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ABSTRACT

Higher utilization of distributed generation using solar PV can be observed in recent
years due to the gradual reduction of solar panel cost. More additions of solar PV
generation in the LV grid can be expected in the future. One of the major challenges
encountered by distribution grid operators due to high solar penetration is the voltage
rise at the far end of the distribution lines. The centralized control of PV inverters and
other controllable devices such as on-load tap changer transformers are a potential
solution to solve the voltage rise problem. Optimum centralized control is a heavily
investigated topic in the recent past. The optimum control of controllable devices in
LV grids can prevent the voltage rise while minimising the energy loss due to resistive
loss and generation curtailment. Optimum power flow can be utilized for optimum
centralized control.

Optimum power flow is a non-convex problem, and there are different solutions to
solve it. A sequential mixed-integer second-order cone program-based methodology
is suggested in this thesis. According to simulation results, the suggested method has
a faster execution time and higher accuracy than the methods discussed in the literature.
Also, the thesis proves that the voltage rise can be successfully mitigated by applying
the proposed algorithm.

KEYWORDS: Optimum power flow, power distribution system, distributed generation,

second-order cone programming
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1 INTRODUCTION
1.1 Background and motivation

With the gradual decrease of the cost of solar PV (photovoltaic) panels and power
conversion equipment, higher PV penetration in distribution networks can be observed
throughout the world [1]. Traditional distribution grids are designed to carry power
from the distribution transformer to consumers. However, with high PV penetration,
reverse power flow from consumers to the distribution transformer can occur. This

effect generates problems related to voltage rise.

Distribution networks are predominately resistive, and the X/R ratio is lower than the
transmission networks. Therefore, the voltage variation between two points in a
distribution line mainly depends on the active power flow, and it increases with the
length of the line [2].

Since the direction of power flow changes within a day, distribution network operators
need to control the voltage in distribution grids actively. Many control methodologies
have been proposed in the literature to solve the voltage rise problems. These control
methodologies involve control devices such as on-load tap changers (OLTC), step
voltage regulator (SVR), active and reactive power of PV inverters, and energy storage
units. Optimum power flow can be used to control the above mentioned devices

optimally.

When considering the optimum power flow (OPF) for unbalanced distribution systems,
limitations in accuracy, computation time, or optimality can be observed. The optimum
power flow technique is introduced in this thesis for overcoming the limitations in
optimum power flow of unbalanced distribution systems. In this study, proposed
technique is used in a slow time scale to determine tap positions. It is used in a fast
time scale to control PV inverters. The performance of the suggested methodology is
evaluated by applying it to an IEEE benchmark test case.

1.2 Objectives

The main objective of this research is to develop an optimisation method to prevent
voltage rise in low voltage distribution networks (LVDN) with high solar

penetration by optimally controlling OLTC and smart inverters.



The specific objective is,

e To develop the optimisation model to be accurate and fast enough for real-time

operation with real-time measurements from smart meters
1.3 Scope

Research is focused on the prevention of voltage rise with minimum cost using OLTC
and smart inverters. Optimum power flow is used as the control technique for
preventing voltage rise. Optimum power flow solving algorithm is developed to

overcome limitations in existing methods.
The proposed algorithm is tested for two test cases.

The proposed algorithm is designed to execute in a reasonable time rather than

achieving the global optimum.

Short duration voltage fluctuations that occur due to cloud movement is not considered

in the proposed optimisation method.

The proposed algorithm is designed for radial distribution networks.

1.4 Overview of the Thesis

Chapter 2 - summarizes the recent research literature, identifies the gaps, and proposes

research questions.
Chapter 3 — Formulate the equations, optimisation problem, and solution method
Chapter 4 — Simulation results and analysis

Chapter 5 — Conclusion



2 LITERATURE REVIEW

In this chapter, previous research related to voltage rise prevention using smart
inverters and OLTC transformers are discussed. First, papers related to smart inverters
are discussed. Then OLTC transformer-related research is discussed. Then, different
optimisation techniques are discussed. After that papers associated with the OPF based
control of smart inverters and OLTC transformers are discussed, and their drawbacks
are examined.

2.1 Smart inverters

The simplest local control strategies of PV inverters include fixed reactive power
(fixed Q) and fixed power factor control methods (fixed cos ¢). Reactive power
outputs of inverters or power factors of inverters are kept at a constant value in these
methods. The Characteristic curve is shown in Figure 1. In the cos ¢(P) method [3],
[4], the power factor of the inverter rely upon the active power generation, and the
relationship is expressed as a power factor-active power droop. Power factor — active
power diagram of cos @(P) method is shown in Figure 3. The Q(V) method shown in
Figure 4 is based on a reactive power-voltage droop [5]-[4]. Reactive power output
depends on the local voltage in this method [3]. Adaptive reactive power -voltage
droop control method is proposed in [5]. There, the reactive power absorption ability
of inverters close to the transformer is increased by changing droop parameters using
a fuzzy inference system. These methods perform better than fixed Q and fixed cos ¢
methods. Since voltage rise happens near PV inverters at the far end of distribution
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Figure 1 — Standard reactive power methods. - Fixed cos ¢. [7].



