of node A and then is fed as apriori information to the

ca ⊕ cb decoder.

p0 = Pr(ca = 0|Λ)Pr(cb = 0|Λ)

p1 = Pr(ca = 0|Λ)Pr(cb = 1|Λ)

p2 = Pr(ca = 1|Λ)Pr(cb = 0|Λ)

p3 = Pr(ca = 1|Λ)Pr(cb = 1|Λ). (4.9)

In the same manner, the probabilities {p0, p1, p2, p3} at the input of the decoder

of cb ⊕ cc can also be determined and this soft-information is used in the cb ⊕ cc

decoder at the next iteration.
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4.4.3 Finalization

A PNC mapping is performed at the end of each full iteration as per the rule,

cab(j) = Cη. (4.10)

Here, η = arg maxi pi(j). pi(j) where i ∈ {0, 1, 2, 3} are the elements of the output

soft-information vector at the j-th symbol position at the decoder of ca ⊕ cb.

cbc(j
′) = Cη′ , (4.11)

where η′ = arg maxi pi(j
′). pi(j

′) where i ∈ {0, 1, 2, 3} are the elements of the output

soft-information vector at the j′-th symbol position at the decoder of cb ⊕ cc.

Finally a parity checking is carried out for the resultant XORed codewords. The pro-

posed algorithm is terminated upon the satisfaction of all parity checks or reaching a

pre-defined number of iterations.

4.5 Extending the Unequal Error Protection Scheme

to M > 3

We so far considered a three-way relay system in seek of simplicity. Nevertheless, the

number of participating nodes in a real world multi-way relay system can be more such
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thatM (M > 3). However the same unequally error protection scheme can be extended

to such a relay system. Let M number of nodes are denoted as A1, A2, . . . , AM so that

the nodes A1 and AM are associated with the two best quality channels. A1 and A2

transmit symbol vectors having a dimension n+ k1 in each,to the relay, during the first

time-slot. A2 and A3 transmit symbol vectors having a dimension n + k2 during the

second time-slot. Next, A3 and A4 transmit n+k1 dimensional symbol vectors during the

third time-slot. In this manner all node pairs transmit using either k1 or k2 parity bits

at a time. It is worth to note here that the information bits from nodes {A2, . . . , AM−1}

are transmitted twice. Thus, this duplicated transmission can be exploited to obtain an

additional diversity gain. All M− 1 decoded XOR bit vectors are broadcasted during

the broadcast phase,taking M− 1 time-slots, each having n+ k1 + k2 coded bits.

4.5.1 Throughput

A [(n+ k1) + (n+ k2) + . . .] + (M− 1) (n+ k1 + k2) total number of bit-intervals are

needed when completing a full information exchange using the proposed algorithm. On

the other hand, 2 (M− 1) (n+ k1 + k2) number of bit-intervals are required when using

a full length code for all nodes. Thus, the proposed scheme obtains a bit-interval saving,

% =


1

4
(

n
k1+k2

+1
) if M is odd

M
M−1

− 2
M−1

(
k1

k1+k2

)
4
(

n
k1+k2

+1
) if M is even.

(4.12)
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When k1 = k2, we get an identical bit-interval saving for both odd and even number of

nodes which only depends on the code rate. Therefore, the throughput enhancement in

turn depends only on the code rate.

4.5.2 Scaled Joint Decoder Algorithm

The JCPNC algorithm proposed in Section 4.4 for an asymmetric three-way relay system

can easily be extended to a multi-way relay system where M > 3. In this extended

decoder algorithm, the soft-information corresponding to nodes {A2, . . . , AM−1} are

individually decoded and fedback to the joint sub-decoders during each iteration which

are again used by the joint sub-decoders during the next iteration. In comparison to

a decoding scheme employed in a symmetrically error protected system, the proposed

algorithm is expected to yield an improved BER performance.

4.6 Numerical Results and Discussion

This section first presents the throughput enhancement gained by the proposed asym-

metrically error protected scheme. Bit-intervals saving factor and the corresponding

spectral efficiency for the two extreme possible code rates and for a code rate value

of 0.5 are listed in Table 4.1. Moreover, the variation of spectral efficiency (η) with

the code rate is shown in Fig. 4.3. Note that the throughput enhancement is equal

to 1 − η. Hence, the upper bound for the throughput improvement achieved via the
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Figure 4.3: Spectral efficiency for different code rates

proposed scheme is 33.33%, while this throughput improvement is above 20% for code

rates below 0.33. Note that this is an additional throughput improvement over that is

gained by the deployment of PNC.

