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Abstract

Structural optimization of skeletal forms plays a crucial role in weight-sensitive appli-
cations, but conventional iterative methods often demand significant computational
effort, especially under varying design parameters and constraints. This dissertation
introduces a novel Graph Neural Network (GNN)-based surrogate model designed
for real-time structural optimization, offering a computationally efficient alterna-
tive. By representing trusses (composed of pin joints and members) as mathematical
graphs, where nodes correspond to joints and edges denote member cross-sectional
areas, the GNN predicts topology and size-optimized truss structures based on input
parameters such as geometry, loading conditions, and boundary constraints. The
model eliminates the need for iterative processes by learning from a dataset of prob-
lem definitions and their corresponding optimized solutions, significantly reducing
computational costs while maintaining high accuracy. Testing across various initial
design domains with node configurations of 24, 45, and 60 demonstrated robust per-
formance. For topology optimization, the recall rate consistently reached unity or
near-unity, and the Jaccard similarity index exceeded 0.95 in all cases with 60 nodes
trained on 9600 data points, with minor exceptions of 0.94 and 0.87, still indicating
reliable predictions. In size optimization, the Mean Absolute Percentage Error and
Symmetric Mean Absolute Percentage Error remained below 8% across all results
for cantilever and simply supported loading scenarios. It is important to highlight
that these highly accurate optimization results were generated using the GNN-based
framework, which reduces the computational time by over 95% compared to tradi-
tional optimization methods. These results highlight the model’s ability to generalize
across diverse design scenarios, enabling rapid, accurate, and material-efficient op-
timization. By offering near-optimal solutions with minimal computational effort,
this GNN-based approach holds significant potential for sustainable and resource-
efficient structural design across various applications.
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Chapter 1
Introduction

In recent years, advancements in structural optimization have transformed the way
engineers and researchers approach design challenges. However, notable research
gaps persist, particularly in integrating data-driven methods with optimization frame-
works. This thesis, titled "Graph Neural Networks for Accelerated 2D Truss Op-
timization” aims to address these gaps by exploring the intersection of advanced

manufacturing techniques and data-driven approaches.

Chapter 1 begins by outlining the key motivations behind this research, addressing
current limitations in the field and exploring potential applications. It then reviews
recent advancements in structural optimization and manufacturing processes, as well
as the increasing importance of data-driven methods, providing essential background
for this study. Additionally, this chapter highlights the specific contributions made
to various research communities, focusing on how this work aims to address existing
gaps. The chapter concludes by presenting an overview of the thesis structure,

serving as a roadmap for the subsequent chapters.

1.1 Motivation

The increasing demand for efficient and sustainable structural designs has intensified
interest in structural optimization. Traditional steel construction, while prevalent,
presents significant environmental challenges due to its high carbon footprint and
energy consumption. As sustainability becomes an urgent priority, the construction
industry is under growing pressure to innovate and minimize its environmental im-
pact. Structural optimization is pivotal in advancing sustainability by facilitating
the design of resource-efficient and environmentally responsible structures. By opti-
mizing material usage, it significantly reduces waste and mitigates the environmental

impact associated with the extraction, processing, and transportation of construc-
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tion materials. For example, Dillen et al. [1] demonstrated that optimizing the steel
structure of the Market Hall in Ghent led to a 15% reduction in weight, decreasing
the total from 226.6 tons to approximately 192.7 tons. This optimization not only
reduced material costs but also lowered embodied carbon emissions, benefiting both
economic and environmental aspects of the project. Additionally, optimization en-
hances energy efficiency by minimizing the energy required during construction and
throughout the lifecycle of the structure. Wang and Sigmund [2] showed that the
topology optimization of multi-material active structures can significantly reduce
both energy consumption and greenhouse gas (GHG) emissions. Their study found
that an embodied energy-optimized active design consumed 26% less energy and
emitted 27% less GHG compared to a passive design. These reductions underscore
the power of optimization in creating more sustainable structures. By incorporating
optimization techniques into the design process, the construction industry can con-
tribute to global efforts to lower carbon emissions and promote a sustainable built

environment.

Steel straight members produced through formative techniques offer significant ad-
vantages for large-scale construction projects due to their ease of production, trans-
portation, and assembly. Their simplicity not only lowers costs but also streamlines
the construction process. Moreover, straight members are well-suited to modu-
lar construction, where standardized components can be efficiently assembled into
larger structures. Their straightforward disassembly further enhances sustainabil-
ity, as components can be easily reused or recycled, thereby reducing environmental
impact [3]. This efficient and eco-friendly approach has driven increased research
into the use of straight members, such as beams and columns, in optimized struc-
tural designs. Recent advancements in optimization methods, alongside innovations
in manufacturing, have significantly advanced structural optimization, leading to
more efficient material usage, improved performance, and minimized environmental
impact. However, applying these innovations in large-scale production poses chal-
lenges, as the increasing complexity of structures and optimization processes often
results in higher computational demands. The primary motivation for this research
is to reduce computational power and time in the optimization process, particularly
as large-scale structures incorporating straight members become increasingly com-
mon. Researchers and industry practitioners across various fields have developed
reliable frameworks utilizing data-driven techniques to reduce computational costs
in different applications. This research seeks to apply such data-driven methods to
structural optimization, providing design-informed outputs capable of translating
design parameters into structurally optimized configurations with straight members.

By exploring innovative approaches that merge data-driven insights with structural

2 CHAPTER 1. INTRODUCTION
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optimisation, this thesis aims to advance sustainable construction practices while

addressing the critical need for more efficient design methodologies.

1.2 Background

This section provides an overview of the key concepts and developments underpin-
ning this research, offering a foundation in the domain of structural optimisation,
steel manufacturing techniques, and data-driven methods. By outlining the lat-
est trends in each of these areas, this background aims to bridge the gap between

theoretical research and practical application in the field of construction.

1.2.1 Steel Truss Structures

Steel truss structures play a pivotal role in civil engineering, commonly used in the
design of bridges, buildings, and industrial facilities due to their strength, durability,
and cost-effectiveness. Composed of steel members, these frameworks are designed
to support significant loads and ensure structural stability. Steel, an alloy of iron
and carbon, is highly valued in construction for its exceptional load-bearing capac-
ity, resistance to forces such as wind and earthquakes, and ability to span large
distances with minimal material. Compared to materials like concrete and wood,
steel offers superior flexibility and resilience, making it ideal for a wide range of in-
frastructure projects, from skyscrapers and bridges to stadiums and industrial com-
plexes. Its versatility supports innovative architectural designs, while its durability
ensures long-lasting performance in challenging environments. The effectiveness of
steel truss structures lies in the strategic arrangement of their components—typi-
cally straight steel members connected at nodes—to form rigid, stable frameworks

capable of withstanding both static and dynamic loads.

The design of steel truss structures relies on three key factors: topology, layout,
and member sizing, each of which plays a critical role in the overall performance
and efficiency of the structure. Topology refers to the arrangement and connectivity
of the truss members, determining how forces are transmitted and loads are dis-
tributed. Layout involves the spatial arrangement of the truss, including its depth,
height, and overall geometry, influencing both load paths and structural behaviour.
Member sizing focuses on selecting appropriate cross-sectional dimensions for in-
dividual members to ensure that they can bear the required loads without excess
material use. Different topologies offer distinct advantages depending on the appli-
cation. This is clear by investigating the different truss configurations available in
bridges where different configurations are more suited under a certain load, span

and other factors might not be suitable under another combination of factors [4].

CHAPTER 1. INTRODUCTION 3
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which is clear looking at the different truss configurations in Figure 1.1 where truss
layouts and section sizes are varied depending on span, load-bearing capacity, and

environmental factors.
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Figure 1.1: (a) Brinnington Railway Bridge in Manchester (UK), (b) Commodore
Barry Bridge in Pennsylvania (USA), (¢) Lake Champlain Bridge between New York
and Vermont (USA), and (d) McKinley Bridge across the Mississippi River (USA)

1.2.2 Structural Optimization Techniques

Structural optimization involves refining a structure’s design to minimize or max-
imize a specific objective function, while adhering to a set of constraints. Recent
advancements in computational power and algorithms have enabled the application
of these optimization techniques to increasingly complex structures. For instance,
Laurain (2018) developed a method to find the optimal shape of a structure that
minimizes compliance [5]. Villalba et al. (2022) explored structural topology op-
timization aimed at minimizing weight while incorporating local stress constraints
[6]. Kang et al. (2020) focused on maximizing specified natural frequencies in
large-scale dynamic topology optimization problems [7]. Additionally, Mitjana et
al. (2019) investigated structural optimization for minimal mass designs under both
stress and buckling constraints [8]. These studies highlight the diverse objectives

and complexities tackled in modern structural optimization.

Topology optimization is crucial in steel truss structures, determining the most ef-

ficient material layout within a given design space. Combined with shape and size

4 CHAPTER 1. INTRODUCTION



Graph Neural Networks for Accelerated 2D Truss Optimization

optimization, which refine geometry and member dimensions, this ensures that the
final structure meets performance requirements with minimal material use. Opti-
mizing steel trusses requires careful selection of topology, layout, and size to strike
an optimal balance between material usage, cost, and structural performance [9].
As the demand for efficient, large-scale infrastructure projects grows, optimizing
truss designs becomes increasingly critical. While optimization can greatly enhance
structural performance, it necessitates a thorough understanding of how various
configurations affect factors such as load distribution, material consumption, and
constructability. A comprehensive explanation of truss structure optimization is

provided in Chapter 2 Section 2.1.

1.2.3 Manufacturing Techniques for Steel Structures

Recent advancements in steel manufacturing have opened new possibilities for de-
signing and constructing structures. There are three primary manufacturing tech-
niques in steel construction: additive, subtractive, and formative methods. Under-
standing the strengths and limitations of each helps determine their suitability for

various applications.

Additive Manufacturing (AM): Often referred to as 3D printing, additive man-
ufacturing builds structures layer by layer from raw material. This technique offers
significant flexibility in design, allowing for the creation of complex geometries that
would be impossible or prohibitively expensive using traditional methods. How-
ever, its application in large-scale steel construction is still limited due to material

constraints and the relatively slow speed of the process. (Figure 1.2a)

Subtractive Manufacturing: This technique involves removing material from a
larger block to create the desired shape, typically through machining or milling.
Subtractive manufacturing is well-suited for creating precise, high-quality compo-
nents, but it can lead to significant material waste. Its use in steel construction is
often limited to custom or specialized components where precision is critical. (Figure
1.2b)

Formative Manufacturing: This traditional method shapes materials through
processes such as forging, casting, or rolling. It is widely used in steel construction
due to its cost-effectiveness and scalability. Formative manufacturing is particularly
suitable for producing large, standardized components, making it the dominant

approach in large-scale steel truss construction. (Figure 1.2¢)

Each technique offers distinct advantages depending on the project’s design, ma-
terial, and scale. Since the motivation of this research focuses on optimization

for large-scale construction, we emphasize the use of straight members fabricated

CHAPTER 1. INTRODUCTION B!
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through formative techniques due to their efficiency and suitability for mass pro-

duction.

Figure 1.2: (a) Additive manufacturing, (b) subtractive manufacturing, and (c)
formative manufacturing

1.2.4 Data-Driven Techniques in Structural Optimization

The rise of data-driven approaches, especially those using machine learning (ML),
has brought a transformative shift to structural optimization. ML, a branch of
artificial intelligence (AI), empowers computers to identify patterns within data
and make predictions or informed decisions with minimal human input [10]. In
structural optimization, ML techniques offer a powerful solution to the high compu-
tational demands of traditional simulation-based methods by providing predictive
models that operate with substantially lower computational costs. This ability to
streamline computational processes has seen wide application across various fields.
For instance, ML-based frameworks are increasingly used in the medical domain
[11, 12], aerospace engineering [13, 14], weather forecasting [15, 16], and material
modeling [17, 18], among others. Although the training of ML models can be compu-
tationally intensive, the trained models enable rapid predictions of optimal design
solutions, offering a significant reduction in time and resource consumption com-
pared to conventional methods. This makes ML an attractive tool for accelerating

the optimization process in various complex systems.

This approach is particularly beneficial for optimization problems where traditional
methods are too slow or computationally expensive. By utilizing data-driven tech-
niques, researchers and engineers can enhance computational efficiency while main-
taining accuracy and reliability in their results. The success of such optimization
efforts largely depends on selecting the appropriate ML techniques. Supervised,
unsupervised, and reinforcement learning are commonly applied in this context,
each offering distinct advantages and limitations. Incorporating ML into the opti-
mization process aims to bridge the gap between academic research and practical
applications in steel construction. The significant potential for reducing computa-

tional time and improving design efficiency also creates new opportunities for more
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sustainable construction practices. A detailed examination of these techniques is
provided in Chapter 2 Section 2.3 where the current advances and limitations are

explored to identify the research gap that is addressed in this study.

1.3 Contribution

This research proposes a novel data-driven technique for design-informed structural
optimization, addressing the increasing need for computationally efficient methods
capable of handling real-time design adjustments. In the field of structural optimiza-
tion, the diversity of design parameters and the unique demands of each structure
present significant challenges, particularly in large-scale, steel-based constructions.
By incorporating ML techniques, this work contributes to reducing the computa-
tional burden typically associated with traditional optimization methods, thereby

making real-time structural optimization more feasible in practical applications.

One of the key contributions of this research is the development of a framework
capable of predicting both cross-sectional properties and member topologies in steel
truss structures. Current optimization techniques often struggle with the complexity
of structural design, where slight changes in parameters, such as load distribution
or material constraints, can dramatically alter the final design. This work addresses
this challenge by integrating data-driven models that can rapidly adjust to these
changes, ensuring the structure meets the required performance specifications while

minimizing material usage and cost.

Furthermore, this research advances the state of the art in data-driven optimization
by emphasizing the importance of balancing computational efficiency with design
flexibility. While ML has been explored in structural optimization, its application
in predicting both member topologies and cross-sectional dimensions has remained
underdeveloped. This study fills this gap by offering a method that not only speeds
up the design process but also ensures that the resulting structures are optimized

for sustainability and practicality in real-world applications.
In summary, the contributions of this research are threefold:

1. Data-driven optimization framework: The development of a ML-based
framework for real-time structural optimization, capable of predicting design

parameters with reduced computational costs.