feeders, the reactive power output of the Q(V) method depends on the location of the
PV inverter. The reactive power output of the cos ¢(P) method does not have a relation
with the PV location.
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closer to the transformer
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Figure 3 - Standard reactive power methods - cos ¢(P) [7]

QP, (%) QP, (%)

closer 1o the transformer

4(a) 4(b)
Figure 4 — Standard reactive power methods - Q(V) [7].
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Figure 2 —. cos ¢(P,V) method [7].



An improved cos ¢(P, V) method is suggested in [3]. In this method, features of Q(V)
are used to assign higher reactive power to inverters further away from the distribution
transformer. As shown in Figure 2, the lower power factor C2(V) of the 2(b) graph
(cos @(P) ) is selected from the 2(a) graph (Q(V)). There is a higher voltage at end of
lines, therefore C2(V) becomes lower when moving away from the distribution
transformer. Q(V)/ P(V) method is proposed in [4]. The control methodology is similar
to the Q(V) method with the extra active power curtailment feature for the PV inverter
when voltage rises at the point of common coupling. The characteristic curve is
provided in Figure 5.

Q./anx — - Ptnrla:I/PPl'
4 A
1
r e— -

Figure 5 - Q(V)/P(V) method [4]

Uncoordinated reactive power generation or absorption by the inverters can produce
further losses. Implementing a communications system is costly. For the effective use
of inverters’ reactive power capacity with lowest level of communication, a
methodology for reactive power management with volt-var control considering
inverters’ size and sensitivity to the critical bus is presented in [6]. The presented
method considers the sensitivity of reactive power of the inverters at distinct locations
respective to the critical bus. The furthermost bus with a solar inverter is selected as
the critical bus. This method [6] also facilitate other inverters nearby to the critical bus
to efficiently use their capacity by supplying reactive power. Inverters are in a queue
in descending order of sensitivities. An inverter that has the topmost sensitivity with
reactive power availability is set to operate at the lowest power factor.



Although reactive power compensation, works well for inductive lines, the operation
in resistive lines is poor [7]. Therefore, the effect of reactive power compensation for
low voltage distribution lines is lower compared to active power curtailment. Droop
based active power curtailment is discussed in [8]. The control logic used in the
simulation is presented in Figure 6. Residences situated downstream on the feeder
were needed to curtail more energy than the others (close to the transformer), affecting
their revenues according to simulations in [8]. A output power losses (OPL) sharing
method among all inverters called active power curtailment with operational power
loss sharing (APC-OPLS) method is suggested in [8] to overcome adverse curtailment
from downstream inverters. The droop coefficients for APC-OPLS are calculated
based on the voltage sensitivity of the system. Active power curtailment of APC-OPLS
method is 3% higher than basic APC method according to simulation results of [8].

MPPT

Figure 6 - Droop based active power curtailment of the PV inverter[8]

An approach to droop control of parallel inverters by simulation of a finite-output
impedance voltage source and a current source is presented in [7]. Finite-output
impedance voltage source and a current source is simulated by controlling the current
and voltage output of a single-phase pulse width modulated (PWM) voltage source
inverter with a low pass output filter. Benefits in short circuit behavior and voltage
harmonic mitigation are reported using the proposed method in [7].



2.2 On load tap changing transformers

The use of OLTC for voltage rise mitigation is widely discussed in the literature. In
classical OLTC, an automatic voltage regulator (AVR) is used to keep the measured
secondary voltage of the transformer within the reference voltage range. The use of
OLTC in a rural European low voltage network to mitigate voltage rise is studied in
[9]. The secondary side voltage control of the transformer can cause voltage violations
in certain busses, and the investigation of coordinated control between OLTC and PV
systems is suggested in [9].

The load drop compensation (LDC) method is a widely used technique to control
OLTCs. In the LDC method, the controller of OLTC estimates the voltage drop at the
control target point. Then dead-band voltage deviation at the control target point is
calculated based on the estimated result, and voltage is controlled through tap
operations (TOs) if the voltage at target point exceed the set-point [10].

Static voltage regulators (SVR) are utilized to control the voltage in the middle of
distribution lines. The control of SVR can be accomplished using LDC. In
conventional methods, OLTC and SVR are operated in the same network through the
spatial separation of control zones using LDC impedance [10]. A neural network-based
control strategy to control OLTC and SVRs when a static VAR compensator (SVC) is

installed in a distribution network is introduced in [10] to mitigate voltage rise.