Table 4.1: Spectral efficiency for different code rates

Code Rate n
k1+k2

% η

0 0 0.25 1.33
0.5 1 0.125 1.14
1 ∞ 0 1

Next the BER performance of the proposed JCPNC algorithm for asymmetrically

error protected three-way relay systems is investigated. In seek of simplicity it is assumed

that k1 = k2. However, selecting the k1 and k2 values inversely proportional to the
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channel coefficient, is expected to yield better results. A 63 × 37 very short LDPC

code and also a 255× 175 medium length LDPC code are used for the simulations. By

applying code puncturing [77], 50× 37 and 215× 175 two higher rate punctured LDPC

codes are obtained each. In order to compare, the BER performance of the algorithm

presented in [61] is also considered under symmetric error protection with 50× 37 high

rate LDPC code and 63×37 full length original LDPC code. We also assume the Raleigh

fading to be static over a block period having unity parameter value. Fig. 4.4 and Fig.

4.5 presents the BER performance obtained via the proposed decoder algorithm. It can

be easily observed that our proposed scheme outperforms a scheme in which the high

rate channel code is used in all nodes, by nearly a 3dB additional coding gain. On the

other hand its BER performance is less than about 3dB once compared with a system

fully error protected with the low rate code in all nodes. Convergence is obtained in the

proposed decoder algorithm within 5 decoder iterations as shown in Fig. 4.6. We also

present the BER performance for a four-way relay system in Fig. 4.7 which verifies the

superior BER performance than the symmetrically error protected systems.

4.7 Conclusion

This chapter presents a new asymmetrically error protected communication system

model which is to be employed in the multi-way wireless relay systems which is ex-

pected to provide a better trade off between the BER performance and the spectral
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Figure 4.4: BER performance for 63× 37 LDPC code

efficiency. Moreover, a novel JCPNC algorithm for the asymmetrically error protected

system is also presented which has three constituent low density parity check decoders.

By using the joint information present at the two decoders decoding for ca ⊕ cb and

cb⊕ cc, the presented algorithm extracts soft-information corresponds to cb. After com-

bining different versions of soft-information corresponding to node B, it then carries out

an extra decoding iteration for which involves an extended LDPC code. The full length

LDPC code’s decoding yields a additional coding gain for cb. Furthermore, with this

additional coding gain, an improved BER performance is obtained in the decoders of

ca ⊕ cb and cb ⊕ cc.
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Figure 4.5: BER performance for 255× 175 LDPC code

A superior BER performance of the proposed algorithm is observed from the sim-

ulation results when unequal error protection is employed in multi-way relay systems.

Meanwhile by performing the unequal error protection, the additional spectral efficiency

gained is above 20% when code rates fall below 0.33. This is a practically viable solution

to improve the error resiliency and the spectral efficiency together. One of the key issues

in the proposed scheme is that when the proposed communication scheme is applied in

a practical relay system, we are unable to match the optimum coding rate required for

each and every channel as we are compelled to use either k1 or k2 parity bits for error

protection. In this work quasi-static block fading channels were considered, thus future
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Figure 4.6: Convergence of the proposed decoder algorithm

work includes extending the proposed algorithm to continuous time-varying channels

which would be a more realistic channel behavior in practical applications.
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Chapter 5

EXIT Analysis of the JCPNC

Algorithm

5.1 Introduction

Extrinsic information transfer (EXIT) chart analysis had been a very powerful tool both

in analyzing the convergence of iterative decoding algorithms and also in designing codes

to gain the best performance [79–83]. EXIT chart analysis has been employed in Turbo

code design, Repeat Accumulate code design and also in LDPC code design [84–87].