2. Efficient cross-sectional and topology prediction: A novel approach
to simultaneously optimizing both cross-sectional dimensions and member

topologies in steel truss structures, addressing key challenges in the field.

CHAPTER 1. INTRODUCTION 7
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3. Practical application for large-scale structures: A focus on real-world
applications, demonstrating the framework’s potential to significantly improve

the efficiency and sustainability of large-scale steel construction projects.

This contribution represents a meaningful advancement in the domain of struc-
tural optimization, bridging the gap between traditional methods and modern,
data-driven techniques, ultimately paving the way for more efficient and sustain-

able construction practices.

1.4 Thesis Layout

This thesis is organized into seven chapters, each building upon the last to provide
a comprehensive exploration of the research problem, methodology, and findings. A

brief overview of each chapter is provided below.

Chapter 2 provides a comprehensive literature review on structural optimization,
manufacturing techniques for steel structures using straight steel members, and the
application of data-driven methods in structural optimization. This chapter iden-
tifies key research gaps and highlights the contributions of past studies that have
shaped the development of this thesis.

Chapter 3 offers an in-depth review of Graph Neural Networks (GNN), the ML
technique employed in this research. It covers the background and fundamental
principles of GNNs, providing a foundational understanding of the technique applied
in this study.

Chapter 4 focuses on the structural optimization techniques and the process of
database generation. It explains the traditional ground truth optimization method,
which this research aims to replace with a more computationally efficient, data-
driven model. Additionally, it details the steps involved in generating the database

used for training the model.

Chapter 5 outlines the development of the data-driven model, describing the model
architecture, the selected hyperparameters, and the validation process. This chapter

also explains how the model’s performance was evaluated.

Chapter 6 presents the performance metrics and evaluation results of the trained
models, focusing on two case studies. It illustrates how the model performed under

various design scenarios and assesses its effectiveness.

Chapter 7 summarizes the key findings of the research and discusses potential

directions for future work in this area.

8 CHAPTER 1. INTRODUCTION



Chapter 2
Literature Review

This chapter provides an in-depth exploration of the various structural optimization
techniques that have been developed or are currently under research, with a specific
focus on steel truss structures. The discussion continues by examining the key
frameworks that employ these optimization techniques, particularly in the context
of assembly-based manufacturing, where components are primarily produced using
formative manufacturing techniques. Following this, the chapter explores the role of
ML in structural optimization, highlighting its potential for reducing computational
costs. By critically assessing the challenges and limitations of existing methods, this
section establishes the basis for the research problem and motivates the need for

innovative approaches to further advance the field.

2.1 Structural Optimization

As discussed in Chapter 1, structural optimization in steel construction plays a piv-
otal role in aligning engineering practices with modern sustainability demands. By
minimizing material usage and maximizing structural performance, structural opti-
mization ensures that designs meet the necessary strength, stability, and environ-
mental standards. This section provides an overview of the foundational concepts in
structural optimization, focusing on the discretization approaches and optimization

algorithms commonly used in the design and analysis of steel truss structures.

2.1.1 Domain Discretization

Structural optimization begins with the discretization of the design domain, which
is critical for simplifying the complex continuous design space into manageable sub-
domains. This process is divided into two broad categories: continuous domain

discretization and discrete domain discretization. The choice between these de-
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pends on the nature of the structural problem and the type of optimization being

performed.
Continuous Domain Discretization

In continuous domain discretization, the design space is divided into finite elements
to approximate the structure’s geometry. Several approaches used in continuous

domain discretization:

e Orthogonal Grid Division: This is the most commonly used discretiza-
tion technique, where the design domain is divided into a grid of orthogonal

elements, often resembling finite element meshes [19]. (Figure 2.1a)

« Embedding Element Discretization: This method embeds smaller ele-
ments within larger ones, allowing for greater flexibility in capturing complex
geometries. It is useful in problems where localized stress concentrations need

to be examined in greater detail [20]. (Figure 2.1b)

o Higher-Order Finite Element Discretization: Higher-order finite ele-
ments are used to model more complex structures with greater accuracy. This
technique is advantageous in problems where higher precision in stress analy-
sis is required, such as in the design of steel trusses under dynamic loads [21].
(Figure 2.1c)

(a)

Figure 2.1: (a) Orthogonal grid division [19], (b) embedding element discretization
[20], and (c) higher-order finite element discretization (8 node square element [21])

The optimized structure is typically represented by a continuous material distribu-
tion, where the density values of the finite elements range between 0 and 1. These
density values can be interpreted to determine the cross-sectional areas of the struc-
tural members, with higher densities corresponding to thicker members and lower
densities to thinner ones [20] (see Figure 2.2b). When a binary image is generated,
skeletonization can be used to identify the member locations, and the combined
width of the pixels can then be analyzed to infer the cross-sectional areas of the

members [19] (see Figure 2.2a).
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Figure 2.2: (a) Design parameters and binary image generated after optimization
[19], (b) strain energy density for the optimal design layout scaled between 0 and 1
[20]

Discrete Domain Discretization

Discrete domain discretization involves breaking down the design space into a finite
set of possible member configurations. Some common techniques in discrete domain

discretization include:

o Connectivity-Level Discretization: The design domain is discretized ac-
cording to the connectivity of the structural elements. At connectivity level
1, all possible members are established between directly neighboring nodes.
Connectivity level 2 includes not only connections between neighbors but also
introduces members between the neighbors of those neighbors. This pattern

continues for higher levels [22]. (Figure 2.3a)

e Macro Element and Macro Patch Methods: These methods discretize
the domain into larger macro-elements or patches, which the possible members
are considered within those macro patches. These methods are particularly
effective in large-scale structures, where entire sections of the structure can be

treated as modular components [23]. (Figure 2.3b)

o Principal Stress Trajectory Path Approach: This method discretizes
the structure based on the path of principal stress trajectories. By aligning
structural members with these paths, designers can create more efficient load-
bearing structures, especially in steel trusses where stress distributions vary

across the framework [24]. (Figure 2.3c)

After the topology optimization, the 0 or 1 for presence or absence of members in
the final structure, and the members present in the final configuration will have

quantitative values corresponding to the cross sectional areas. (see Figure 2.4)
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Figure 2.3: Example discrete domain discretizations

2.1.2 Optimization Algorithms

Once the design domain is discretized, optimization algorithms take over to find the
final optimized structure. These algorithms seek the best structural design by bal-
ancing specific objectives, such as minimizing weight or maximizing stiffness, while
satisfying constraints like load capacity, deflection limits, or equilibrium conditions.
The objective function represents the design goal mathematically, and the optimiza-
tion process ensures that all constraints are met. Optimization algorithms can be
classified into two main types: deterministic, which follow a specific sequence of op-
erations (e.g., gradient descent), and stochastic, which incorporate randomness (e.g.,
genetic algorithms). The process typically begins with an initial guess and progres-
sively refines the solution by adjusting variables according to predefined rules. This
continues until a stopping criterion is reached, such as meeting a threshold for im-

provement or completing a set number of iterations. Below are various optimization
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Figure 2.4: Design domain and parameters, and optimized structures of (a) connec-

tivity level approach [22] and (b) principal stress trajectory path approach [24]

algorithms commonly used in both continuous and discrete domains.
Optimization Algorithms in Continuous Domains

Common optimization algorithms used in continous design domanis include:

+ Solid Isotropic Material with Penalization (SIMP): SIMP is one of the

most commonly employed algorithms in topology optimization, particularly for
continuum structures. It solves the optimization problem by iteratively updat-
ing material distribution within the design space, using a penalization factor
to push intermediate densities towards binary values (either solid or void).
The algorithm typically minimizes an objective such as compliance (stiffness)
under a volume constraint. The penalization ensures that the solution avoids
gray-scale regions, which are undesirable in real-world manufacturing. SIMP
is gradient-based and often uses the method of moving asymptotes (MMA) to
handle large-scale optimization problems efficiently. [25, 26]

Particle Swarm Optimization (PSO): PSO is a stochastic, nature-inspired
optimization algorithm that models the social behavior of swarms (e.g., flocks
of birds or schools of fish). In the context of structural optimization, each
"particle” represents a candidate solution, where the position of the particle
defines the design variables (such as material distribution or member sizes).
The particles move through the design space based on their own experience
and the experience of neighboring particles, updating velocities and positions
iteratively. PSO is particularly effective for non-linear, discontinuous, or multi-

modal objective functions and is commonly used in problems where gradient
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information is unavailable. Its flexibility allows it to tackle both continuous
and discrete optimization problems, often solving complex, multi-objective

structural optimization challenges. [27]

« Evolutionary Structural Optimization (ESO): ESO is a heuristic, geometry-
based method that eliminates inefficient material from a structure by itera-
tively removing elements with low strain energy density. The optimization
process starts with an over-sized structure, and as material is gradually re-
moved, the structure evolves towards an optimized design that meets perfor-
mance criteria such as stress or stiffness. ESO’s strength lies in its simplicity
and ease of implementation, as it does not require gradients or sensitivity
analysis. It is particularly well-suited for minimum-weight design problems
but may struggle with multi-objective optimization or cases where material
needs to be added. [2§]

« Bi-Directional Evolutionary Structural Optimization (BESO): BESO
improves upon ESO by allowing both material removal and addition during the
optimization process. This bi-directional capability makes it more adaptable
and efficient in finding optimal solutions, especially in problems where material
might need to be reintroduced to meet design constraints. The method typ-
ically uses sensitivity analysis to determine where to add or remove material
based on strain energy density or other performance criteria. BESO inte-
grates multiple constraints, such as buckling or dynamic performance, making
it effective for a wider range of structural optimization problems, including

multi-material designs and complex loading conditions. [29]
Optimization Algorithms in Discrete Domains
Common algorithms in discrete domain optimization include:

o Standard Linear Programming with Interior Point Algorithm: This
algorithm is a deterministic approach designed to solve optimization problems
characterized by linear objective functions and linear constraints. In struc-
tural optimization for discrete domains, it is particularly effective when the
relationships between design variables are linear and well-defined. The Interior
Point Method (IPM) is a preferred solver for large-scale linear programming
due to its polynomial-time complexity, making it suitable for high-dimensional
discrete problems. IPM approaches the optimal solution by traversing the in-
terior of the feasible region, avoiding the inefficiency of traditional simplex
methods, and is often integrated with branch-and-bound methods for mixed-
integer linear programming (MILP) problems in discrete structural design.
22]

14 CHAPTER 2. LITERATURE REVIEW



Graph Neural Networks for Accelerated 2D Truss Optimization

« Particle Swarm Optimization (PSO): In structural optimization for dis-
crete domains, where all possible members are predefined, PSO is adapted to
select the optimal configuration from the set of predefined structural members.
Each particle in the swarm represents a possible design solution, encoded as
a vector where each element corresponds to a predefined member’s presence
or size. The position of a particle in the discrete space signifies the selection
of specific structural elements. The particles explore the design space by up-
dating their positions based on both their own best-found solution and the
global best solution in the swarm, all while ensuring the design adheres to
constraints. [30, 31]

« Genetic Algorithms (GA): GA is a stochastic, heuristic-based optimiza-
tion algorithm that mimics the process of natural selection. In discrete domain
structural optimization, potential solutions (e.g., structural configurations) are
encoded as binary strings or discrete chromosomes, where each gene represents
a design variable (e.g., presence or absence of a member, material type, or
cross-sectional area). GA operates through genetic operators like selection,
crossover, and mutation to evolve a population of solutions toward optimality.
GA is particularly powerful in combinatorial optimization where the solution
space is vast, such as determining the optimal arrangement of structural ele-
ments in a truss system. It is widely used in discrete domains for its ability to
handle multi-modal landscapes and non-smooth objective functions without

requiring derivative information. [32, 33]

« Grammatical Evolution (GE): GE is an advanced form of genetic algo-
rithm that evolves solutions based on formal grammars, offering a flexible
way to explore the design space in discrete structural optimization. Instead
of evolving direct variables, GE evolves rules and symbolic expressions (via
Backus-Naur Form grammar) that generate solutions. This is particularly use-
ful for problems governed by complex constraints or hierarchical rules, such
as modular structural systems or lattice structures. GE is capable of gener-
ating topologically diverse solutions by evolving a grammar that dictates the
arrangement and connection of structural elements. The algorithm is ideal
for solving problems where the design space is too large or constrained to
be represented by simple variables, allowing for the automated generation of

structural layouts from a set of encoded design rules. [34]
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2.2 Formative Manufacturing and Optimization

As discussed in Chapter 1, Section 1.2 on manufacturing techniques, the three main
methods—additive, subtractive, and formative manufacturing—each offer distinct
advantages and challenges in the production process. As highlighted earlier in Sec-
tion 1.1, the use of straight members like tubular sections, I-beams, L-angles, or
solid rods produced through formative techniques can significantly enhance sus-
tainability in the construction industry, particularly in large-scale projects where
structural repetition is common. Acknowledging these benefits, researchers have de-
veloped optimization frameworks that integrate structural optimization specifically
designed for straight members that can be manufactured using formative processes.

These optimization approaches are applied in both continuous and discrete domains.

In the context of optimizing structures for construction with straight members, Cuil-
liere et al. [35] (see Figure 2.5a) implemented a SIMP-based optimization framework
to achieve an optimal design. To transition this optimized design into a construction-
ready structure using straight members, they employed a series of post-processing
steps. These included shrinking induced by a combination of Taubin and Laplacian-
type smoothing, followed by curve skeleton extraction. Next, they distributed the
cross-sectional radius along the skeleton branches, normalized the skeleton, and dis-
tributed beam cross-section radii, ultimately arriving at an optimized beam struc-
ture suitable for straight member construction. Similarly, Sarma et al. [19] (see
Figure 2.5b) applied SIMP-based optimization to generate a binary image of the
optimized design. This image underwent skeletonization to extract the graph model,
enabling topology extraction, size and layout optimization, resulting in an optimized

structure that can be constructed using straight members.