Three control strategies to control OLTCs are suggested in [11]. These are constant
set-point control, time-based control, and remote monitoring-based control. With off-
load tap changer, reported PV penetration is 30%, and it was increased to 50% with
OLTC using constant set-point control. The remote monitoring-based control has
significantly increased the network’s PV penetration up to 70%. The time-based
control of OLTC has resulted in comparable performance to remote monitoring-based
control with more tap operations. OLTC fitted transformer, and network reinforcement
is compared from the economic point of view in [12]. According to this study, for
smaller PV penetrations (up to 60%), traditional reinforcement is commercially
beneficial than the OLTC-fitted transformer.

Coordinated control of distributed energy storage system (batteries) with OLTC
transformers for voltage rise mitigation under high PV penetration is suggested in [13].



OLTC operates to keep the voltage within the range of a busbar. The voltage rise is
identified if the voltage of any bus is greater than the specified busbar. A charging
signal is sent to all batteries when there is a voltage rise. Batteries are discharged at
peak load time. Further, tap operation reduction, reducing the utility peak load, and
decreasing the line losses during high solar power penetration are achieved using the

suggested control scheme.

2.2.1 Drawbacks of OLTC

An growth in tap operations of transformer OLTC due to solar PV generations is
reported in [14]. According to [14], the number of tap operations increases on a cloudy
day compared to a sunny day. The number of tap operations on cloudy days increases
with the PV penetration level. The growth in tap operations in OLTC can reduce the
contacts lifespan and stimulate the deterioration of transformer oil during switching
process [15]. Therefore, the cost of tap operation also should be included when
determining the cost of voltage control in distribution systems.

2.3 Overview of different optimisation methods

A brief overview of the different optimisation methods used to solve the OPF problem
is discussed in this section. These optimisation techniques are used in previous
researches to solve the OPF problem in transmission and distribution systems.
Applications and drawbacks of optimisations techniques discussed in this section are
presented in the section 2.4.

2.3.1 Definition of an optimisation problem

An optimisation problem is a problem of finding the best solution from all feasible
solutions. It can be represented as follows [16] :

minimize f(x)
subject to g;(x) <0, i=1,...,m
h](x)=0, ]=1,,p

where



f:R" — R is the objective function to be minimised over the n-variable vector

X,
e g;(x) < 0 are called inequality constraints
e h;(x) = 0 are called equality constraints, and

e m>0andp>0.

2.3.2 Evolutionary computation based techniques

Evolutionary computation-based algorithms are inspired by the processes of nature
that gradually reach an optimum state. The initial population is generated randomly,
and the optimum solution is searched across the feasible set. Genetic algorithms and
particle swarm optimisation techniques are extensively utilized for solving OPF
problems.

2.3.2.1 Genetic algorithms

A Genetic Algorithm (GA) is a search-based optimisation technique influenced from
genetics and natural selection principles. It is utilized to discover optimal or near-
optimal solutions to optimisation problems. This algorithm emulates the process of
natural selection. The fittest individuals are selected to produce descendants of the next
generation. The optimality of the generated solutions is evaluated using the defined
fitness function. Best fitted solutions are selected, and a crossover operation is
performed to create new solutions to assess fitness. Mutation operation is performed
with low probability on some selected solution sets. Converging to a local optimum is
avoided from mutation operation.

2.3.2.2 Particle swarm optimisation

Particle swarm optimisation (PSO) is a population-based optimisation approach
influenced from movement of bird flocks and schooling fish. The algorithm starts with
a population of random solutions, and the search for the optimal solution is achieved
by renewing generations.



The potential solutions, called particles, travel in the solution space by following the
prevailing optimum particles. Particle swarm optimisation (PSO) is computationally
further efficient with regards to both speed and memory usage. Usually, PSO is
comparatively less practical and less accurate than GA.

2.3.3 Convex optimisation

Convex optimisation is a mathematical optimisation technique that studies about
minimising convex functions over convex sets. Many categories of convex
optimisation problems have polynomial-time solution algorithms. Therefore, convex

optimisation methods are faster than evolutionary computing-based methods.

2.3.3.1 Convex set
A set C is convex if the line segment between any two points in C lies in C [16].
if for any x, y € € and any 6 with 0 <6 <1, then
Ox+(1—-60)yecC
2.3.3.2 Affine set

A set C < Rnis affine if the infinite line through any two distinct points in C lies in C
[16].

if foranyx,y € Cand 8 € R, then
Ox+(1—-6)yecC
2.3.3.3 Convex function
A function f: R" — R is convex if the domain of f is a convex set and if for all x [16],
y € domainof f,and 6 with0 < 8 <1, then
Ox+ (A -Dy)<of(x)+ 1A -6f()
Geometrically, this inequality represents that the straight line between (x, f(x)) and

(v, f (7)), lies above the graph of f as shown Figure 7.
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Figure 7 - Graph of a convex function