Furthermore, EXIT chart analysis has been extended to the non-binary LDPC codes

design [88, 89]. However, an EXIT chart analysis has not been carried out to analyze

the performance of the JCPNC algorithms. In this chapter, EXIT chart technique is

first used to analyze the performance of the JCPNC algorithm in [42]. Moreover in

110
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Chapter 2 and in [61, 62], an improved algorithm has been proposed for the JCPNC

in multi-way wireless relay systems employing opportunistic pair-wise information ex-

change. Secondly the performance of this improved algorithm in [61] is analysed using

EXIT analysis.

5.2 System Model

Let us consider a two-way relay system where nodes A and B exchange their information

via a relay R as shown in Fig. 5.1. Let us focus only on transfer of information from

each node to relay R and the joint decoding at the relay. Both nodes encode their

(n − κ) dimensional information bit vectors using the same (n − κ) × n binary LDPC

channel code producing two vectors of code bits ca and cb. These vectors are then BPSK

modulated using the bits to BPSK symbol mapping rule {0, 1} → {−1, 1} to form two

n dimensional symbol vectors xa and xb at nodes A and B, respectively. Though we
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have already considered MPSK modulated systems in Chapter 2, considering higher

order modulations for EXIT analysis of the JCPNC algorithm is prohibitively complex.

Hence, let us restrict the EXIT analysis to BPSK modulation only.

During the first time-slot, both A and B transmit their n-long symbol vectors xA

and xB simultaneously. The overlapped signal received at the relay can be given as

yr = hAxa + hBxb + nr (5.1)

where hA and hB are the static channel coefficients from A-R and B-R channels respec-

tively. Here too, considering a Gaussian channel with a path loss is considered over a

fading channel in seek of avoiding the prohibitively high complexity in the EXIT anal-

ysis of the JCPNC algorithm. nr represents the n dimensional AWGN vector added at

the relay antenna with zero mean and σ2 variance per dimension. Using yr, the relay

receiver estimates the bit combination cab = {ca, cb} through a joint decoding process

as illustrated in [42]. The joint decoder in [42] carries out an iterative decoding process

where probability soft information is iteratively exchanged between check nodes and

variable nodes in a Tanner graph [16] corresponding to the channel code.

5.3 Log Domain Joint Decoder

Note that the decoder in [42] passes four probability values p0 = Pr (cab = {0, 0}|Λ),

p1 = Pr (cab = {0, 1}|Λ), p2 = Pr (cab = {1, 0}|Λ) and p3 = Pr (cab = {1, 1}|Λ) in every
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message exchanged between the variable nodes and check nodes during the iterative

decoding process with Λ representing the prior information resulted from previous it-

erations. However, in order to perform an EXIT analysis we require to calculate the

mutual information between the channel inputs and the LLR soft information values at

different stages in the decoder. This in turn requires the LLR information available at

different stages of the decoder. Hence, in this section a log domain decoder is derived,

corresponding to the probability domain decoder proposed in [42,49]. In the log domain

let us define three LLR values based on these probabilities.

L01 , log

(
p1

p0

)
(5.2)

L10 , log

(
p2

p0

)
L11 , log

(
p3

p0

)
.

The decoding algorithm is run as shown in Fig. 5.2 where the variable node decoder

(VND) and the check node decoder (CND) operate iteratively. Furthermore, Lch, LV ND

and LCND refers to the LLR soft information corresponding to the output of the channel,

output of the VND and the output of the CND, respectively.

5.3.1 Initialization

Based on the received signal and the maximum likelihood detection rule, three LLR

values can be calculated to represent the initial received value based information at the
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Figure 5.2: Iterative decoder

channel output as follows. Consider the received value at the j-th bit index yr(j) =

hAxa(j) + hBxb(j) + nr(j). Let us omit the bit index j for simplicity. Assuming that

the complete channel state information is available at R, the received value LLRs Lch =

{L01, L10, L11} are given by,

L01 = log

(
Pr (cab = {0, 1}|yr)
Pr (cab = {0, 0}|yr)

)
(5.3)

= log

 1√
2πσ2

e
−
(

(yr+hA−hB)2

2σ2

)

1√
2πσ2

e
−
(

(yr+hA+hB)2

2σ2

)


=
2hAhB
σ2

+
2hAhB
σ2

xa +
2h2

B

σ2
xb +

2hB
σ2

nr.