In contrast to frameworks that utilize continuous domains, those operating in dis-
crete domains offer a distinct advantage: the discretization process naturally em-
ploys straight connections between nodes to generate the ground structure, as il-
lustrated in Figure 2.3. For instance, the optimization framework proposed by [36]
(Figure 2.6a), which employs gradient-based optimization algorithms, is designed for
structures intended to be constructed using steel I-beams. After defining the initial
design parameters and generating a ground structure with level 2 connectivity, the
final optimized structure is construction-ready without the need for additional post-
processing steps. Similarly, in the framework presented by [37] (Figure 2.6b), which
uses a GA for optimization, the predefined ten-bar truss discrete domain results in
an optimized structure that is immediately ready for construction. Both approaches
highlight the efficiency and practicality of discrete domain frameworks in producing

construction-ready designs.
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Figure 2.5: Optimization frameworks utilizing continous design domains to arrive
at structure constructable using straight members used by (a) [35] and (b) [19]

Understanding the benefits of discrete domains in assembly-based structural opti-
mization, particularly for designs utilizing members manufactured through formative
techniques, is essential for defining the methodology of this research. This study will
establish a data-driven framework built on the principles of discrete domain struc-

tural optimization.

2.3 Machine Learning Implementation in Struc-

tural Optimization

Due to the high computational costs associated with traditional optimization tech-
niques, both industrial and academic sectors have increasingly embraced ML to
enhance the efficiency of structural optimization processes. A significant challenge
in structural optimization is the need for repeated iterations across design spaces,
which can be computationally demanding. By leveraging ML models to uncover the

underlying relationships between design parameters and optimized structures—re-
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Figure 2.6: Optimization frameworks utilizing discrete design domains to arrive at
structure constructable using straight members used by (a) [36] and (b) [37]

lationships that is difficult to capture through analytical methods but can be ef-
fectively modeled with data-driven approaches—optimization can be accelerated
without sacrificing accuracy. This section aims to broaden the understanding of the
reader of current methods for integrating ML into structural optimization and to

justify the research approach adopted in this study.

2.3.1 Continuous Domains

Researchers have incorporated data-driven techniques to reduce the computational
time in optimization processes within continuous design domains. Du et al. [38]
introduced a structural optimization approach based on a generative model, using
Least Squares Generative Adversarial Networks. In this approach, the generator
creates new samples that replicate the distribution of real data, while the discrim-
inator evaluates whether these samples are genuine or artificially generated. Here,
an initial main truss is created using 3D modelling software and a topology opti-
mization solver is then applied under varying working conditions, generating results
that are used as the basis for the dataset. To increase the size and diversity of the
dataset, several data augmentation techniques are applied to the images, resulting
in a dataset comprising of images labeled with the corresponding working conditions
of the truss. These augmented images are used to enhance the learning capabilities

and the overall efficiency of the model.
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When considering the deep learning approaches taken in the structural optimization,
Seo & Kapania [39] used an image-based approach utilizing a deep learning-based
surrogate model, specifically a Convolutional Neural Network architecture known
as U-Net. This model is designed to predict optimum material density layouts for
structural topology optimization based on static analysis results. For the data, Seo
& Kapania created baseline finite element models using Abaqus/CAE and static
analyses were performed on these models. The resulting output data was then
generated through SIMP-based topology optimization. Finally, the data from the
static analysis was organized and mapped to align with the integration points of
the finite element mesh, ensuring a consistent and structured dataset for further
analysis. The input data consists of multiple variables, such as displacements and
strains, while the output data represents the optimum density values derived from
the topology optimization process. Zheng et al. [40] employed several ML models,
primarily focusing on deep learning techniques, to evaluate their performance in
structural optimization. The models included U-Net, Res-U-Net, Attention-U-Net,
Attention-Res-U-Net (the proposed model), as well as traditional algorithms like K-
Nearest Neighbors (KNN) and Support Vector Regression. Data for model training
was generated using the direct Moving Morphable Component method. The results
indicate that the Attention-Res-U-Net model outperformed the others, achieving
a precision of 0.8134, an F1 Score of 0.8001, and a Jaccard Index of 0.6710. In
comparison, U-Net had a 3.3% lower precision and a 2.1% lower F1 Score. Both
Res-U-Net and Attention-U-Net performed similarly, with slightly lower precision
and Jaccard indices. The superior performance of Attention-Res-U-Net is clear

across all metrics.

Hybrid approaches to structural optimization integrate multiple ML models within
a single framework. For instance, Wang et al. [41] combined Principal Component
Analysis (PCA) with a feedforward neural network to enhance prediction accuracy.
First, the collected training data is processed using PCA to reduce its dimension-
ality. The reduced data is then fed into a feedforward neural network, where load
information corresponding to the training set is input, and the weights are labeled
accordingly. This training process establishes a nonlinear mapping between the load
and the optimized structure. The study found that when the number of samples
(D) exceeds 500, the network error converges, significantly improving prediction
accuracy. The minimum prediction error is around 2.663% when the number of
eigen-images (M) is set to approximately 22% of the sample size. Moreover, the er-
ror stabilizes between 3.6% and 3.8% when the number of neurons (N) is within 15%
to 30% of the sample size. Similarly, Seo & Min [42] used a hybrid model combining
GNNs and Multi-Layer Perceptrons (MLPs) to address topology optimization prob-
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lems involving complex non-Euclidean data, such as finite element meshes. They
generated a dataset of 3,840 samples with varying graph vertex counts, which was
divided into training, validation, and test sets. In this approach, GNNs are used
to encode the topology, with inputs such as vertex features (spatial coordinates,
displacement, and stress fields) and an adjacency matrix representing the graph’s
connectivity. The GNN outputs an encoded vector that captures critical information
for topology optimization. This encoded vector is then passed to the MLP, which
combines Fourier features (for high-frequency spatial details) and vertex features
to predict the optimal material distribution. The final output is a one-dimensional
vector representing material density (ranging from 0 to 1), indicating where material

should be present or absent in the structure.

Jeong et al. [43] took a different approach by utilizing Physics-Informed Neural
Networks (PINNs) to solve solid mechanics problems, particularly for topology op-
timization. The PINN is designed to approximate displacement fields while adhering
to the governing physical laws expressed by partial differential equations (PDEs),
effectively serving as an alternative to traditional FEA. It numerically computes the
structure’s deformation states, which are crucial for evaluating its response under
different loading conditions. Unlike conventional ML models, the PINN does not
rely on labeled data; instead, it is trained using a physics-informed loss function
that incorporates the governing PDEs. This enables the model to learn directly
from the physics of the problem. The training process focuses on minimizing the
system’s potential energy, and within the PINNTO framework, the goal is to mini-
mize the mean compliance of the structure. The displacement fields approximated
by the PINN are used to calculate stress, strain, and perform sensitivity analyses,
which help update design variables. Additionally, a density interpolation scheme
is employed to allocate elemental densities in a mesh-free manner, enhancing the
flexibility of the optimization process. This iterative process continues as the PINN
repeatedly computes displacement fields and performs sensitivity analyses, updating

the design variables until convergence is achieved.

For clarity, several outputs from the previously discussed studies are provided in
Figure 2.7. While the optimized structural topologies can be successfully obtained,
it is evident that accurately determining the cross-sectional sizes from these images
remains challenging. This difficulty arises due to the pixel dependency of cross-
sectional properties, which can introduce significant error, especially when scaled
across different structures. Consequently, without post-processing techniques for
size optimization, it is difficult to develop a ML model that accurately predicts
both topology and section sizes in continuous design domains. Recognizing this

limitation, this study will focus on the application of ML models in discrete design
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Figure 2.7: Ground truth vs predicted outputs of ML adopted optimization frame-
works in continuous domains (a) [38], (b) [40], (c¢) [41] and (d) [43]

domains, where these challenges can be better addressed.

2.3.2 Discrete Domains

Optimization techniques in the discrete domain have evolved significantly, driven by
contributions from various studies. One approach gaining traction is the integration
of ML to approximate FEA results. For instance, Mai et al. [44] incorporated a
Deep Neural Network (DNN) into the optimization process, combining it with a
Differential Evolution (DE) algorithm in a structured manner. The input data for
the model consisted of cross-sectional areas of truss members, while the output data
(i.e. the displacements at the nodes) were obtained through geometrically nonlinear
analysis using the arc-length method. Once trained, the DNN served as a surrogate
model, allowing it to predict nodal displacements without the need for time-intensive
FEA. The model’s accuracy was validated with benchmark tests, and for the 30-bar
dome truss, the mean squared error (MSE) values were reported to be as low as 0.059
and 0.051 for training and validation datasets, respectively, with corresponding root
mean squared error (RMSE) values of approximately 2.429% and 2.273%. In a
more recent study, Pham et al. [45] employed a k-nearest neighbor comparison (k-
NNC) approach in optimization. The k-NNC model assesses new design candidates
by comparing them to their k-nearest neighbors within the current population of
solutions. If the majority of neighboring candidates are inferior, the new design is
considered suboptimal and discarded without undergoing costly structural analysis.
Unlike traditional ML models that require a training phase, k-NNC operates without
one, using the existing candidate population for evaluation. This eliminates the
need for additional memory to store training data. By integrating k-NNC with
Rao algorithms, Pham et al. achieved significant reductions in computational cost,
decreasing the number of structural analyses required by 40% to 60% compared to

conventional methods.
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Nguyen and Yu [46] adopted an AdaBoost classifier to enhance the performance of
the Differential Evolution (DE) optimization algorithm, focusing on classifying the
safety state of structures during optimization. This approach allows the rejection
of unpromising trial vectors without conducting costly structural analyses. When
a new trial vector is generated, the AdaBoost classifier predicts whether it is likely
to violate design constraints. If the classifier deems the vector "unsafe” and its
objective function value is worse than the current best solution, the trial vector is
discarded without further analysis. This method effectively reduces the need for ex-
pensive structural evaluations, improving the overall efficiency of the optimization
process. Similarly, Nourian et al. [47] proposed a framework aimed at minimizing
the number of finite element model (FEM) analyses during optimization by employ-
ing a GNN. The GNN is trained to predict nodal displacements based on different
cross-sectional areas of truss members. In approximately 90% of the optimization
iterations, the GNN is used to approximate nodal displacements, while FEM anal-
yses are performed in the remaining 10% to ensure accuracy. This selective use of
FEM analyses ensures both efficiency and precision. For the 10-bar planar truss
benchmark test, the final mean squared error (MSE) of the GNN model was re-
ported to be 0.022, highlighting its effectiveness in reducing the computational load

while maintaining accuracy.

Unsupervised ML techniques have also been employed in structural optimization.
Mai et al. [48] utilized a DNN where the network’s weights and biases were treated
as design variables for the structural optimization problem. In this approach, the
DNN takes the middle spatial coordinates of truss elements as input. The loss
function is constructed to minimize the total weight of the structure while ensur-
ing that all design constraints are satisfied. This loss function integrates both the
objective of weight minimization and the structural responses obtained from FEA.
After training, the optimal weights of the truss structures are determined. In the
case of the 10-bar planar truss benchmark problem, the optimal weight obtained
through this method was 524.719 kg, which closely matches the result of 524.463
kg achieved by the Differential Evolution (DE) algorithm, with a minimal weight
error of 0.051%. In a related study, Mai et al. [49] further enhanced the design op-
timization process by integrating a DNN with Bayesian Optimization (BO) to tune
hyperparameters automatically. This approach was applied to the optimization of
geometrically nonlinear truss structures. Similar to their earlier work, a loss function
was constructed based on predicted cross-sectional areas and deflection constraints,
which were derived from FEA using the arc-length method. The objective was to
minimize this loss function, thereby finding the optimal structural weight. BO was

employed to optimize DNN hyperparameters, such as the number of hidden layers,
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the number of neurons per layer, activation functions, and learning rate. Hyperpa-
rameter tuning was treated as a black-box optimization problem, with the objective
of minimizing the structure’s weight as predicted by the DNN. A Gaussian process
was used as a surrogate model within the BO framework to improve the efficiency

of the optimization.

Figure 2.8: Structural optimization benchmark problems in discrete domains - (a)
10 bar truss, (b) 25 bar truss [50]

The optimization frameworks discussed so far have primarily focused on size opti-
mization, where the topology of the structure is predefined. However, Zhu et al. [51]
introduced a framework for topology optimization, where unnecessary members are
removed based on stress ratios, and a fully-stressed design assigns cross-sectional ar-
eas to the remaining members. In this study, they employed reinforcement learning
(RL) to automate the generation of machine-specified ground structures (MGS).
The process is formulated as an RL task, with a policy network determining the
probability of selecting nodes from a predefined node-set. The RL agent is trained
to maximize cumulative rewards, which aids in designing stable binary trusses. The
policy network uses a graph embedding framework to incorporate structural informa-
tion into a feature matrix that effectively represents the system’s state. This matrix
enables the RL agent to evaluate the probability of selecting each node accurately.
The stochastic nature of the policy network allows it to generate diverse structures
under varying conditions, making it crucial for exploring different topologies and
increasing the chances of finding a global optimal solution. The agent was trained
using a randomized 4 x 4 node-set, learning through trial and error to maximize
cumulative rewards. The policy network parameters were updated using a gradient-

based algorithm to refine its decision-making capabilities. Zheng et al. [40] further
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advanced topology optimization by using Graph Convolutional Networks (GCN) to
predict structural designs for truss optimization. They framed the problem as a link
prediction task, where the GCN learns to predict optimal layouts based on graph
representations of truss structures. The dataset was generated using a connectivity-
level-based ground structure optimization process. The GCN was implemented in
an encoder-decoder framework, with the encoder extracting relevant features from
the input graph, while the decoder reconstructed the optimal truss layout based on
these features. The model’s effectiveness was evaluated using metrics such as Mean
Squared Error (MSE), Root Mean Squared Error (RMSE), and R? score. For a
total of 2,600 test cases, the GCN achieved an average MSE of 0.0833, an RMSE of
0.2886, and an R? score of 0.7863, demonstrating the model’s capability in predicting

optimal layouts with reasonable accuracy.

Ground truth

Figure 2.9: (a) Optimised output of the RL based framework proposed in [51], (b)
ground truth vs predicted structure of the GCN based framework proposed in [40]

With reviewing these recent studies, there is a deficiency in the use of ML techniques
in optimization frameworks that can optimize both topology and size of the discrete
structural domains. And the existing structural optimization techniques like Zhu
handles optimization in a low number of nodes and studies like Zheng has the room
for improvement. With the consideration of these and the potential advantage of
GNNs as a ML technique for handling graph structured problem which is the basis
of discrete domains in truss optimization, we will focus on the using GNNs for the

optimization which will be discussed in Chapter 3.
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Chapter 3

Graph Neural Networks

Graph Neural Networks (GNNs) are a class of neural networks specifically designed
to work with graph-structured data [52]. Unlike traditional neural networks, which
are primarily suited for grid-like data such as images or sequences, GNNs excel
in scenarios where the relationships between entities are naturally represented as
graphs [53]. These networks use the inherent structure of graphs, where nodes
represent entities and edges depict the relationships between them, allowing GNNs
to model complex, relational data across a wide range of applications. From social

network analysis [54, 55], traffic prediction [56, 57] to molecular chemistry [48, 58].