2.3.3.4 Convex optimisation problem
minimize f(x)
subject to g;(x) <0, i=1,...m
hj(x)=0, j=1,...,p
e the objective function f(x) should be convex,
e the inequality constraint functions g;(x) should be convex,

e the equality constraint functions h;(x) should be affine

2.3.3.5 Linear program

A linear program is the most straightforward convex optimisation problem. The
problem is called a linear program (LP) when the objective and constraint functions

are affine. A general linear program has the following form [16].
minimize ¢"x + d
subjectto Gx <h

Ax =0b

where X € R™, G € R™™ h € R™ and A€ RP*™,

11



2.3.3.6 Quadratic program

The convex optimisation problem is identified as a quadratic program (QP) if the
objective function is (convex) quadratic and the constraint functions are affine. A

quadratic program problem is presented the following form [16].
1
minimize (§> xTPx+qTx +r
subjectto Gx <h
Ax =b

where X E R" P € S™, g € R", G € R™™ h € R™, A € RP*", and T indicates

transpose

2.3.3.7 Second-order cone program

Second-order cone program (SOCP) closely relates to quadratic programming. A
SOCP problem is presented the following form [16].

minimize fTx
subject to
A;x + b;ll, < cfx+d;, i=1,....m
Fx=g

where x € R™ is the optimisation variable, the problem parameters are A; € R™*", b;
€ R™,c; €R™, d; €R,F €RP*™ g €RP. ||x||, is the Euclidean norm.
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Figure 8 — Feasible region of a SOCP with three variables
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As shown in Figure 8, the feasible region of a SOCP problem with three variables is
the intersection of the green polyhedron and cone. Green polyhedrons represent the
linear inequality and bound constraints. Cone represents the SOC constraint [17].

2.3.3.8 Semidefinite program

In semidefinite programming, linear function subject to the constraints of an affine
combination of symmetric matrices is minimised. Some OPF solving methods which
use semidefinite programming are presented in the literature review. Semidefinite
programming is presented in the below form.

minimize cTx

F(x) >0

Wherex € R",c € R™, F(x) =F, + Z}’zlijj

Here F,, F,,..., E,, are symmetric matrices in R™*™ and F(x) >0 means that F(x) is
positive semidefinite. Even though this constraint is nonlinear and non-smooth, it is

convex. Therefore, semidefinite programs are convex optimisation problems.
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2.3.4 Non-convex optimisation problems

Many optimisation problems, including optimum power flow problem, are non-convex
optimisation problems. There are two families of methods to solve non-convex
optimisation problems. They are local and global optimisation methods. Local
optimisations are fast. Finding global optimum is not guaranteed in local optimisation
methods. In global optimisation methods, the global optimum is obtained and certified.
These are slower than local optimisation methods. The branch and bound method is an
example of a global optimisation method.

Local minima

Global minima

Figure 9 - Global minimum and local minimum

2.3.4.1 Relaxations and approximations

It is possible to make a non-convex optimisation problem convex by introducing
modifications to the mathematical model. These modifications can be categorized as
relaxations and approximations. As demonstrated in Figure 10, in relaxations, solution
space is extended. In approximations, some solution space is neglected. Second-order
cone relaxation in the OPF problem is an example of relaxation. Linear approximation
from the Taylor series in some OPF formulations is an example of approximations.
Generated solution after applying a convex optimisation method for the relaxed
problem is guaranteed to be a lower bound to the optimum solution if relaxation is
used. This is not true if an approximation is used since some solution space is not
considered for optimisation.
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Figure 10 - relaxations and approximations

2.3.4.2 Sequential convex optimisation

Sequential convex programming (SCP) is a local optimisation technique for non-
convex problems, influenced by convex optimisation. The convex portions of the
problem are handled efficiently using convex optimisation techniques. The non-
convex parts of the problem are modeled by convex functions that are locally accurate
[18].

2.3.4.3 Mixed-integer programming

In mixed integer programming, some decision variables are integer values. Execution
times of these problems are higher in these problems compared to a similar problem

with continuous variables.

Applications of these optimisation techniques, comparison, and drawbacks are
discussed in the next section.

2.4 Optimum power flow

Optimum power flow was first proposed by Carpentier in 1962 for offline operation
planning of energy networks [19]. Optimum power flow for transmission networks is
widely discussed in the previous literature [20], [21], and they are used in day-to-day

operations in transmission system control centres [20].

With the increased penetration of renewable energy generation, more randomness and
fluctuations occur in power systems. System operators require to update their operation
strategies in real-time to react to the fluctuations in renewable generation. The concept
of real-time OPF was presented by Bacher and VVan Meeteren in 1988 [22]. The real-
time OPF (RT-OPF) is designed for responding to the fluctuations of uncertain
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parameters in the energy network at every sampling time. These reactions could be
either optimal or suboptimal [23]. With the use of learning architecture built using
fully connected neuron networks, an RT-OPF approach to achieve a short sampling
time considering renewable energy generation was proposed in [24]. The neural
networks are trained on different scenarios of the unpredictability in the network.