Similarly,

L10 =
2hAhB
σ2

+
2hAhB
σ2

xb +
2h2

A

σ2
xa +

2hA
σ2

nr. (5.4)

L11 =
2(hA + hB)hA

σ2
xa +

2(hA + hB)hB
σ2

xb +
2(hA + hB)

σ2
nr. (5.5)

It is clear from (5.3), (5.4) and (5.5) that L01, L10 and L11 are Gaussian distributed

conditioned on {xa, xb} with the mean and variance values given in Table 5.1.
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Table 5.1: Mean and variance values for LLR

Mean (µ) Variance (V ) V
µ

L01 2hB
σ2 [hA ± hA ± hB]

4h2
B

σ2
2hB

hA±hA±hB
L10 2hA

σ2 [hB ± hB ± hA]
4h2
A

σ2
2hA

hB±hB±hA
L11 2(hA+hB)

σ2 [±hA ± hB] 4(hA+hB)2

σ2

2(hA+hB)
±hA±hB

5.3.2 Variable Node Decoder

VND output message of the joint decoder algorithm of [42] is given by

β
[∏

i∈Mj
p0(i),

∏
i∈Mj

p1(i),
∏

i∈Mj
p2(i),

∏
i∈Mj

p3(i)
]

when Mj represents the set of

parity checks which are contributed by bit j and β is a constant which can be calculated

using the property
∑
∀k pk = 1. In the log domain this message becomes LV ND =[∑

i∈Mj
L01(i),

∑
i∈Mj

L10(i),
∑

i∈Mj
L11(i)

]
. Note that if the output of the CND is

Gaussian distributed with mean to variance ratios are as given in Table 5.1, all three

elements of LV ND are Gaussian distributed conditioned on xa and xb with ratio between

mean and variance being same as in Table 5.1.

5.3.3 Check Node Decoder

Let Ni represents the set of bits (variables) which contribute to the parity check i. The

output probability message passed to a variable node j from a check node i connected

with two other contributing variable nodes j′ and j′′ having the input probability mes-

sages p(j′) = [p0(j′), p1(j′), p2(j′), p3(j′)] and p(j′′) = [p0(j′′), p1(j′′), p2(j′′), p3(j′′)] is



CHAPTER 5. EXIT ANALYSIS 116

given by [42],

CND(p(j′),p(j′′)) =



p0(j′)p0(j′′) + p1(j′)p1(j′′) + p2(j′)p2(j′′) + p3(j′)p3(i′′)

p0(j′)p1(j′′) + p1(j′)p0(j′′) + p2(j′)p3(j′′) + p3(j′)p2(i′′)

p0(j′)p2(j′′) + p1(j′)p3(j′′) + p2(j′)p0(j′′) + p3(j′)p1(i′′)

p0(j′)p3(j′′) + p1(j′)p2(j′′) + p2(j′)p1(j′′) + p3(j′)p0(i′′)



T

.

(5.6)

The output CND message of a check node with multiple contributing variable nodes

can be calculated as CND(p(j′),p(j′′), . . .) = CND(p(j′), CND(p(j′′), CND(. . .))).

Thus, log domain CND output message passed from a check node i to a contributing

variable node j can be derived as follows.

L01(j) = log

(
p0(j′)p1(j′′) + p1(j′)p0(j′′) + p2(j′)p3(i′′) + p3(j′)p2(j′′)

p0(j′)p0(j′′) + p1(j′)p1(j′′) + p2(j′)p2(j′′) + p3(j′)p3(i′′)

)
(5.7)

= log

( p1(j′′)
p0(j′′)

+ p1(j′)
p0(j′)

+ p2(j′)
p0(j′)

p3(i′′)
p0(j′′)

+ p3(j′)
p0(j′)

p2(j′′)
p0(j′′)

1 + p1(j′)
p0(j′)

p1(j′′)
p0(j′′)

+ p2(j′)
p0(j′)

p2(j′′)
p0(j′′)

+ p3(j′)
p0(j′)

p3(i′′)
p0(j′′)

)

= log

(
e
L01
j′′ + e

L01
j′ + e

L10
j′ +L

11
j′′ + e

L11
j′ +L

10
j′′

1 + e
L01
j′ +L

01
j′′ + e

L10
j′ +L

10
j′′ + e

L11
j′ +L

11
j′′

)
.