3.1 Preliminaries

This section is intended for the reader to obtain a broader understanding of the
technicalities of GNNs.

3.1.1 Graph Representation
A graph G is composed of two primary components:

« Nodes (or Vertices): These represent entities or data points. For a graph
G = (V,E), V denotes the set of nodes, where each node v € V can represent
various data types such as molecules, social network users, or physical loca-
tions. Each node can also be associated with a feature vector x, € R?, where
d is the feature dimensionality. These features can represent properties like

atom types, user profiles, or spatial coordinates.

o Edges: These represent relationships between pairs of nodes. The set E C
V x V defines edges between nodes, where (u,v) € E indicates an edge from

node u to node v. Edges can either be directed or undirected, depending on
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the application domain. Each edge can also carry information, such as weights
or attributes, denoted by w,,, which could represent distances, similarities, or

interaction strengths.

Thus, the graph G can be represented as G = (V,E, X, W), where X = {x, | v €
V} denotes the set of node features, and W = {w,, | (u,v) € E} represents the
edge attributes.

In GNNs, the objective is to learn node (or graph-level) representations by using the
structure and relationships within the graph. The learning process involves aggre-
gating and transforming information from each node’s local neighborhood through

multiple layers of neural networks (explained in the following section).

3.1.2 Message Passing and Aggregation

The fundamental operation in GNNs is the message passing mechanism, which fa-
cilitates the exchange of information between neighboring nodes. At each layer of
the GNN, nodes communicate by sending and receiving messages to update their

feature representations.
General Message Passing Framework

The message passing process for node v involves three main steps: message gen-
eration, aggregation, and update. These steps are iteratively applied over multiple

layers (or time steps), allowing information to propagate across the graph [59].

1. Message Generation: Each node u sends a message to its neighbors. The
message depends on the current state (i.e., feature representation) of node u
and potentially the edge feature between u and v. The message from node u
to node v at layer k can be denoted as:

m®*) = MESSAGE® (h® h® w,,), (3.1)

U—v

where h&k) is the feature vector of node u and hgk) is the feature vector of node

v at layer k, and w,, is the edge feature.

2. Aggregation: Each node v collects the messages from its neighbors N (v) and
aggregates them using a predefined aggregation function, such as sum, mean,

or max. The aggregated message at layer k is:
m'") = AGGREGATE® ({m*), | ue N(v)}). (3.2)

The choice of aggregation function is crucial since it must be permutation-

invariant, meaning it should not depend on the order of the neighbors. Com-
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Figure 3.1: Message passing framework of GNNs

mon aggregation functions include:

e Sum:
m = 3 mib,
u€N (v)
e Mean: .
) > wl,
‘ ( )’ u€N (v)
e Max:

k k

m? = max my3,

3. Update: After aggregation, each node updates its feature representation
based on the aggregated message and its previous state. The update function

is typically a neural network layer, such as a MLP or a linear transformation
followed by a non-linearity. The updated node feature for node v at layer k+ 1

1S:
h+ = UPDATE® (h(®), m(®), (3.3)

where the update function can incorporate non-linear activation functions

(e.g., ReLU, tanh) to introduce complexity and model non-linearities.

Thus, the complete message-passing operation at layer k for each node v from equa-
tions (3.1), (3.2) and (3.3) is:

h(+) = UPDATE® (h,ﬁk), AGGREGATE® ({MESSAGEW (P h®) w,,) | u € N(v) }))
(3.4)

Graph Convolution as a Special Case

In the case of Graph Convolutional Networks (GCNs), the message passing
is simplified by assuming the messages between nodes depend only on their fea-

ture vectors and a fixed weighting scheme based on the adjacency matrix A. The
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convolution operation at layer k is written as:

hg}k-ﬁ-l) =0 (k)hgk)

1
UEXN%U) mw , (3.5)
where:
0 is a non-linear activation function (e.g., ReLU),
« W®) is the learnable weight matrix at layer k,
e d, and d, are the degrees of nodes u and v,

. \/le is a normalization term to prevent overemphasis of high-degree nodes.

This formulation of GCN is a specific form of message passing where the messages
are weighted by the adjacency matrix, and the aggregation step is performed using

a weighted sum.
Multi-Layer Message Passing

The power of GNNs comes from applying multiple layers of message passing. Each
layer expands the receptive field of each node, allowing it to gather information from
nodes that are farther away in the graph. After k layers, the feature vector of a node

v contains information aggregated from its k-hop neighborhood.

By stacking several layers of message passing, GNNs can capture complex inter-
actions between nodes and edges, making them suitable for various tasks such as
node classification, link prediction, and graph-level tasks (e.g., molecular property

prediction).

3.1.3 Types of Predictions with GNNs

Graph Neural Networks (GNNs) can be applied to various types of tasks, depending
on the structural level of the graph (node, edge, or graph) and the nature of the
prediction required. The core idea of GNN-based prediction tasks is to leverage both
node features and the topological structure of the graph to infer hidden patterns or

properties at different levels.
Node-Level Predictions

In node-level prediction tasks, the goal is to infer specific attributes or outcomes
related to individual nodes within a graph. These predictions leverage both the
node’s own features and the structural information from the graph, which includes
relationships with its neighbors. Node-level prediction encompasses tasks such as

node classification, node regression, and anomaly detection [60].
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e Problem Definition: Given a graph G = (V,E, X), where V is the set of
nodes, E is the set of edges, and X € RIVI*? is the matrix of node features,
the goal is to predict specific outcomes for each node v € V. The prediction
task can vary, ranging from node classification, which involves predicting a
discrete label y, for each node, to node regression, which involves predicting a
continuous value y,. Another task is anomaly detection, where the objective
is to identify whether a node exhibits abnormal patterns based on its features

and neighborhood.

o Applications: Node-level predictions are applicable in a variety of domains.
In social networks, they can be used to predict the role or category of a user
(e.g., classification) [61] or to estimate user engagement (e.g., regression) [62].
In citation networks, node classification can be applied to categorize papers
by subject area [63], while regression tasks may involve predicting the number
of future citations [64]. Additionally, anomaly detection [53] can identify rare

or unusual entities within the graph.

« Methodology: Graph Neural Networks (GNNs) are commonly used for node-
level prediction tasks. GNNs use a multi-layer message-passing mechanism,
allowing nodes to aggregate information from their neighbors to refine their
own feature representation. This refined embedding is used as input to a

prediction model, such as a classifier or regressor, depending on the task.

The feature update process at each GNN layer derived from function (3.4)

follows the form:

h{*™ = o (WH . AGGREGATE (h{?, {h{¥) | u € N(v)})), (3.6)

where W) is a learnable weight matrix. The aggregation function combines
information from the node’s neighbors N(v), allowing the model to capture

both local and global graph structure.
Edge-Level Predictions

In edge-level prediction tasks, the objective is to predict specific attributes or
outcomes related to edges between two nodes. These tasks can involve predicting
the presence or absence of an edge (link prediction), estimating an edge’s weight,
or even predicting the type of relationship that the edge represents. Edge-level
predictions leverage both node features and the graph’s structural information to

make informed predictions.

o Problem Definition: Given a graph G = (V, E,X), where V is the set of
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nodes, F is the set of edges, and X € RIVI*? represents node features, the goal
is to predict specific outcomes for each edge e, € F between two nodes u and
v. The task could involve predicting whether an edge exists (link prediction),
estimating an edge weight w,,,, or determining the type of relationship the edge
encodes. Edge-level predictions can thus be framed as binary classification,

regression, or multi-class classification problems depending on the task.

o Applications: Edge-level predictions are essential in various domains. In so-
cial networks, link prediction helps in forecasting future interactions between
users [65]. In recommendation systems, edge-level prediction can suggest po-
tential items to users [66]. In biological networks, these tasks help predict

interactions between proteins [67].

e Methodology: Graph Neural Networks (GNNs) are commonly used for edge-
level prediction tasks. GNNs learn low-dimensional node embeddings by ag-
gregating information from neighboring nodes. For edge-level tasks, a score
is computed for each potential edge, derived from the embeddings of the two
connected nodes. This score can be computed using functions such as cosine

similarity, dot product, or a learned function over the node embeddings:

Z)uv = f(hw hv)7 (3'7)

where f(h,,h,) is a scoring function that predicts the presence of an edge,
its weight, or its type between nodes v and v. For tasks like link prediction,
this score is often passed through a sigmoid function to produce a probability

estimate.

« Edge Features: If edge features w,, are available, they can be incorporated
into the message-passing process. In this case, edge attributes can directly
influence the prediction process, with message passing follows function (3.1)
which allows the edge features w,,, to interact with the node embeddings during

the model learning process.
Graph-Level Predictions

In graph-level prediction tasks, the objective is to predict an attribute or outcome
for an entire graph, rather than individual nodes or edges. These tasks involve
analyzing the overall structure and properties of the graph as a whole. Graph-level

predictions encompass tasks like graph classification, graph regression, and others.

o Problem Definition: Given a set of graphs {G1,Gs,...,G,}, where each
graph G; = (V;, E;, X;) has its own set of nodes, edges, and features, the goal
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is to predict an outcome y; for the entire graph G;. This task can take various
forms, such as graph classification, where the goal is to assign a discrete label
to the graph, or graph regression, where a continuous value is predicted for

the graph.

o Applications: Graph-level predictions are highly applicable in domains such
as bioinformatics, where graph classification can be used to predict molecular
properties based on molecular structures [68]. In chemistry, graph classifica-
tion helps classify chemical compounds based on their molecular graph [69].
Additionally, in social networks, graph-level predictions can help determine

the type or behavior of entire sub-networks or communities [70].

o Methodology: For graph-level tasks, node embeddings are first learned through
message passing in a Graph Neural Network (GNN). Afterward, a graph pool-
ing or readout operation is applied to aggregate node-level information into a

single global graph representation hgs. In pooling operations:

hg = POOL,, (h, | v e V), (3.8)

where op can be sum, mean, or maz depending on the pooling method.

Once the global graph representation h is obtained, it is typically passed into
a classifier (e.g., a fully connected neural network) or a regressor to predict

the desired graph-level attribute or label.

3.2 Types of Convolutions in GNNs

Graph Neural Networks (GNNs) can apply various convolutional or message-passing
mechanisms to learn from graph-structured data. These mechanisms define how
information is propagated between nodes and are broadly classified into two cate-
gories: spectral-based and spatial-based convolutions [71]. Each type has its unique
mathematical foundation and approach to aggregating information from neighboring

nodes.

3.2.1 Spectral-Based Convolutions

Spectral-based convolutions operate in the frequency domain of the graph by lever-
aging the graph Laplacian matrix. They are defined using the eigenvalues and
eigenvectors of the Laplacian to represent the graph in the Fourier domain, cap-
turing global graph properties. Several spectral based convolutions are provided

below.
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Graph Fourier Transform [72]: For an undirected graph, the Laplacian L is
defined as L = D — A, where D is the degree matrix and A is the adjacency matrix.
The graph Laplacian can be decomposed as L = UAU?, with U as the matrix
of eigenvectors and A as the diagonal matrix of eigenvalues. The graph Fourier

transform of a signal x is given by:

and the inverse by

~

x =Ux.

Spectral Graph Convolutions [73]: A spectral convolution on a graph is the

multiplication of the graph signal x with a filter gy in the spectral domain:

goxx = Uge(MUTx.

Although effective, this approach is computationally expensive for large graphs due

to the need for eigendecomposition.

Chebyshev Polynomials and Localized Filters [73]: To address scalability,
Chebyshev polynomials Ty (A) approximate the spectral filters, enabling localized

and more efficient convolutions:

K
Jp * X =~ Z Qka(i)x.
k=0

This formulation enables the convolution to focus on local neighborhoods and re-

duces the computational cost for large graphs.

3.2.2 Spatial-Based Convolutions

Spatial-based convolutions directly operate in the graph domain by aggregating in-
formation from a node’s local neighborhood. These methods apply message-passing
techniques, where each node gathers information from its neighbors and updates its
features. Unlike spectral methods, spatial convolutions do not rely on eigendecom-
position, making them more scalable and efficient for large graphs. Several spatial

based convolutions are provided below
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Message-Passing Framework [74]: In spatial-based methods, each node v up-
dates its features h, by aggregating information from its neighbors N (v) of function
(3.4). The aggregation function can vary, using operations like mean, sum, or at-

tention mechanisms.

GraphSAGE [75]: GraphSAGE improves efficiency by sampling a fixed number
of neighbors and applying aggregation functions like mean, pooling, or LSTM. This

allows scalable feature updates.

Graph Attention Networks (GATSs) [76]: GATs use attention mechanisms to
assign different importance to each neighbouring node. The attention score between
nodes ¢ and j is computed and normalized, allowing adaptive aggregation based
on the learned importance of neighbours. This attention-based aggregation makes

GATs flexible in focusing on the most relevant information.

3.3 Topology Adaptive Graph Convolutions (TAG-
Conv)

Topology Adaptive Graph Convolutions (TAGConv) are a class of graph convolu-
tional methods that unify both spectral and spatial (vertex) domains for efficient
learning on graphs [77]. Unlike traditional graph convolutional networks (GCNs),
which either rely on fixed filters or operate purely in the spectral domain, TAGConv
dynamically adapts its filters to the local topology of the graph. This makes it par-
ticularly useful for learning complex representations in heterogeneous and irregular
graph structures [78, 79, 80].

3.3.1 Overview of TAGConv

TAGConv focuses on the idea that the local topology of the graph can vary widely
across different regions. For example, nodes in densely connected regions may re-
quire different convolutional filters compared to nodes in sparsely connected regions.
TAGConv incorporates this flexibility by adapting its convolutional filters to the lo-

cal neighborhood structure of each node [77].