All the research studies discussed in section 2.1 and 2.2 related to OLTC and smart
inverters are based on rule-based centralized or decentralized control schemes. Even
though a fast operation is guaranteed, rule-based control schemes are not optimised to
achieve their objectives. Optimum power flow can be used as a tool to determine the
optimum set points for smart inverters and OLTC in LV networks. With the increase
of renewable energy penetration in low voltage distribution networks (LVDN), the use
of OPF for controlling power flows in distribution systems is considered. There are
several techniques to solve the optimum power flow problem in distribution systems.
Even though the primary objective of OPF is not voltage rise prevention in unbalanced
distribution networks, some key papers related to unbalanced OPF are discussed here
to demonstrate the modifications introduced in this study.

2.4.1 Evolutionary computation techniques for solving OPF problem

Some researchers use evolutionary computation techniques like genetic algorithms
(GA) and particle swarm optimisation (PSO) in their centralized control schemes. Grey
wolf optimiser is used in [25] to prevent voltage violation in MV distribution systems
by minimising curtailing PV power generation and tap movement rate. A genetic
algorithm-based method is used in [26] for the centralized cooperation control of
sending voltage, and static voltage regulators (SVR), shunt capacitor (SC), and static
var compensators (SVC). Evolutionary computation techniques could be time-
consuming because of the extensive solution space available with different
controllable devices.

2.4.2 Linear programming for solving OPF problem

DC OPF (Direct Current OPF) is widely used in optimisations in transmission
networks [20]. It is attained through the linearization of the power flow equations by
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assuming all voltage magnitudes to be fixed and all voltage angles to be close to zero.
Several linearization approaches are suggested in [21] using piecewise linear
approximations to cosine functions and Taylor series approximation to quadratic terms.
These methods are designed for transmission networks, and simulations are performed
for transmission test cases with low R/X, which are balanced. Due to considered
assumptions, results generated from DC OPF are not accurate enough for solving OPF
in distribution networks [27], [28].

2.4.3 Semidefinite programming for solving OPF problem

A semidefinite programming (SDP) relaxation of the OPF problem for transmission
systems is proposed in [29] based on a rectangular version of power flow equations.
The methodology is tested for 300 bus system, and it is reported about the difficulty in
solving for extremely large networks. SDP model to minimise power loss and
generation cost in unbalanced distribution systems is suggested in [30], based on the
bus injection model (BIM). SDP models to minimise generation cost is proposed in
[31], based on the bus injection model (BIM) and branch flow model (BFM). BFM is
reported to be numerically stable than BIM. The suggested algorithm is tested for IEEE
123 bus distribution system test case and several other test cases without PV generation
in [31].

2.4.4 Second-order cone programming for solving OPF problem

Second-order cone programming (SOCP) is widely used to solve the balanced three-
phase OPF [32], [33], [34], [35], [27]. In [32], SOCP is used for optimum inverter
VAR control in balanced three-phase distribution systems. In [33], three SOCP models
are suggested for balanced OPF in transmission networks. In each model,
approximations are used to make the voltage phase angle-related equation convex.
Approximations are used to make the model close to the actual system, with a tradeoff
of computing time in each model. In [36], SOCP is used to solve the OPF problem to
decide the optimal dispatch of inverter-interfaced deterministic energy storage in an
unbalanced distribution feeder with high solar PV penetration. The solution of the
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SOCP is used to start a nonlinear program (NLP) to assure a physically feasible
solution.

2.4.5 Convex optimisation for solving OPF problem in unbalanced distribution
networks

Convex optimisation-based methodologies are used for voltage control in distribution
systems. Optimum power flow for an unbalance three-phase distribution network is
represented as a convex quadratic program with the objective of voltage deviation
minimisation in [37]. The nonlinear terms in load flow equations have been replaced
with first-order Taylor approximations. According to the authors, nonlinear losses
behave linearly in mild loading conditions. The algorithm is tested for IEEE 123 bus
distribution system test case without PV generation. Sequential quadratic
programming (SQP) based technique is used in [38] to solve OPF in unbalanced four-
wire distribution systems for improving voltage profile while minimising line losses
and generation costs. The algorithm is tested for unbalanced distribution systems with
phase A 10.7%, phase B 6.5%, phase C 14.7% PV penetration. Voltage rise is not

reported before active control with considered penetration.