Thus,

LCND(Lj′ ,Lj′′)(j) = [L01(j), L10(j), L11(j)] =


log

(
e
L01
j′′+e

L01
j′ +e

L10
j′ +L

11
j′′+e

L11
j′ +L

10
j′′

1+e
L01
j′

+L01
j′′+e

L10
j′

+L10
j′′+e

L11
j′

+L11
j′′

)
log

(
e
L10
j′′+e

L10
j′ +e

L01
j′ +L

11
j′′+e

L11
j′ +L

01
j′′

1+e
L01
j′

+L01
j′′+e

L10
j′

+L10
j′′+e

L11
j′

+L11
j′′

)
log

(
e
L11
j′′+e

L11
j′ +e

L01
j′ +L

10
j′′+e

L10
j′ +L

01
j′′

1+e
L01
j′

+L01
j′′+e

L10
j′

+L10
j′′+e

L11
j′

+L11
j′′

)



T

.

Let us define an operator � such that �(t1, t2, . . .) = log (et1 + et2 + . . .). Then,
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LCND(Lj′ ,Lj′′)(j) =


�
(
L01
j′′ , L

01
j′ , L

10
j′ + L11

j′′ , L
11
j′ + L10

j′′

)
�
(
L10
j′′ , L

10
j′ , L

01
j′ + L11

j′′ , L
11
j′ + L01

j′′

)
�
(
L11
j′′ , L

11
j′ , L

01
j′ + L10

j′′ , L
10
j′ + L01

j′′

)



T

−�
(

0, L01
j′ + L01

j′′ , L
10
j′ + L10

j′′ , L
11
j′ + L11

j′′

)
e

where e is a 1× 3 row vector with all unit elements.

Through extensive simulation it was observed that the elements of LCND(j) are ap-

proximately Gaussian distributed conditioned on xa and xb. Moreover, mean to variance

ratios of the elements of LCND(j) are approximately following the ratio values given in

Table 5.1.

5.3.4 Finalization

At the end of each iteration, the value Lη(j) = max [L01(j), L10(j), L11(j)] is calculated.

Then the hard decision bit pair estimate is based on the rule:

ĉab(j) =


00 if Lη(j) < 0

η if Lη(j) ≥ 0

(5.8)

5.4 EXIT Analyzis for the JCPNC

In this section the EXIT analysis for the joint decoder is developed.
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5.4.1 JV Function

To derive the EXIT characteristics of the VND block we need to model the input to the

VND. Note that there are two inputs to the VND block, one from the channel output

and the other from the CND output. Recall that the channel output values are Gaussian

distributed with mean and variance values as given in Table 5.1. Furthermore, careful

simulations demonstrated that for the regular binary LDPC codes the output three LLR

elements of the CND block too are approximately Gaussian distributed. Therefore, the

mutual information between the channel input and the output LLR of the VND or CND

block can be calculated as follows.

I
(
xA, xB;L01

)
=

∑
xA=±1

∑
xB=±1

∫ ∞
−∞

f
(
xA, xB, L

01
)

log2

f
(
xA, xB, L

01
)

Pr(xA, xB)f(L01)
dL01 (5.9)

=
1

4

∑
xA=±1

∑
xB=±1

∫ ∞
−∞

f
(
L01|xA, xB

)
log2

4f
(
L01|xA, xB

)∑
xA=±1

∑
xB=±1 f (L01|xA, xB)

dL01

= 2− 1

4

∑
xA=±1

∑
xB=±1

∫ ∞
−∞

f
(
L01|xA, xB

)
log2

∑
xA=±1

∑
xB=±1 f

(
L01|xA, xB

)
f (L01|xA, xB)

dL01

= 2− 1

4

∑
xA=±1

∑
xB=±1

∫ ∞
−∞

f
(
L01|xA, xB

)
log2

(
Ψ)dL01

where Ψ = 1 + eλ1(xA,xB)eL
01ν1(xA,xB) + eλ2(xA,xB)eL

01ν2(xA,xB) + eλ3(xA,xB)eL
01ν3(xA,xB) and

the values of the λ(.) and ν(.) functions are listed in Table 5.2. Here µ0, µ1, µ2, µ3 refers

to mean value of the LLR distributions when xAxB = {−1− 1,−1 + 1,+1− 1,+1 + 1}

respectively while σ2
L is the common variance of the LLR distributions.