The main idea behind TAGConv is to apply polynomial filters over the graph Lapla-
cian, which allows the filters to be adaptive to the node’s local topology. By using
polynomials of the adjacency matrix A, the convolution can capture multi-hop in-
formation and adapt to varying topological structures. The TAGConv operation can
be thought of as combining information from both the spectral domain (eigenvectors

of the graph Laplacian) and the spatial domain (node neighborhoods).
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3.3.2 Unifying Spectral and Spatial Domains

TAGConv combines the benefits of spectral and spatial-based graph convolutions
by leveraging the polynomial approximation of the graph Laplacian. In spectral
methods, graph convolutions are defined in terms of the eigenvectors of the Laplacian
L. However, directly using the spectral approach is computationally expensive and

often impractical for large graphs, as it involves eigenvalue decomposition.

TAGConv circumvents this problem by approximating the spectral filters using poly-
nomials of the adjacency matrix. The key idea is that the eigenvectors of L (which
capture global graph structure) can be approximated using local neighborhoods of
nodes. The adjacency matrix powers A7 encode multi-hop information that corre-
sponds to different scales in the graph, similar to the spectral approach but compu-

tationally more efficient.
Thus, TAGConv achieves a unification of spectral and spatial approaches:

o Spectral Perspective: The polynomial filters approximate spectral graph

convolutions without the need for expensive spectral decomposition.

o Spatial Perspective: The convolution operates directly in the vertex domain
by considering local neighborhood structures through powers of the adjacency

matrix.

3.3.3 Mathematical Formulation of Topology Adaptive Graph

Convolutions

Topology Adaptive Graph Convolutions (TAGC) are designed to adaptively learn
the structure of the graph and apply convolution operations that respect the under-
lying topology [77]. In this section, we mathematically formalize the key components
of this approach, including the convolution operation, filter design, and the adapt-
ability of the filter.

Graph Convolution Operation

In graph signal processing, the convolution operation extends from traditional grid-
based data (like images) to graphs, where the structure is defined by nodes and
edges [52]. Given a graph G = (V, E) with an adjacency matrix A, the convolution

operation at layer [, input channel ¢, and output feature f is defined as:

K
Gg)fxgl) = Zgg}’kAkxgl) (3.9)
k=0

34 CHAPTER 3. GRAPH NEURAL NETWORKS



Graph Neural Networks for Accelerated 2D Truss Optimization

where:

. Gg} is the polynomial filter for input channel ¢ and output feature f at layer
L,

g(gl}k are the coefficients of the polynomial filter, which are learnable parame-

ters that adapt to the graph structure,

o A is the adjacency matrix representing the connections between nodes,

. xﬁ” is the input feature vector for channel ¢ at layer [,

o K is the maximum filter size, which defines how many hops (or neighbours)

around each node are considered.

Equation (3.9) shows that the graph convolution is computed by applying a weighted
sum of powers of the adjacency matrix A to the input features. The powers of A
(i.e., A¥) allow the model to aggregate information from k-hop neighbours, where k

controls the extent of the neighbourhood to be considered in the filtering process.
Filter Design

The design of the filter fo} as a polynomial of the adjacency matrix is central to

adapting the convolution to arbitrary graph structures. By expressing the filter as:

K
l l
Gl =Y gY A" (3.10)
k=0

we ensure that the convolution operation is shift-invariant and respects the graph’s
topology. The term A* considers nodes that are k-hops away from each other,
making the filter sensitive to both local and global information in the graph. The
coefficients ggl}k act as learnable parameters that adapt the filter to the specific
graph structure during training, effectively learning how to weigh neighbours at

different distances (up to K-hops).
Adaptability of the Filter

One of the key aspects of topology-adaptive graph convolutions is their ability to
adapt the filtering process to the structure of the graph. The adaptability is intro-
duced through the combination of the learnable polynomial coefficients gg}yk and
the ability to model relationships at different distances in the graph via AF. This
allows the model to dynamically capture both local interactions (via smaller powers

of A) and long-range dependencies (via larger powers of A).

At each layer [, the output feature map for node 7 in feature channel f, derived from
functions (3.9) and (3.10) is given by:
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o) g

v =303 3 ol lprs ) () 4 by Ly (3.11)

=1 k=1 j¢j

from where:

. y;l) (1) is the output feature for node i in feature channel f at layer [,

« O is the number of input channels at layer [,
o KU ig the number of filters,

« j denotes the set of nodes j that are reachable from node i through k-hop
paths,

. gff}k represents the weights of the k-th filter for the c¢-th channel and f-th

output feature,

o w(pr,;i) represents the correlation strength between nodes j and i for the k-th

path,

e 2 (7) is the input feature for node j in the c-th channel at layer [,

+ by is a bias term applied to the output feature, and

« 1y is a vector of ones with length equal to the number of nodes N in the

graph.

The function (3.11) reflects the adaptability of the convolution operation by weight-
ing the neighbours based on both the learned filter coefficients gil}k and the corre-
lation strength w(py ;) between nodes. The adaptive filter is not only sensitive to
the graph’s structure but can also dynamically adjust the strength of interactions

between nodes depending on their topological relationship.

3.3.4 Advantages of TAGConv
TAGConv brings several advantages to graph learning:

o Adaptability to Local Topology: The filters dynamically adapt to the
local structure of the graph, making them highly effective in heterogeneous

graphs where node degree and neighbourhood size vary significantly [81].

o Efficient Multi-Hop Aggregation: By using powers of the adjacency ma-
trix, TAGConv efficiently captures information from multiple hops in the

graph without the need for manually specifying neighbourhood sizes [82].
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o Unification of Spectral and Spatial Domains: TAGConv combines the
interpretability of spectral graph convolution methods with the computational

efficiency of spatial methods [78].

o Scalability: The polynomial approximation enables efficient computation,
making TAGConv scalable to large graphs without requiring expensive eigen-

value decompositions [83].

3.3.5 Comparison with Other Graph Convolutions

Compared to traditional GCNs, which use a first-order approximation of the graph
Laplacian, TAGConv provides a more flexible and expressive framework by incorpo-
rating higher-order neighbourhoods. This allows TAGConv to better capture long-
range dependencies and structural patterns in the graph. In comparison with Graph
Attention Networks (GATSs), which use attention mechanisms to assign importance
to neighbours, TAGConv naturally adapts to the topology without requiring ex-
plicit attention weights [84]. While GATs may excel in scenarios where fine-grained
neighbour importance is necessary, polynomial filter approach of TAGConv offers a

more computationally efficient alternative, especially for deep graph networks.
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Chapter 4

Structural Optimization and Data

Generation

4.1 Structural optimization approach

The structural optimization technique used in this study is a connectivity level based
discrete domain optimization that uses standard linear programming with interior
point algorithm [22]. Tt involves generating a base mesh, constructing a ground
structure, and formulating an optimization problem that minimizes the structure’s
volume under stress constraints. In this section, we provide the complete mathemat-
ical formulations, including the derivation of the objective function and constraints,

as well as detailed explanations of the problem setup.

4.1.1 Base Mesh Generation

The base mesh defines the spatial layout for the optimization problem. It consists of
nodes (points in the domain) and elements (connections between nodes). This mesh
can either be structured (e.g., a grid) or unstructured, depending on the complexity

of the problem domain.

Node and Element Representation: The nodes and elements in the domain are
represented in matrix form, where NODE ([p] = (x, y)) defines the coordinates of
the p-th node in 2D space and ELEM is a matrix where each row corresponds to an

element and contains the indices of the nodes forming that element.

4.1.2 Ground Structure Generation

Given the base mesh, the ground structure is generated by adding potential truss

members (bars) between nodes. These members represent possible connections that
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can later be optimized for their cross-sectional area.
Connectivity Matrix A: Define a connectivity matrix A of size N,, x N,,, where
N,, is the number of nodes.

Alp,q] =1 if nodes p and ¢ are connected by a truss member, and 0 otherwise.

The ground structure can be created at different connectivity levels:
o Level 1: Connects all neighboring nodes.
« Level 2: Connects neighbors of neighbors, and so on.

After defining the connectivity, redundant or overlapping members are removed
using a collinearity check to avoid unnecessary bars in the optimization problem.
Additionally, restriction zones ensure that no members are placed in certain areas

of the domain, such as holes or passive regions.

»

4 4

@ (b) (©

B N

Figure 4.1: Base mesh (b) and ground structure generation (level 2 connectivity)
(c) of a rectangular cantilever design domain (a)

4.1.3 Mathematical Formulation of the Optimization Prob-

lem

The primary goal of the ground structure-based optimization is to minimize the vol-
ume (or weight) of the truss structure, subject to equilibrium and stress constraints

and this study uses a plastic formulation for the optimization problem.

The plastic formulation of the objective function for structural optimization differs
from elastic formulations by focusing on equilibrium rather than compatibility or
stress-strain relationships [22]. This method allows for more efficient optimization
by treating the design as a linear programming problem, aiming to minimize the

structure’s volume while ensuring that the stress constraints are satisfied.
Objective Function

The objective of the plastic formulation is to minimize the total structural volume
V', expressed as a function of the cross-sectional areas a of the members in the

structure. The volume minimization can be formulated as:
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minV =1"a (4.1)

where 1 is the vector of member lengths, and a is the vector of cross-sectional areas
of each member. This formulation seeks to reduce the overall material usage while

maintaining structural integrity under the applied loads.
Equilibrium Constraints

In plastic analysis, equilibrium is enforced without explicitly considering the material
compatibility. The equilibrium constraint ensures that the internal forces within the
structure balance the external loads applied to it. This constraint can be written

as:

B'n=f (4.2)

where B” is the nodal equilibrium matrix, constructed from the directional cosines
of the members, and n is the vector of internal axial forces for all members in the
ground structure. The vector f represents the external nodal forces applied to the
structure. These equilibrium constraints ensure that the structure is balanced and

does not experience unbalanced forces.
Stress Constraints

In plastic formulation, stress constraints are imposed to ensure that the internal
forces in each member do not exceed the allowable limits for tension o7 and com-

pression oc. The constraints are expressed as:

—oca; <n; <ora; for i=1,2,..., Ny (4.3)

This ensures that the internal force n; in each member is bounded by the allowable
stresses in both tension and compression. In order to simplify the constraints in
(4.3), slack variables s™ and s~ are introduced, converting the inequalities into

equalities:

2
n; + ﬁs; = ora; (4.4)
oc
2
—n; + ﬂsj = ocay (4.5)
or

With the slack variables s™ and s™, the cross-sectional areas a; and internal forces

n; can be derived from equations (4.4) and (4.5) as:
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iy -

a; = oL 4 2 (4.6)
or oc

n;, =s; —s; (4.7)

This formulation allows a clearer representation of whether a member is in tension

or compression, where only one of s} or s; will be non-zero.
Final Optimization Problem Formulation

With the introduction of slack variables, the optimization problem provided by is
transformed into a linear programming problem through equations (4.1), (4.6), (4.7)
along with (4.2). The final form of the plastic layout optimization problem can be

written as:

st s”
mmvzﬁ<+> (4.8)

st,s™ or oo
subject to: BT (s* —s7) =f (4.9)
s;,s; >0 (4.10)

In this formulation, the objective is to minimize the total volume V| with the con-
straint that the structure remains in equilibrium, as represented by BY (st —s~) = f.
Additionally, the stress constraints ensure that only one of the slack variables s;
or s; is non-zero for each member, indicating whether the member is in tension or
compression. The optimal solution typically involves a statically determinate struc-
ture, where only Nyor non-zero variables remain, representing the most efficient use

of material for the given loading conditions.

4.1.4 Linear Problem Solution

The above optimization problem provided by equations (4.8), (4.9) and (4.10) is a
Linear Programming (LP) problem. Interior-point methods or simplex algo-

rithms can be used to efficiently solve it for large-scale ground structures.

Solution Properties: The solution to the linear program yields the cross-sectional
areas a; for each member. At the optimal solution, only a small subset of members
will have non-zero areas, forming the final optimal truss layout. This layout is
typically statically determinate, meaning the structure can be analyzed with basic

equilibrium equations.
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Post-Processing: After solving the optimization problem, redundant members
(those with zero or negligible cross-sectional areas) and unnecessary nodes (those

connected only to two collinear members) are removed to simplify the structure.

Figure 4.2 can be used to summarise this process

@
Figure 4.2: Base mesh plotted within the design space along with the final optimized
structure

4.2 Input and output encoding

4.2.1 Input Feature Encoding and Edge Indexing

In the ground structure optimization process using a Graph Neural Network (GNN),
the input feature tensor encodes key structural and load characteristics for each
node in the design domain. These features include initial stresses, nodal coordinates,
support conditions, load application data, and distance-based metrics. Each of these

components contributes to a feature vector for every node £ in the system.

Initial Stress Tensor s, The initial stress s, € R of the members from node
k to every other node in the ground structure is calculated by solving the matrix
equation of equilibrium (refer to Equation (2)). For a member between nodes k and

', the stress sy is expressed as:
_ ot -
Skk' = Sp g — Sk

where:
. S:,k’ > ( if the member is in tension,
* 8. > 0 if the member is in compression,
. s; r Sk = 0, meaning a member can only be either in tension or compression,

not both simultaneously.

Node Coordinates and Support Conditions FEach node £ in the system is

assigned a 2D coordinate represented as:

(Xk, yx) € RV
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In addition, the support conditions in the z- and y-directions are denoted by binary

values:

(Sk,za Sk,y) € {07 1}1X2

where 1 indicates a fixed support, and 0 indicates no support in the corresponding

direction.

Load Application Data For each node k, the external loads applied in the x-

and y-directions are given by:

(Lk,am Lk,y) € R1X2

¥=1{12,15,18} .¥={1,2,3}

Figure 4.3: Distances from node k& = 5 to load-applied nodes .Z and support-applied
nodes . of an 18 node cantilever structure

Distance-Based Metrics Three distance-based metrics are included in the in-
put tensor to capture the geometric relationship between nodes and load/support

conditions:

1. Cumulative Euclidean Distance to Load-Applied Nodes:

Dy =) dy,

1€Z

where dyj; is the Euclidean distance between node £ and load-applied node 7

out of the load applied nodes in .Z (see Figure 4.3).

2. Weighted Sum of Euclidean Distances to Load-Applied Nodes:

Pr = de,i - L;

e

where L; is the magnitude of the load at node .

CHAPTER 4. STRUCTURAL OPTIMIZATION AND DATA GENERATION 43



Graph Neural Networks for Accelerated 2D Truss Optimization

3. Cumulative Euclidean Distance to Support-Applied Nodes:

Ye =Y dy;

jES

where dj, ; is the Euclidean distance between node k and support-applied node

j out of the load applied nodes in .# (see Figure 4.3).