2.4.6 Convex optimisation-based methods for tap operation minimisation

Convex optimisation approaches have been used in previous literature to control
OLTC. The tap position of OLTC is a discrete variable. Discrete variable are treated
as continuous in [39], [40]. Discrete variables are directly used in OPF model with
mixed integer programming methods in [41], [42], [43], [44]. A centralized optimum
tap control method where the primary objective is minimising the maximum deviation
of the voltage profile from 1 p.u. on the whole feeder is proposed in [39]. As the
secondary objective considered in [39] is to minimise the number of tap operations.
The suggested algorithm is tested for PV penetration of 422%. Further, a convex
optimisation approach is used, and the linearization approach is used to convert the
problem to convex optimisation problem. A methodology to determine the optimum
tap position while reducing voltage deviation from the nominal value, reducing active
and reactive power demand of substation is suggested in [40]. Problem is formulated
as an SDP, and tap positions are assumed as continuous variables, and voltage
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allowance is provided to account for this assumption. The algorithm is tested for IEEE
123 bus distribution system test case without PV generation. An Optimum power flow
based methodology for voltage control by controlling OLTC transformers and shunt
capacitors is proposed in [41]. . There, Tap operation cost minimisation is considered
in multi-objective objective function while weighting it with the cost of line loss
minimisation and capacitor switching minimisation for balanced distribution systems.
In [41], the trust-region sequential quadratic programming method is combined with
the branch and bound approach for solving the resulting mixed-integer nonlinear
problem In [39], tap operation minimisation is considered in a multi-objective function

while weighting it with voltage deviation minimisation in a 1:100 ratio.

Mixed-integer second-order cone programming (MISOCP) based approaches are used
in previous literature to solve OPF with OLTCs and other discrete variables. In [42],
MISOCP is used for solving optimal reactive power flow problems in balanced
networks. According to simulation results, MISOCP has performed better than MINLP
solvers in terms of solution time and power loss reduction. In [43], MISOCP is used
for VAR optimisation with network reconfiguration in active distribution systems.
Binary variables are used to represent branch status, tap position of OLTC, and steps
of discrete VAR compensators. In [44], MISOCP is used for solving the OPF in
balanced MV distribution systems with OLTCs. A sequential bound tightening
algorithm is applied to ensure that the relaxations are tight.

2.4.7 PV curtailment minimisation

PV curtailment minimisation and line loss minimisation are used as objectives in
several studies. In [31], SDP-based OPF is created using BFM and line loss
minimisation as the objective. In [36], line loss minimisation is used as an objective
along with voltage deviation minimising and battery degradation minimisation in an
NLP OPF model. In [38], line loss minimisation and curtailment minimisation is
considered as parts of objective function along with voltage unbalance minimisation
and inverter loss minimisation. Objectives are weighted according to customized
weights. In [44], line loss minimisation and voltage deviation minimisation is tested
as an objective in MISOCP based OPF.
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2.4.8 Drawbacks in use of convex optimisation for solving OPF problem

However, Obtaining exact solutions is not possible for some practical three-phase
distribution systems due to the assumptions considered in relaxations and
approximations [10], [20], [45]. According to [45], when simulated for real world test
cases, many instances of OPF return semidefinite relaxations with optimal solutions
of high rank, which are not exact. Limits of the SDP approach are highlighted in [46]
by providing transmission system test cases that fail to give a physically meaningful
solution with a non-zero duality gap. A rank minimisation algorithm is suggested in
[45] to improve semidefinite relaxation. In [47], the objective function is modified
using a heuristic method to extract rank-1 solutions from low-rank solutions. The
above methods represent OPF as an SDP, and the computing time of SDP increases
rapidly with the number of variables compared to the second-order cone programming
(SOCP) approach [33], [27] [48], [49]. Also, SDP solvers are still not numerically
robust [36].

SOCP relaxation also provides infeasible solutions to OPF in some conditions [28],
[50]. In [50], proofs are provided for balanced SOCP OPF relaxation, to be exact,
under some conditions. However, these conditions cannot be satisfied in many
practical networks. Increasingly tightening cutting planes are used in [35] and [27] to
extract physically meaningful solutions to balanced OPF after applying SOC
relaxation. The current value generated from SOCP is used as the upper bound for the
current value in the next iteration. According to simulation results, an exact solution
is obtained after thirty iterations of SOCP. In [33], a heuristic method is suggested to
extract feasible solutions from relaxed OPF problem. There, one variable with the least
cost is fixed from the previously obtained solution of SOCP, and SOCP is executed
again. This procedure is performed again and again until the solution is feasible.
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2.4.9 Non-convex optimisation approaches for solving OPF problem

2.4.9.1 Sequential convex programming for solving OPF problem

Sequential convex programming is another approach that is used to solve the non-
convex optimisation problem. In this approach, the convex part of the problem are
optimized exactly. The non-convex part of the problem are modelled by convex
functions which are locally accurate [18]. Sequential linear programming (SLP) and
Sequential quadratic programming (SQP) can be categorized as sequential convex
programming methods.

Sequential linear programming (SLP) methods are suggested in previous literature to
solve OPF. In SLP, the original nonlinear program (NLP) is converted to a linear
program (LP) using a linear approximation of the objective function and constraints
about an initial estimate of the optimal solution. The resulting LP is then solved, a new
linearization is done about the new solution point, and the process is performed again
and again until convergence [20]. In [51], [52], SLP is utilized for solving the OPF
problem in transmission networks. In [51], current-voltage formulation is used. In [52],

power flow equations in polar coordinates are used.