It is apparent that I (xA, xB;L01) is a function of σL01 only. Thus, it can be defined
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Table 5.2: λ(.) and ν(.) functions

xAxB λ1(xA, xB) λ2(xA, xB) λ3(xA, xB) ν1(xA, xB) ν2(xA, xB) ν3(xA, xB)

-1-1 −(µ2
1−µ2

0)
2σ2
L

−(µ2
2−µ2

0)
2σ2
L

−(µ2
3−µ2

0)
2σ2
L

µ1−µ0

σ2
L

µ2−µ0

σ2
L

µ3−µ0

σ2
L

-1+1 −(µ2
0−µ2

1)
2σ2
L

−(µ2
2−µ2

1)
2σ2
L

−(µ2
3−µ2

1)
2σ2
L

µ0−µ1

σ2
L

µ2−µ1

σ2
L

µ3−µ1

σ2
L

+1-1 −(µ2
0−µ2

2)
2σ2
L

−(µ2
1−µ2

2)
2σ2
L

−(µ2
3−µ2

2)
2σ2
L

µ0−µ2

σ2
L

µ1−µ2

σ2
L

µ3−µ2

σ2
L

+1+1 −(µ2
0−µ2

3)
2σ2
L

−(µ2
1−µ2

3)
2σ2
L

−(µ2
2−µ2

3)
2σ2
L

µ0−µ3

σ2
L

µ1−µ3

σ2
L

µ2−µ3

σ2
L

as,

J01
V (σL01) = I

(
xA, xB;L01

)
. (5.10)

Similarly, J10
V (σL10) = I (xA, xB;L10) and J11

V (σL11) = I (xA, xB;L11) can too be calcu-

lated in a similar manner as in (5.9) where, σL10 and σL11 are the standard deviations

of L10 and L11 respectively.

5.4.2 VND EXIT Curve

Let the mutual information between output of the CND block and {xA, xB} be denoted

by {I01
CND, I

10
CND, I

11
CND}. Similarly, let the mutual information between output of the

VND block and {xA, xB} be denoted by {I01
V ND, I

10
V ND, I

11
V ND}. Now we can define the

output of the VND block as a function of its inputs given by,

I01
V ND = J01

V

(√
(wc − 1)[J01

V
−1

(I01
CND)]2 + V 01

)
(5.11)

I10
V ND = J10

V

(√
(wc − 1)[J10

V
−1

(I10
CND)]2 + V 10

)
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I11
V ND = J11

V

(√
(wc − 1)[J11

V
−1

(I11
CND)]2 + V 11

)

where wc is the column weight of the regular LDPC parity check matrix.

5.4.3 CND EXIT Curve

The relationship between the inputs and the outputs of the CND block can be expressed

as,

I01
CND= J01

[
f01

(
J01−1 (

I01
V ND

)
, J10−1 (

I10
V ND

)
, J11−1 (

I11
V ND

))]
(5.12)

I10
CND= J10

[
f10

(
J01−1 (

I01
V ND

)
, J10−1 (

I10
V ND

)
, J11−1 (

I11
V ND

))]
I11
CND= J11

[
f11

(
J01−1 (

I01
V ND

)
, J10−1 (

I10
V ND

)
, J11−1 (

I11
V ND

))]
.

with f standing for a certain one to one function. However, it is not possible to derive a

closed form expression to define the output of the CND block as a function of its inputs.

Therefore the CND EXIT characteristics are estimated through simulations.

Using 5.4.2 and 5.4.3, a theoretical average convergence trajectory can be derived

for a given code, under given channel coefficients and at a certain Eb/N0 value.
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5.5 Example EXIT Analysis for the JCPNC Algo-

rithm

In this section, let us investigate the average convergence characteristics of the JCPNC

algorithm using proposed EXIT analysis technique. To present the novel EXIT analysis,

consider a 255× 175 LDPC code with row and column weight of 16. Let us consider a

two-way relay communication channel with A and B nodes communicating via a relay

R under four scenarios.