Input Feature Vector The input features for each node k£ are combined into a

feature vector:
Xk = [Sk‘v Xk Yk Sk,ﬂf7 Sk,ya Lk,x: Lk,yy Dk7 2 wk] S RIX(Nnd+9)

where:
e s, € RPMud s the initial stress vector for node k,

o Xi,yir € RY? are the node coordinates,

Sk, Sky € {0,1}*% are the support conditions,
o Ly, L, € R™? are the load application values,
o Dy, i, ¥, € R are the cumulative distance metrics.

Thus, the input tensor X for all nodes is constructed as:

X =[Xy,Xy,...,.Xn,,] € RNnax(Nna+9)

Nodal Connectivity Tensor The connectivity tensor Cy, € {0, 1} for each
node k captures the structural connectivity within the design domain. Each element

¢k indicates whether node £ is connected to node k'

1 if nodes k and k' are connected,
Ck = [Ck,h Clk,2y -+ Ck,Nnd] where Ci k' =
0 otherwise.

4.2.2 Output Embedding Tensor

The output embedding tensor Y captures the optimized structural outputs of the
system in the form of nodal embeddings. Each node in the graph is associated with
an output embedding that represents the optimized design characteristics, particu-

larly the cross-sectional area of members between connected nodes.
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Output Tensor Definition For node k, the output embedding is represented as
a vector y, € RVMa_ where each element yj s corresponds to the cross-sectional

area of the member between nodes k and &'.

Thus, the output embedding tensor for the entire system is:

Y11 Y12 Y1,Npq
Y — Y21 Y22 Y2,Npq € RNeaxNua
y]\[nd71 iy]\[nda2 o yNnd7Nnd

where yj, i denotes the cross-sectional area of the member between nodes k and £’

in the optimized structure.

Therefore, the full output embedding tensor Y for the optimized ground truth struc-

ture is:
Y11 Y2 - Y1,Npq
v — Y21 Y22 -+ Y2.N.q
gl]vnd»1 yNnd72 ct yNndyNnd

4.3 Database Generation - Case Studies

In this study, we evaluate the performance of a data-driven model through practical
applications involving two structural configurations: a cantilever truss structure
and a simply supported truss structure. The model’s effectiveness is assessed under
varying conditions, specifically by altering the number of nodes and increasing the
data sample sizes. The selected node counts are 24, 45, and 60, while the data
sample sizes are 3,000, 6,000, and 12,000. During data generation for each case, the
loading conditions, design domain dimensions, and load values are varied to explore

different scenarios.

4.3.1 Case Study 1: Cantilever Truss Structure

In Case Study 1, we examine a cantilever truss problem under six distinct loading
conditions (Figure 4.4), which are typical in structural applications. The total load
values are varied within a range of 1 kN to 5 kN, using Latin hypercube sampling
to ensure a well-distributed set of load values across the specified range. Latin
hypercube sampling was chosen over a normal distribution to avoid clustering of
data points around the mean, ensuring broader coverage of the possible values. Ten

different design domain sizes were used in combination with the loading conditions
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to generate the data sets of 3,000, 6,000, and 12,000 samples.

v

7

.

SRR
<«

'

“

Figure 4.4: Loading conditions considered for the cantilever truss problem

4.3.2 Case Study 2: Simply Supported Truss Structure

Case Study 2 focuses on a simply supported truss structure. The structure features
a pinned connection at one end and roller supports at the opposite end, simplifying
the problem by reducing the number of nodes. As in Case Study 1, the loading
conditions (Figure 4.5), design domain sizes, and load values were varied, with the
same ranges and combinations applied to generate the respective data sets. This

consistent approach allows for a comparative analysis between the two structural

Figure 4.5: Loading conditions considered for the simply supported design problem

configurations.

1]
|
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Chapter 5

Model Development and

Evaluation

This section outlines the development of the Graph Neural Network (GNN) model
employed for structural optimization, focusing on the model architecture, evalua-
tion techniques, and validation strategies. The model is designed to predict both
topology and size optimization for ground structures using a dataset of structural
configurations. Each component of the model development process is discussed in
detail below.

5.1 Model Architecture and Hyperparameters

The architecture of the GNN used in this study is designed to effectively capture the
structural characteristics and optimize the layout of ground structures. Specifically,
the model was constructed to handle input and output tensors that correspond to

the structural features and outputs of the optimization task.

o Input Layer: The input layer of the GNN is designed to process the features
of the input tensor X, which encapsulates the nodal information for each node
k in the structure. In the case of a cantilever problem involving 60 nodes in the
ground structure, the input layer is configured to handle 69 nodes. These nodes
include features such as initial stresses, node coordinates, support conditions,

load applications, and distance-based metrics, as outlined in Section 4.2.

o Hidden Layers: To capture the complex relationships and patterns inherent

in structural optimization, the GNN incorporates two hidden layers:

1. First Hidden Layer: This layer consists of 225 channels and utilizes
the Rectified Linear Unit (ReLU) activation function, which introduces
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non-linearity into the model [85]. The ReLU function allows the GNN
to learn more complex and intricate features by enabling it to handle
the non-linear relationships between input features and the structural

outputs.

2. Second Hidden Layer: This layer contains 121 channels and employs
a linear activation function. The linear activation facilitates the final
transformations needed for accurate predictions of the optimized struc-
tural configurations. The combination of non-linear and linear layers

enables the model to capture a broad range of patterns in the data [86].

e Output Layer: The output layer is structured to match the dimensionality
of the output embedding tensor y;. For the cantilever problem involving 60
nodes in the ground structure, the output layer is configured with 60 nodes,
aligning with the number of nodes in the graph. Each node in the output layer
represents the optimized structural properties, such as the cross-sectional areas

of the members connecting adjacent nodes.

Layer 1 Layer 2 Layer 3 Layer4
Input Hidden Hidden Output
layer

|
[

Input channels
Output channels

[Z]
2
©
c
c
c
<
46
c
[}
T
i
=
0
N
~

|

) - -—)
TAGConv TAGConv TAGConv

Figure 5.1: GNN model architecture

The model architecture is carefully designed to balance the complexity of the task
while ensuring computational efficiency. The two-layer structure with appropriately
chosen activation functions allows the GNN to effectively model the non-linear be-
havior of the structure, while the output layer provides accurate predictions for the

optimized design.

The GNN model is trained using the Mean Squared Error (MSE) loss function, which

measures the difference between the predicted and actual structural performance.
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The MSE is calculated using equation (5.1), where y; represents the actual values,

7; denotes the predicted values, and N is the total number of predictions.

N
1 N
MSE =+ > (- 4)° (1)
i=1

To optimize the model parameters, the Adam optimizer [87] is employed with a
learning rate of 0.001, chosen after extensive experimentation with different con-
figurations to ensure optimal performance. Additionally, since the model aims to
predict an undirected structure, two key constraints are applied to the output ad-
jacency matrix. First, the matrix is enforced to be symmetric, ensuring that the
relationships between nodes remain bidirectional. Second, the diagonal elements
are set to zero, reflecting the absence of self-connections between nodes. These con-
straints help maintain the physical validity of the predicted structure. The training
was accelerated using the CUDA platform, which leveraged the parallel processing
capabilities of Graphics Processing Units (GPUs). This significantly reduced the
computational time required for matrix multiplications and convolution operations

essential for model training [88].

5.2 Data Prepossessing and Post-processing

5.2.1 Prepossessing before training

Once the structurally optimised trusses generated through the optimization tech-
nique explained in Section 4.1 and the tensor encodings are carried out as mentioned
in Section 4.2, before using the data for model training and evaluation, the following

preprocessing steps are done.
Min-Max Scaling

The use of MSE as the loss function in this study introduces a scaling issue due to the
presence of both high-magnitude and smaller values in the data [89]. Larger values
dominate the error calculation, diminishing the relative significance of smaller values.
As a result, the model tends to prioritize accurate predictions for larger values while
failing to predict smaller values with precision. This imbalance adversely affects the
optimization process, particularly in terms of the resulting topology. To address this
issue, the input data is scaled. Zeros are preserved as zeros, while non-zero values are
scaled within the range of 500 to 5000. This normalization helps ensure a balanced
influence of all values, regardless of their magnitude. The scaling transformation is

defined as follows:
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(X - Xorig—min)
(Xorig—max - Xorig—min)

Xscaled - Xmin + X (Xmax — Xmin)- (52)
In this equation, X represents the original data, while Xoyig-min and Xoig-max denote
the minimum and maximum values of the original data, respectively. The terms

Xpin and Xy correspond to the desired scaling range, which in this case is set
between 500 and 5000.

Batching

To improve memory efficiency during training, batching along with gradient accu-
mulation is employed [90]. A batch size of 16, combined with 4 accumulation steps,
was found to be the most efficient configuration. This effectively allows the model
to train with an accumulated batch size of 16 x 4 = 64, providing a balance between

memory usage and training performance.
Data Splitting

To evaluate the model on unseen data, the dataset is split into training and testing
sets. A random split of 80% of the data for training and 20% for evaluation was
used. This ensures that the model is trained on a majority of the data while still

reserving a portion for testing and validation purposes.

5.2.2 Post processing after prediction

Once the model is trained, the following post-processing steps are applied during

the prediction phase:
Thresholding

Since the model is trained as a node-level regressor using the MSE loss function, it
may predict small non-zero values for locations where the ground truth is zero. These
small values can be handled through thresholding, where values below a certain
threshold are set to zero. Given that the data was scaled to the range of 500 to
5000 during preprocessing, a threshold of 100 is applied. This means all predicted
values below 100 will be set to zero, removing unnecessary bars to obtain the final

optimized out.
Scaling Back

After prediction, the scaled data must be transformed back to its original scale to
obtain the actual cross-sectional values. This is achieved by inverting the scaling
equation used during preprocessing (equation (5.2)). The inverse scaling equation

is given by:
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(Xscaled - Xmin)
(Xmax - Xmin)

Xorig - Xorig—min + X (Xorig—max - Xorig—min) (53)
This transformation returns the predicted values to their original scale, providing

meaningful structural properties for evaluation.

5.3 Model Validation Techniques

Model validation is a crucial step in ensuring that the GNN generalizes effectively to
unseen data. The dataset is divided into training and validation sets, with the model
being trained on the training set and evaluated on the validation set. As outlined
in the previous section, the dataset is split into these two subsets to assess the
model performance on new, unseen data. During training, the loss value is recorded
for each epoch, alongside the corresponding evaluation loss from the validation set.
Ideally, the training and validation error values should converge, indicating that the
model is neither overfitting nor underfitting [91]. If both losses show convergence,
the model can be considered validated, demonstrating its ability to generalize to

unseen data effectively.

5.4 Model Evaluation Techniques

Model evaluation is crucial for assessing the performance of the GNN in predicting
optimal structural configurations. Several evaluation metrics are used to quantify

the accuracy of the model’s predictions in both topology and size optimization tasks.

5.4.1 Topology Optimization Evaluation

For topology optimization, the focus is on predicting the correct presence or absence

of edges in the optimized structure. The following metrics are employed:

e Precision: Precision measures the proportion of true positive predictions
(TP) out of all predicted positive instances (TP + FP), where TP refers to
the count of edges correctly predicted as present, and FP refers to the count
of edges incorrectly predicted as present. Precision is mathematically defined
as: Tp

Precision = ——+— 5.4
TP+ FP (54)
« Recall: Recall evaluates the proportion of true positive predictions (TP) out

of all actual positive instances (TP + FN), where FN refers to the count of
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edges incorrectly predicted as absent. Recall is given by:

TP
Recaﬂ = m (55)

F1 Score: The F1 score provides a harmonic mean of precision and recall,
ensuring a balanced evaluation when both false positives and false negatives

are present. It is computed as:

Precision - Recall
F1S =2 5.6
core Precision + Recall (5.6)

Jaccard Similarity: This metric quantifies the similarity between the pre-
dicted set of positive edges and the actual set of positive edges. It is calculated

as:
TP

TP+ FP+ FN

The Jaccard similarity is particularly useful in measuring how closely the pre-

Jaccard Similarity =

(5.7)

dicted structure matches the ground truth structure.

5.4.2 Size Optimization Evaluation

For size optimization, where the goal is to predict the correct cross-sectional area of

each member in the optimized structure, two error metrics are used:

« Mean Absolute Percentage Error (M APE): MAPE measures the average

magnitude of errors between the predicted and actual values. It is expressed

as:
|Egt|
1 A — P,
MAPE = L% 100 (5.8)
|Egt’ ; A;

where Ej is the set of edges in the ground truth, A; is the actual value, and

P; is the predicted value for edge i.

Symmetric Mean Absolute Percentage Error (SMAPE): SMAPE ac-
counts for the relative errors in predictions by taking into consideration the

sum of actual and predicted values. It is defined as:

1 |Egt UEpred|

SMAPE= — Z

2= Aid g (5.9)
| Egt U Eprea| 4

Pl + [ Adf

This metric provides a more symmetric view of prediction accuracy, especially

in cases where the actual and predicted values vary significantly.
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Chapter 6

Results

This section presents the results from the training of the GNN model and the out-
comes of case studies conducted on a cantilever structure under various load con-
ditions. The performance of the GNN-based surrogate model is evaluated using
metrics such as MSE, precision, recall, F1 score, Jaccard similarity, and error rates
(MAPE, SMAPE). These results demonstrate the model’s predictive capability for

both topology and size optimization of ground structures.

6.1 Training Results and Model Validation

The GNN model was developed to predict the topology and size-optimized config-
uration of structure when the design space, loading conditions and load values are
provided. The training of the model carried out and provided are the results of the

training process.

Since the data base was split into two parts for the training and evaluation, the
evaluation data set was used for the validation purpose as well. Here, it is important
to have error values close to each other so that the model otherwise the model is
either over fitted or under fitted. This is checked in both case studies that the GNN

model was applied for.

6.1.1 Case study 1

Based on the results presented in Figure 6.1, the model can be validated, as all
models exhibit good convergence in both training and validation errors. The errors
correspond to the mean squared error values calculated during the model training
process. It should be noted that the post-processing steps, including thresholding

and scaling back (as described in Section 5.2.2), are not considered in these error
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= Training Loss 12000 data
= Training Loss 6000 data
—— Training Loss 3000 data
——- Validation Loss 12000 data
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—— Training Loss 60 nodes
—— Training Loss 45 nodes
105 —— Training Loss 24 nodes
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=== Validation Loss 24 nodes
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Figure 6.1: (a) Training and validation loss for (a) 60 nodes for 12 000, 6000 and
3000 data points and (b) 12 000 data points in 60, 45 and 24 nodes in the cantilever
truss problem

calculations.