Sequential quadratic programming (SQP) methods are utilized in previous literature to
solve OPF. In SLP, the original non-linear program (NLP) is reduced to a quadratic
program (QP) which approximates the NLP problem about a specified operating point.
Next, the QP sub problem is solved to optimality. The optimal solution of the QP sub
problem then provides the initiating point for the next SQP iteration, and the process
is repeated until convergence [20]. In [41], to solve MINLP resulting from the OPF
problem with OLTC and shunt capacitors, the trust-region sequential quadratic
programming method is combined with the branch and bound. In [22], SQP with
multiple start points is used to solve the OPF problem in an unbalanced distribution
system.

2.4.9.2 Global optimisation for solving OPF problem

Global optimisation methods are used to obtain the global optimum solution for OPF.

Branch and bound techniques are utilized to solve global optimisation problems. In
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[53] branch and bound-based global optimisation method is suggested to solve OPF in
unbalanced distribution systems. Despite having the global optimum, branch and
bound-based methods are time-consuming [54] since there are more than three
iterations of convex optimisation programs to be solved.

2.4.9.3 Local optimisation methods for solving OPF problem

Local optimisation methods are used to obtain a local solution to OPF. In [55], the
predictor-corrector interior-point algorithm is used to obtain exact local solutions to
OPF for an MV distribution system with voltage rise. There is a tendency of
converging to the local optimum close to the start point in local optimisation methods
[14]. Compared to that, the utilization of convex relaxations provides the guarantee of

providing the global optimum for situations where the duality gap is zero.

In this thesis, a modified version of the rectangular voltage-current formulation of the
three-phase branch flow model was used with some approximations and relaxations to
make the problem convex (SOCP). Sequential MISOCP methodology is suggested to
achieve exact solutions by limiting the solutions space gradually to load flow solutions
that are solved, including the previous MISOCP outputs. Currents from load flow with
gradually decreasing constants are used as cutting planes for second-order cone
relaxations. Sufficiently exact solutions are obtained after three iterations of the
optimisation program resulting in lesser computation time. Two-time scale
optimisations are suggested to minimise tap operations, curtailment and lines losses
while reducing voltage rise. In slow time scale, tap operations changing is considered
with curtailment and line loss minimisation. In fast time scale optimisation,
curtailment and line loss minimisation is considered. The slow time scale optimisation
is performed once in an hour or if infeasible solutions are provided by the fast time
scale optimisation. The fast time scale optimisation is performed once in every ten

minutes.
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3 METHODOLOGY

3.1 Problem formulation

Kron reduction technique was used to reduce the four-wire distribution system to a
three-wire system [56]. It was assumed that neutral was grounded at multiple points.
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Figure 11 — Diagram of m-n line segment

For the m-n line segment shown in Figure 1, from the power balance of the three-phase
lines, the equation (1) was derived [31] [37]. Power flown to node m equals the
summation of power flown out of node n, line loss, and power generation/consumption

at node n.
ZSmn me men IAmn IAmn
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where,

SAmn = Pamn T JQ4mn
Sa, =Px —Pr + P +5(Q5. £05)

H denotes the Hermitian transpose.
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From the expansion of the first, second and third rows, the power flow equations of
phases A, B, and C were obtained. By considering the real parts of the first row to

describe the active power flow of phase A, Equation (2) was obtained.

Pin = Dhc(i)eE Py, + Py = Py + PEYT + Re{lap ™ X (R Tap, +

RmmnIan + RmmnICmn)} (2)

By considering the imaginary parts of the first row to represent the reactive power flow
of phase A, Equation (3) was obtained.

Qamn = Zki(j'k)EE Qank + an T an + Im{IAmn* x (RsmnIAmn + RmmnIan +

Rmmnlcmn)} (3)

where,

Ia, Pann 9a,,,2r€ the complex current, active power and reactive power flowing

from node m to n in phase A.

an and an are the real power consumption and reactive power consumption of phase

A of node n.

Pﬁn, Qﬁ{n and PACWn are the real power generation and reactive power generation and

active power curtailment from the PVs and inverters in phase A of node n.

Two new variables, w, =|u, |*and L, = |1, |* for every bus and every line were

introduced. Then variables in non-convex terms (Uf ,If  UA™ L™ ) of

mn

equations (1) and (2) were replaced by values obtained from load flow. The exact

equations used are given in Appendix A as equations Al and A2.