1. The channel coefficients are fixed such that hA = 0.3 and hB = 0.5. Eb/N0 = 2 dB.

2. The channel coefficients are fixed such that hA = 0.3 and hB = 0.5. Eb/N0 = 7 dB.

3. The channel coefficients are fixed such that hA = 0.9 and hB = 1.1. Eb/N0 = 3 dB.

4. The channel coefficients are fixed such that hA = 0.9 and hB = 1.1. Eb/N0 = 5 dB.

The selection of the arbitrary real valued channel coefficients is due to the fact that we

use BPSK modulation, hence the signals are real.

Tables 5.3, 5.4, 5.5 and 5.6 present the EXIT trajectories for the four cases consid-

ered, where the labels T and S refer to theoretical and simulated mutual information

values. Note that we deal with 2 bits at a symbol so that the attainable maximum in-

formation is 2 bits. Attaining 2 bits of mutual information represents the convergence.

The BER performances of two decoders are also presented in Fig. 5.5. From Fig. 5.5

it is clear that the decoder does not converge at Eb/No = 2dB and it converges at
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Eb/No = 7dB when hA = 0.3 and hB = 0.5, which is also visible in the EXIT analysis

in Tables 5.3 and 5.4. Moreover, when hA = 0.9 and hB = 1.1, the decoder converges

at Eb/No = 5dB, but not at Eb/No = 3dB which is depicted in Tables 5.5 and 5.6 and

Fig. 5.5.
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Figure 5.3: BER performance of the individual AB and BC decoders for 255×175 binary
LDPC code

5.6 EXIT Analyzis for the JCPNC in Multi-way Re-

lay Systems

Recall that the algorithm proposed in [61] presents an improved joint decoder for multi-

way wireless relay system, to be employed at the common relay. Let us investigate the

effect of information exchange between the parallely operating decoders in [61] using

EXIT analysis. For simplicity let us consider a 3-way relay system where A and B

nodes communicate first to the relay under hA = 0.3 and hB = 0.5 and B and C nodes

communicate to the relay next with hB = 0.9 and hC = 1.1. Let us analyze the EXIT
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characteristics at Eb/N0 = 4 dB, Eb/N0 = 5 dB and Eb/N0 = 7 dB. Tables 5.7 and

5.8 show the convergence of BC decoder at Eb/N0 = 5 dB and the convergence of

the AB decoder at Eb/N0 = 7 dB at a much lesser number of iterations compared to

non-information exchanging decoder pair, which is a result of the information exchange.

Tables 5.9 and 5.10 shows that the BC decoder converges at Eb/N0 = 4 dB which was

not converging without information exchange while AB decoder still does not converge.

Same behavior is reconfirmed from the BER plots in Figure 5.6. With these results it is

clear that the information exchange has improved the convergence of the two decoders.
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Figure 5.4: BER performance of the joint decoder for 255× 175 binary LDPC code

5.7 Conclusion

In this chapter the log domain decoder has been derived for the LDPC decoder presented

in [42]. Furthermore, an EXIT analysis was carried out for this decoder which verified

the non-convergence behavior of the decoder at certain channel conditions. Moreover,

it is shown that the joint decoder in [61] can improve the performance of the decoding

process by information exchange, using EXIT analysis. Furthermore, the proposed

EXIT analysis technique for the joint decoder can be utilized to predict the convergence
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behavior and also to predict the average number of iterations for convergence.



Chapter 6

Conclusion and Suggestions for

Further Work

6.1 Conclusion

Joint channel-physical layer network coding has attracted an attention as a promising

technique to have a good trade-off between BER performance and spectral efficiency

in data communication over wireless relay channels. However, use of joint channel-

physical layer network coding in multi-way wireless relay systems had not been well

studied. Thus, this thesis first presented an improved JCPNC algorithm for multi-way

wireless relay systems which yields the additional time-diversity gain available due to the

pair-wise multi-way information exchange between the nodes. Though the joint decoder

algorithm was first defined for BPSK modulated systems, later the same was extended

133
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for a general MPSK modulated system. The key element in harnessing this additional

diversity gain is the exchange of soft information between the constitute sub-decoders

employed at the relay. For this information exchange, nine different schemes were also

proposed. Proposed joint channel physical layer network coding algorithm provides an

appealing BER performance-spectral efficiency trade-off as presented in Chapter 2.