As shown in Figure 6.1a, the error decreases as the sample size increases. Similarly,
when examining the variation in error values with respect to the number of nodes,
as depicted in Figure 6.1b, the GNN model demonstrates improved training perfor-
mance as the number of nodes increases. Several factors contribute to the success
of the predictions, with the ability to capture the complexity of the problem being
a critical one. Upon analyzing the error variations, the lower error values observed
for the higher node cases might initially seem counterintuitive. However, a closer

examination of the topologies in the ground-truth data reveals that the 45-node and
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24-node structures of the cantilever problem exhibit greater variability in topology
compared to the 60-node structures. This suggests that the complexity of the opti-
mization problem, particularly with respect to topology variation as load values and
design domain sizes change, is higher in cases with fewer nodes. This observation

will be explored further in subsequent sections of the results.

6.1.2 Case study 2

—— Training Loss 12000 data
—— Training Loss 6000 data
~—— Training Loss 3000 data
10° ~=- Validation Loss 12000 data
=== Validation Loss G000 data
=== Validation Loss 3000 data
5
10
w
8
|
10"
3
10
(] 200 400 600 800 1000
Epoch
(a)

‘IDE —— Training Loss 60 nodes
—— Training Loss 45 nodes
= Training Loss 24 nodes
- =~ Validation Loss 60 nodes
=== Validation Loss 45 nodes

105 === Validation Loss 24 nodes

8 10
S
10°
10°
(] 200 400 600 800 1000
Epoch

Figure 6.2: (a) Training and validation loss for (a) 60 nodes for 12 000, 6000 and
3000 data points and (b) 12 000 data points in 60, 45 and 24 nodes in the simply
supported truss problem

Similar to Case Study 1, the model can be validated as all models exhibited good

convergence for both training and validation errors. As shown in Figure 6.2a, the
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error decreases as the sample size increases. However, when examining the error
variation with respect to the number of nodes, as illustrated in Figure 6.2b, the
GNN model demonstrates improved training performance when the number of nodes
decreases, contrary to the observations in Case Study 1. Analyzing the database
reveals that the topology variations of the optimized structures in this case study are
not as significant as those observed in Case Study 1. Consequently, the complexity
of the optimization problem is closely linked to the number of nodes, with higher

node counts corresponding to increased error values.

6.2 Prediction Capability Evaluation

In this section, the model evaluation is carried out using the error metrics explained

in Section 5.4.

6.2.1 Case study 1

The mean errors, both overall and categorized by loading type (as shown in Figure
4.4), are presented in Tables 6.1, 6.2, and 6.3. Observing these results, we can see a
consistent reduction in error values as the number of data points increases, aligning
with the trend shown in Figure 6.1a. An important observation is that the recall
values for structural predictions are perfect (i.e., equal to unity) across all cases, with
the exception of structure 6 in the 24-node case and structure 1 in the 45-node case.
In the 60-node case, the recall is consistently equal to unity for all structures. This
improvement in performance as the number of nodes increases is consistent with the
findings illustrated in Figure 6.2b. Achieving a perfect recall rate is critical, as it
indicates that every member present in the ground truth is accurately identified in

the predictions, ensuring comprehensive structural representation.

The precision of the predictions is notably high, with most values exceeding 0.9 and
a few slightly lower, yet still equal or above 0.85. This reflects the strong predictive
capabilities of the framework. Figures 6.3, 6.4, and 6.5 illustrate the best and worst
predictions for load case 1 across different node numbers, trained with a sample
size of 12,000. The best predictions were selected based on the structure with the
lowest SMAPE value, all of which achieved a Jaccard index of 1, indicating a perfect
match. For the worst predictions, the selection was made based on the structure
with the lowest Jaccard index value. As depicted in the figures, the worst-predicted
structure in the 45-node case has a Jaccard index of 0.7, whereas, in the 24-node

case, even the worst prediction reached a Jaccard index of 1.

The accuracy of the model’s predictions depends on how effectively the GNN cap-
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tures the underlying optimization problem. As shown in Table 6.2, the error metrics
indicate poor prediction performance for Structure 1, where a point load is applied
at the centre of the free end. This poor prediction, combined with the outcomes for
other structures, has resulted in higher error rates for the 45-node case compared to
the 24-node and 60-node cases. The reason for this anomaly can be attributed to
the variability within the database. In the dataset, the design parameters (i.e. load-
ing condition, load value, and design domain size) are altered, leading to changes
in topology and the cross-sectional area of the final structure. While the 45-node
structures exhibit a high degree of topology variation, the GNN achieves a high
recall rate for this case, although precision is significantly lower compared to the
other cases. In contrast, the lower variability in topology observed in the 24-node
and 60-node structures contributes to their lower error rates when compared to the

45-node case.

Metric Overall Structure 1 Structure 2 Structure 3 Structure 4 Structure 5 Structure 6
MSE testing 1262.9 499.5 78.6 91.7 93.7 81.7 6258.7
RMSE testing 35.5 22.3 8.9 9.6 9.7 9.0 79.1
NRMSE testing 0.0071 0.0068 0.0018 0.0019 0.0051 0.0048 0.0263
R2value 0.9910 0.9969 0.9996 0.9996 0.9983 0.9985 0.9504
§ Precision 0.9772 0.9824 0.9983 0.9920 1 0.9980 0.9436
o Recall 0.999 1 1 1 1 1 0.995
Fiscore 0.9878 0.9911 0.9991 0.9960 1 0.9990 0.9689
Jaccard 0.9758 0.9824 0.9983 0.9920 1 0.9980 0.9396
MAPE 6.3 4.0 1.9 2.4 3.2 3.0 13.1
SMAPE 10.9 7.6 2.2 4.1 3.3 3.5 24.2
MSE testing 1393.9 888.4 166.8 219.5 182.8 198.4 7437.2
RMSE testing 37.3 29.8 12.9 14.8 13.5 14.1 86.2
NRMSE testing 0.0075 0.0090 0.0026 0.0030 0.0072 0.0075 0.0287
R2value 0.9900 0.9941 0.9992 0.9990 0.9964 0.9963 0.9428
S Precision 0.9766 0.9795 0.9796 0.9884 0.9959 0.9976 0.9453
° Recall 0.999 1 1 1 1 1 0.996
Flscore 0.9877 0.9896 0.9897 0.9941 0.9980 0.9988 0.9702
Jaccard 0.9757 0.9795 0.9796 0.9884 0.9959 0.9976 0.9421
MAPE 7.6 5.5 3.0 3.7 4.9 4.7 15.7
SMAPE 12.5 10.0 7.1 6.2 5.9 5.4 26.7
MSE testing 1962.9 1717.6 440.6 568.1 641.9 581.6 8272.6
RMSE testing 44.3 41.4 21.0 23.8 25.3 24.1 91.0
NRMSE testing 0.0089 0.0126 0.0042 0.0048 0.0134 0.0127 0.0305
R2value 0.9860 0.9896 0.9980 0.9973 0.9879 0.9894 0.9385
S Precision 0.9538 0.9545 0.9854 0.9703 0.9645 0.9780 0.9169
- Recall 0.999 1 1 1 1 1 0.998
Fiscore 0.9761 0.9767 0.9926 0.9849 0.9819 0.9889 0.9558
Jaccard 0.9533 0.9545 0.9854 0.9703 0.9645 0.9780 0.9154
MAPE 11.7 8.7 5.6 6.7 10.0 9.1 19.9
SMAPE 21.3 18.3 8.9 13.0 17.6 14.1 36.2

Table 6.1: Mean performance metrics for all testing data and for individual loading
conditions for 24 node cantilever truss structure
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Metric Overall Structure 1 Structure 2 Structure 3 Structure 4 Structure 5 Structure 6
MSE testing 676.2 2348.3 146.1 131.1 223.9 380.9 816.6
RMSE testing 26.0 48.5 12.1 11.5 15.0 19.5 28.6
NRMSE testing 0.0052 0.0097 0.0025 0.0024 0.0077 0.0100 0.0066
R2value 0.9927 0.9797 0.9989 0.9990 0.9935 0.9891 0.9925
§ Precision 0.9679 0.8660 0.9993 0.9988 0.9963 0.9795 0.9734
N Recall 0.99996 0.9997 1 1 1 1 1
Fiscore 0.9837 0.9281 0.9996 0.9994 0.9981 0.9897 0.9865
Jaccard 0.9678 0.8658 0.9993 0.9988 0.9963 0.9795 0.9734
MAPE 7.2 11.5 4.5 4.1 6.5 7.4 8.2
SMAPE 14.2 38.8 4.8 4.5 7.6 11.9 14.1
MSE testing 978.6 2771.6 330.1 340.8 480.2 691.7 1215.9
RMSE testing 31.3 52.6 18.2 18.5 21.9 26.3 34.9
NRMSE testing 0.0063 0.0105 0.0038 0.0038 0.0112 0.0134 0.0080
R2value 0.9891 0.9748 0.9973 0.9972 0.9863 0.9801 0.9889
=4 Precision 0.9553 0.8507 0.9813 0.9872 0.9796 0.9672 0.9728
g Recall 0.9998 0.999 1 1 1 1 1
Flscore 0.9770 0.9188 0.9906 0.9935 0.9897 0.9833 0.9862
Jaccard 0.9551 0.8498 0.9813 0.9872 0.9796 0.9672 0.9728
MAPE 10.9 15.2 7.2 7.4 9.8 11.4 124
SMAPE 20.6 45.8 11.4 10.5 14.6 18.6 18.9
MSE testing 1807.1 3610.9 1292.0 848.8 1332.1 1556.7 2232.8
RMSE testing 42.5 60.1 35.9 29.1 36.5 39.5 47.3
NRMSE testing 0.0085 0.0120 0.0074 0.0060 0.0186 0.0201 0.0108
R2value 0.9804 0.9691 0.9902 0.9935 0.9616 0.9544 0.9793
S Precision 0.8491 0.7336 0.7508 0.8701 0.9181 0.8845 0.8962
=t Recall 0.9998 0.999 1 1 1 1 0.9997
Flscore 0.9183 0.8460 0.8577 0.9305 0.9573 0.9387 0.9451
Jaccard 0.8489 0.7331 0.7508 0.8701 0.9181 0.8845 0.8960
MAPE 17.3 19.1 12.7 11.9 18.1 19.6 18.7
SMAPE 47.4 70.8 60.8 37.4 36.0 43.2 40.5

Table 6.2: Mean performance metrics for all testing data and for individual loading
conditions for 45 node cantilever truss structure

6.2.2 Case study 2

The overall and loading type-specific mean errors, as shown in Figure 4.5, are pre-
sented in Tables 6.4, 6.5, and 6.6. Similar to case study 1, we observe a reduction
in error values as the number of data points increases, aligning with the trend de-
picted in Figure 6.2a. In the 24-node case, all structures exhibit a recall value of
1 (Table 6.4). In the 45-node case, all structures, except structures 3 and 6, also
have perfect recall values, with those exceptions still showing values above 0.999.
Consistent with case study 1, the 60-node case demonstrates perfect recall values
for all structures. However, when examining the MSE, RMSE, and NRMSE values,
an increasing trend is observed as the number of nodes increases, as seen in Tables

6.4, 6.5, and 6.6. This pattern mirrors the behavior shown in Figure 6.2b.

The precision of the predictions is notably high, with all values exceeding 0.9, which
is an improvement over the cantilever problem where a few precision values fell below
this threshold. Figures 6.6, 6.7, and 6.8 illustrate the best and worst predictions for
load case 1 across different node counts, trained with a sample size of 12,000. The

selection criteria for the best and worst predictions followed the same methodology
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Metric Overall Structure 1 Structure 2 Structure 3 Structure 4 Structure 5 Structure 6
MSE testing 108.8 102.8 153.5 98.6 69.9 62.1 159.4
RMSE testing 10.4 10.1 12.4 9.9 8.4 7.9 12.6
NRMSE testing 0.0021 0.0020 0.0025 0.0020 0.0034 0.0032 0.0025
R2value 0.9985 0.9989 0.9983 0.9989 0.9977 0.9979 0.9982
§ Precision 0.9964 0.9927 0.9860 0.9980 0.9995 0.9993 1.0000
N Recall 1 1 1 1 1 1 1
Fiscore 0.9982 0.9963 0.9929 0.9990 0.9998 0.9997 1.0000
Jaccard 0.9964 0.9927 0.9860 0.9980 0.9995 0.9993 1.0000
MAPE 4.3 4.1 5.0 4.1 3.8 3.7 5.2
SMAPE 5.2 5.6 7.9 4.6 4.1 3.9 5.6
MSE testing 310.1 315.5 417.3 286.4 181.8 203.5 464.5
RMSE testing 17.6 17.8 20.4 16.9 13.5 14.3 21.6
NRMSE testing 0.0035 0.0036 0.0041 0.0034 0.0055 0.0058 0.0043
R2value 0.9956 0.9966 0.9955 0.9969 0.9937 0.9930 0.9949
=1 Precision 0.9820 0.9511 0.9571 0.9851 0.9969 0.9979 0.9980
@ Recall 1 1 1 1 1 1 1
Flscore 0.9909 0.9750 0.9781 0.9925 0.9985 0.9989 0.9990
Jaccard 0.9820 0.9511 0.9571 0.9851 0.9969 0.9979 0.9980
MAPE 7.8 7.6 8.7 7.3 6.6 6.9 9.8
SMAPE 11.8 17.4 17.4 10.6 7.6 7.8 11.1
MSE testing 1278.6 1326.2 1892.4 1233.6 875.8 691.3 1686.0
RMSE testing 35.8 36.4 43.5 35.1 29.6 26.3 41.1
NRMSE testing 0.0072 0.0073 0.0087 0.0071 0.0120 0.0107 0.0083
R2value 0.9818 0.9858 0.9787 0.9860 0.9699 0.9772 0.9822
S Precision 0.8915 0.7997 0.8403 0.8845 0.9355 0.9589 0.9177
® Recall 1 1 1 1 1 1 1
Flscore 0.9426 0.8887 0.9132 0.9387 0.9667 0.9790 0.9571
Jaccard 0.8915 0.7997 0.8403 0.8845 0.9355 0.9589 0.9177
MAPE 17.5 16.1 21.3 17.0 16.5 14.5 20.1
SMAPE 39.2 54.2 51.8 39.8 30.2 23.2 38.1

Table 6.3: Mean performance metrics for all testing data and for individual loading
conditions for 60 node cantilever truss structure

outlined in Section 6.2.1. As shown in the figures, the Jaccard index is consistently

equal to 1 for all cases, except for the 60-node structure, where it slightly deviates.

Unlike in Case Study 2, the variations in topology across the load cases are less
pronounced, resulting in lower prediction errors. This is evident when analyzing the
ground-truth optimized structures, reinforcing the conclusion that the complexity
of the optimization problem is more strongly correlated with the number of nodes.
However, for the 45-node case in load cases 2, 3, and 6, the SMAPE values are
notably higher. These greater prediction errors can be attributed to significant

topology variations observed in the ground truths in certain scenarios.

6.3 Optimization acceleration

In addition to achieving high prediction accuracy, the GNN-based framework has
significantly enhanced the efficiency of the optimization process by accelerating pre-

diction times by a factor of more than 20 6.7.
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Metric Overall Structure 1 Structure 2 Structure 3 Structure 4 Structure 5 Structure 6
MSE testing 27.6 22.4 33.8 20.1 11.3 38.3 38.7
RMSE testing 5.3 4.7 5.8 4.5 3.4 6.2 6.2
NRMSE testing 0.0011 0.0020 0.0025 0.0013 0.0007 0.0018 0.0012
R2value 0.9998 0.9996 0.9996 0.9998 0.9999 0.9997 0.9998
§ Precision 0.9998 1.0000 0.9995 1.0000 0.9998 1.0000 0.9997
o Recall 1 1 1 1 1 1 1
Flscore 0.9999 1.0000 0.9997 1.0000 0.9999 1.0000 0.9999
Jaccard 0.9998 1.0000 0.9995 1.0000 0.9998 1.0000 0.9997
MAPE 15 1.6 1.7 1.2 0.8 1.7 1.6
SMAPE 1.6 1.6 1.9 1.3 0.9 1.8 1.7
MSE testing 75.5 54.7 88.3 49.0 37.6 129.7 85.0
RMSE testing 8.7 7.4 9.4 7.0 6.1 11.4 9.2
NRMSE testing 0.0017 0.0031 0.0040 0.0020 0.0012 0.0033 0.0018
R2value 0.9994 0.9989 0.9988 0.9996 0.9998 0.9988 0.9995
S Precision 0.9985 0.9984 0.9978 1.0000 0.9949 0.9995 0.9993
3 Recall 1 1 1 1 1 1 1
Fiscore 0.9993 0.9992 0.9989 1.0000 0.9975 0.9998 0.9997
Jaccard 0.9985 0.9984 0.9978 1.0000 0.9949 0.9995 0.9993
MAPE 2.7 2.7 2.9 1.9 1.5 3.6 2.5
SMAPE 3.0 3.1 3.5 2.0 2.5 3.9 2.8
MSE testing 264.3 274.1 185.7 186.0 207.7 387.9 360.1
RMSE testing 16.3 16.6 13.6 13.6 14.4 19.7 19.0
NRMSE testing 0.0033 0.0070 0.0059 0.0039 0.0029 0.0057 0.0038
R2value 0.9978 0.9949 0.9975 0.9985 0.9989 0.9962 0.9979
S Precision 0.9916 0.9902 0.9967 0.9993 0.9814 0.9978 0.9824
- Recall 1 1 1 1 1 1 1
Fiscore 0.9958 0.9951 0.9984 0.9996 0.9906 0.9989 0.9911
Jaccard 0.9916 0.9902 0.9967 0.9993 0.9814 0.9978 0.9824
MAPE 5.4 6.6 4.8 4.2 3.9 7.1 5.5
SMAPE 7.4 8.9 5.6 4.5 7.7 8.1 9.2

Table 6.4: Mean performance metrics for all testing data and for individual loading
conditions for 24 node simply supported truss structure
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Metric Overall Structure 1 Structure 2 Structure 3 Structure 4 Structure 5 Structure 6
MSE testing 93.3 110.5 103.6 75.3 88.0 63.0 118.5
RMSE testing 9.7 10.5 10.2 8.7 9.4 7.9 10.9
NRMSE testing 0.0019 0.0046 0.0042 0.0023 0.0019 0.0021 0.0022
R2value 0.9984 0.9958 0.9972 0.9988 0.9989 0.9989 0.9985
§ Precision 0.9986 0.9996 1.0000 0.9976 0.9964 0.9989 0.9986
N Recall 0.9999 1 1 0.9997 1 1 0.9997
Fiscore 0.9992 0.9998 1.0000 0.9986 0.9982 0.9995 0.9991
Jaccard 0.9985 0.9996 1.0000 0.9972 0.9964 0.9989 0.9982
MAPE 4.4 5.2 4.8 4.0 3.9 3.5 4.9
SMAPE 4.9 5.6 5.1 4.7 4.7 3.8 5.6
MSE testing 207.7 217.9 149.5 195.0 186.1 214.4 292.1
RMSE testing 14.4 14.8 12.2 14.0 13.6 14.6 17.1
NRMSE testing 0.0029 0.0065 0.0051 0.0038 0.0027 0.0039 0.0034
R2value 0.9963 0.9920 0.9960 0.9965 0.9977 0.9962 0.9964
S Precision 0.9918 0.9959 0.9988 0.9776 0.9897 0.9974 0.9865
g Recall 0.9997 1 1 0.9989 1 1 0.9992
Fiscore 0.9957 0.9979 0.9994 0.9881 0.9948 0.9987 0.9928
Jaccard 0.9915 0.9959 0.9988 0.9765 0.9897 0.9974 0.9857
MAPE 7.1 8.3 6.0 7.0 6.3 7.0 8.3
SMAPE 9.3 9.6 6.5 11.9 8.8 8.1 11.8
MSE testing 613.7 704.1 560.8 445.2 616.2 682.1 676.3
RMSE testing 24.8 26.5 23.7 21.1 24.8 26.1 26.0
NRMSE testing 0.0050 0.0119 0.0098 0.0057 0.0050 0.0070 0.0052
R2value 0.9892 0.9730 0.9854 0.9929 0.9923 0.9871 0.9917
S Precision 0.9501 0.9658 0.9663 0.9344 0.9624 0.9273 0.9383
g Recall 0.9999 1 1 0.9997 1 1 0.9997
Fiscore 0.9744 0.9826 0.9829 0.9659 0.9808 0.9623 0.9680
Jaccard 0.9500 0.9658 0.9663 0.9341 0.9624 0.9273 0.9381
MAPE 13.5 16.8 12.8 11.1 12.8 14.2 13.3
SMAPE 24.7 25.6 20.8 24.6 21.6 29.7 26.6

Table 6.5: Mean performance metrics for all testing data and for individual loading
conditions for 45 node supported truss structure
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Metric Overall Structure 1 Structure 2 Structure 3 Structure 4 Structure 5 Structure 6
MSE testing 92.2 124.0 97.9 76.2 92.8 87.3 77.9
RMSE testing 9.6 11.1 9.9 8.7 9.6 9.3 8.8
NRMSE testing 0.0019 0.0039 0.0035 0.0020 0.0019 0.0022 0.0018
R2value 0.9985 0.9961 0.9976 0.9989 0.9988 0.9988 0.9990
§ Precision 0.9972 0.9991 1.0000 0.9993 0.9922 0.9979 0.9935
N Recall 1 1 1 1 1 1 1
Fiscore 0.9986 0.9996 1.0000 0.9997 0.9961 0.9989 0.9968
Jaccard 0.9972 0.9991 1.0000 0.9993 0.9922 0.9979 0.9935
MAPE 4.3 5.8 4.6 3.9 4.1 4.0 3.6
SMAPE 5.1 6.3 4.9 4.2 5.9 4.6 5.1
MSE testing 259.1 345.7 171.2 201.4 273.2 305.8 253.7
RMSE testing 16.1 18.6 13.1 14.2 16.5 17.5 15.9
NRMSE testing 0.0032 0.0065 0.0046 0.0033 0.0033 0.0041 0.0032
R2value 0.9957 0.9884 0.9961 0.9972 0.9963 0.9954 0.9968
S Precision 0.9831 0.9648 0.9996 0.9962 0.9702 0.9838 0.9766
3 Recall 1 1 1 1 1 1 1
Flscore 0.9915 0.9821 0.9998 0.9981 0.9849 0.9918 0.9882
Jaccard 0.9831 0.9648 0.9996 0.9962 0.9702 0.9838 0.9766
MAPE 7.8 10.4 6.4 6.8 7.6 8.4 7.1
SMAPE 11.6 18.1 6.9 7.9 14.0 12.4 12.1
MSE testing 791.4 1189.8 550.2 587.4 896.8 689.0 816.3
RMSE testing 28.1 34.5 23.5 24.2 29.9 26.2 28.6
NRMSE testing 0.0056 0.0121 0.0082 0.0057 0.0060 0.0061 0.0057
R2value 0.9871 0.9612 0.9871 0.9920 0.9880 0.9901 0.9896
S Precision 0.9360 0.8764 0.9761 0.9674 0.9019 0.9525 0.9371
= Recall 1 1 1 1 1 1 1
Flscore 0.9669 0.9341 0.9879 0.9834 0.9484 0.9757 0.9675
Jaccard 0.9360 0.8764 0.9761 0.9674 0.9019 0.9525 0.9371
MAPE 14.6 21.3 12.6 12.7 14.8 13.6 13.2
SMAPE 28.3 46.9 18.6 19.8 35.0 24.3 26.4

Table 6.6: Mean performance metrics for all testing data and for individual loading
conditions for 60 node simply supported truss structure

Avg. time taken by the Avg. time taken by the GNN  Time saved Acceleration
optimization algorithm (ms) model (ms) (%) factor
24 nodes 39.87 0.45 98.9 88.6
45 nodes 43.31 1.52 96.5 28.5
60 nodes 49.28 2.26 95.4 21.8

Table 6.7: Computational time savings for optimization with the use of GNNs
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Figure 6.3: Prediction plots for the load case 1 of the cantilever problem with (a)
lowest and (b) highest error in 24 nodes
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Figure 6.4: Prediction plots for the load case 1 of the cantilever problem with (a)
lowest and (b) highest error in 45 nodes
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Figure 6.5: Prediction plots for the load case 1 of the cantilever problem with (a)
lowest and (b) highest error in 60 nodes
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Figure 6.6: Prediction plots for the load case 1 of the simply supported problem
with (a) lowest and (b) highest error in 24 nodes
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Figure 6.7: Prediction plots for the load case 1 of the simply supported problem
with (a) lowest and (b) highest error in 45 nodes
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Figure 6.8: Prediction plots for the load case 1 of the simply supported problem
with (a) lowest and (b) highest error in 60 nodes
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Chapter 7

Conclusion and Future Research

7.1 Conclusions

In this study, we introduced an efficient surrogate modeling approach for structural
optimization by employing a variation of graph convolutions known as Topology
Adaptive Graph Convolutions, integrated within a Graph Neural Network frame-
work. This method replaces the traditionally computationally expensive optimiza-
tion processes with a GNN-based model capable of predicting optimized structural
layouts in real time, substantially reducing both computational time and resource
requirements. The GNN model was trained on datasets generated by connectiv-
ity based ground structure optimization, encompassing both topological and size

optimizations.

Through training on multiple load cases of a cantilever structure and a simply sup-
ported structure, the model demonstrated strong generalization capabilities, deliv-
ering highly accurate predictions. It showed minimal deviations from the ground
truth, with MAPE and SMAPE values consistently below 5%, aside from a few ex-
ceptions. The high recall, precision, and Jaccard index values highlight the model’s
effectiveness in predicting structural topology, while the low MAPE and SMAPE
values underscore its ability to optimize structure sizes efficiently. These metrics
collectively showcase the model’s robust performance in accurately approximating
optimized structures while significantly reducing computational costs compared to

existing optimization frameworks.

Since the outputs are provided in a graph format, with nodes representing joints
and edges denoting members along with their corresponding cross-sectional areas,
the predicted structures from the proposed framework are seamlessly utilized to

construct 2D trusses with straight members. The cross-sectional data and topol-
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ogy information generated by the framework provide all the necessary details for
fabricators to assemble 2D trusses using members manufactured through formative
techniques. Additionally, with the GNN framework achieving a reduction of over
95% in computation time compared to the baseline MATLAB-based optimization,
real-time structural optimization becomes feasible. This efficiency enables practi-
tioners to integrate the framework into daily workflows, making it a practical tool

for routine structural design and optimization tasks.

7.2 Future Work

Building on the success of the GNN-based framework, the next stage involves in-
corporating additional design considerations, such as accounting for buckling and
enhancing the robustness of the structures. Once these considerations are inte-
grated, a simple application compatible with smartphones and computers could be
developed. The ease of incorporating a trained machine learning model into such an
application represents a significant step forward in making structural optimization

accessible to everyday fabricators.

Despite the success of the GNN-based model, several opportunities exist for further
improvement. One such enhancement involves integrating post-processing steps that
remove mistakenly generated members, which could further improve the structural
efficiency and performance of the optimized designs. This post-processing could
involve filtering techniques or heuristics that detect and eliminate redundant or im-

practical connections in the predicted layouts, thereby streamlining the final design.

Due to the nodal number dependency of the input and output feature tensors, the
computational demands during the training process significantly increase, limiting
the model’s scalability to node counts in the range of thousands. Expanding the
model to handle higher numbers of nodes becomes challenging unless researchers
have access to high-performance computing resources to train these large models.
While the ML model effectively reduces computational costs once trained, this bot-
tleneck poses a limitation for future research and the broader implementation of

such models in practical applications.

Moreover, while this study focused on a cantilever and simply supported truss struc-
ture, the same surrogate modeling framework can be extended to other structural
types, including multi-span or frame structures. Additionally, the model can be
adapted for use in the 3D domain, which would open up a broader range of appli-
cations, from more complex building designs to aerospace structures. Exploring the
model’s capabilities in 3D optimization could potentially unlock more sophisticated

designs.
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