In Chapter 3, a novel joint channel-physical layer network coding algorithm was

proposed which again harnessed the available time diversity gain due to the transmis-

sion of same information twice in two time-slots, during the pair-wise multi-way relay

communication. One specialty of this algorithm is the low complexity compared to the

algorithm presented in Chapter 2, which is a result of the use of the BF decoder in

place of the BP decoder. However, with the use of the BF decoder, the information

flowing in the system is hard information, hence a novel information exchange scheme

was also proposed to exchange information between the constituent decoders operating

parallely. Chapter 3 also presented an improved symbol value-selection algorithm for

symbol flipping based non-binary LDPC decoding which is then employed in the low

complexity JCPNC algorithm to improve the performance of hard information exchange.

Simulation results have confirmed that the proposed low complexity JCPNC algorithm

outperforms the BF based separately channel decoding and network coding algorithm

while providing far less complexity compared to the algorithm proposed in Chapter 2.

Considering the fact that most of the practical deployments consist of heterogeneous

channels in the multi-way wireless relay system, a scheme with unequal error protection
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for different channels in the multi-way relay system and an associated distributed channel

coding scheme has been proposed in Chapter 4. A joint decoding algorithm for the

unequally error protected system has also been developed. In this novel LDPC channel

decoder, an additional LDPC decoder takes the decoded soft information corresponding

to the bit information transmitted twice, from the decoders decoding for the pair-wise

joint information, and performs an additional decoding using an extended LDPC code.

Extended decoding produces an additional gain compared to the decoder algorithm in

Chapter 2. Through simulation results it had been demonstrated that this is a practically

viable solution to improve the error resiliency and the spectral efficiency together, in

heterogeneous wireless relay systems.

In Chapter 5, the performance of the developed improved multi-way JCPNC al-

gorithm has been analyzed using EXIT analysis technique. In Chapter 5, first a log

domain decoder was derived for joint channel-physical layer network coding for which

the EXIT analysis had been performed. Second, the EXIT analysis had been extended

to the improved JCPNC algorithm presented in Chapter 2 of this thesis. EXIT analysis

has verified the convergence behavior and the additional diversity gain obtained by the

information exchange between the constituent decoders.

The communication requirements of today’s world is growing at a rapid rate than

never before. A wide array of bandwidth hungry applications have been introduced and

the number of communication subscribers have also grown exponentially. Meeting all

these new requirements is a challenge for the communication engineer. Amid all this,
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IoT has been a very popular novel communication trend in which multi-way relaying is

very common. Thus, the novel set of algorithms presented in this thesis would be of

immense value to achieve an efficient communication in such multi-way wireless relay

systems.

The proposed set of algorithms will be able to add high reliability in multi-way

relay systems. Consequently, the high error resiliency gained through the proposed

algorithms would enable the nodes to reduce their transmit power, in view of a greener

communication. On the other hand, high error resiliency can lead to a low latency in

networks. Moreover, the reduced hardware complexity with the use of the proposed

low-complexity algorithm will lead us to faster performance and cost effective hardware

at nodes. The proposed communication scheme and the decoding algorithm for the

practical asymmetric multi-way relay systems will benefit the communication with added

spectral efficiency.

6.2 Further Work

Though the proposed set of algorithms have shown to provide a very good trade-off

between the BER performance and the spectral efficiency when communicating over

multi-way wireless relay systems, these were evaluated under the block fading channel

conditions. An investigation of their performance under realistic practical channel con-

ditions will be a good topic for future research. At the same time, this research work
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assumed that all channel state information is available freely to all nodes. In reality, a

separate mechanism has to be implemented to estimate the channel conditions which

may vary time to time. Channel estimation technique has a significant effect on the

overall performance of the joint decoder, thus analysis of such effects is also important.

Moreover, the error performances of the proposed joint decoding algorithms were in-

vestigated only using simulations. Therefore, in order to confirm the potential benefits

of the proposed algorithms, it is worthwhile to further investigate the performances in

practical experimental setups which would guide us to the viability of the proposed

algorithms and the modifications required to adopt them in real life communication

systems.

Non-orthogonal multiple access (NOMA) is a highly embraced multiple access tech-

nique in fifth generation mobile communication systems. The extension of the proposed

joint decoding algorithms to JCPNC with NOMA would also be an interesting research

topic.
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