Equations for apparent power flow at node m to n were derived from Equation (4) [31].
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SAmn UAm IAmn
SBn| = diag | |Usp | [ 1Bmn 4)
SCmn UCm Icmn

By expanding the first row,
Samn = Utmlamn (5)

where U,,,, and U, are the complex voltage at node m and n of phase A and are given
by Us,, = UF_ +jUi"and Uy, = US + U™

n

Similarly, current flown from m to n of phase A, I, = ijm +jI"

After the multiplication of both sides of (5) by s4,,,,.",

*

_ * *
SAmn X SAmn = UAmIAmn X SAmn
* __ * *

SAmn X SAmn = UAmIAmn X UAm IAmn

Papp FJ i) X Pty T 784mn)" = UayUap, X Lapy Tayn

After simplifying the above equation, equation (6) was obtained.

2 2
Phimn + Capn= U L4100 (6)
Then with substitutions, equation (6) was rewritten as:
Wy, La,=Pi,  +ai (7

Using Ohm’s law, the equation for the relationship between phase A voltage

magnitudes was expressed as in (8).

Up, = Ua, —Ta,,Zs — I, Zm — Ic,, Zm) (8)
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To keep the variables in the optimisation program independent of angle and to make
equations linear, the square of equation (8) was used for optimisation after some

substitutions. Variables in non-convex terms (Uf ,If U™ 17" ) of square

equation (8) were replaced by values obtained from load flow. The exact equation used
is given in Appendix A as equation (A4). Derivation of equation (A4) is provided in

Appendix A.

3.1.1 Constraints

3.1.1.1 Voltage constraints

The phase voltage was maintained within £6% from the nominal value [57]. The
following constraint was used to restrict the squared magnitude of voltages within the
allowable range.

2162 < |U, |” < 244 9)

3.1.1.2 Inverter reactive power constraints

In this research, the inverter maximum active power capacity is assumed as 90% of its
apparent power capacity. Therefore, the maximum reactive power absorption or
injection is restricted to 43% of the inverter apparent power capacity.

—0.43S§ < Q§ <0.43S§ (10)

3.1.1.3 Inverter active power curtailment constraints

Capability to curtail full active power generation is provided to inverters. However,
curtailment of active power is minimised using the objective function.

0 < P{U < Pg (11)
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3.1.2 Objective function

To minimise the overall cost incurred for maintaining the voltage within the
permissible range, the minimisation of the cost of line losses, the cost of tap changing,
and the cost of inverter active power curtailment were considered. The cost of 1 kWh
is taken as $0.11 [14]. The cost per 1 kwWh of line losses and curtailment are considered

as same.

For slow time scale optimisation, tap operation minimisation is considered. Cost of tap
operation minimisation is included in the objective function of the slow time scale
optimisation. This optimisation problem is solved once an hour or if fast time scale
optimisation is infeasible. In some time instances it is not possible to keep the voltage
within bounds with curtailment and reactive power compensation with the tap position
set by previous slow time scale optimisation. In those occasions fast time scale
optimisation becomes infeasible. In the slow time scale optimisation, loads and
generations for one hour ahead are used for determining the average load and average
generation values. It is recommended to use load and generation prediction to
determine average load and generation when using in real world situations. Since
optimisation is performed considering the loads and generations of one hour ahead,
0.11 (cost of 1 kWh) is taken as the weighting factor for line losses and curtailments
to weight them against the cost of tap operation reduction in the multi-objective
objective function.

For the fast time scale optimisation, only curtailment and line loss reduction is used.
Since both components have the same cost, the same weighting factor is used for both.

3.1.2.1 Cost of line losses

Line losses include the cost of Ohmic losses incurred in three-phase cables and neutral.
Here, with the available variables, only the losses in three-phase lines for one hour

were considered for the objective in slow time scale, as shown in equation (12).
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Cost of line losses = 0.11 X {ZViEE(RSi) X |IA,-|2 + 2viee(Rs,) X |IB,-|2 +
Sviee(Rs) X [I¢|'} (12)

3.1.2.2 Cost of power curtailment

This term includes the cost of power curtailment of every single-phase inverter, and it

is expressed as in (13).

Cost of curtailment = 0.11 X {Syien, PS", + Dvieny P8 ; + vienc PEY )

(13)

3.1.2.3 Cost of tap change

The cost of one tap change is determined by dividing the cost of the tap changer by the
maximum number of possible tap changes. MR Eco on-load tap changer is selected as
the tap changer for this study. The cost of the tap changer is $ 12755. The number of
maximum possible tap operations is 500,000. The cost of tap operation is obtained
using equation (14).

12755
500000

Cost of tap operation = X Y01 be X |toq — t (14)

where, t is the tap position of the current time instance. t,;4 is the tap position of the
previous time instance. Here, t and t,;4 are integers within 1-9 b, - by are binary
variables, and only one among them is 1 according to transformer tap position. The
magnitude of phase voltage in the transformer is expressed as follows.

Uy, = 218.64b; + 221.63b, + 224.63bs + 227.62b, + 230.62bs + 233.61bg +
236.61b, + 239.60bg + 242.60b, (15)
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Here, b, is a variable in the optimisation program, and values of t are fixed within 1-9.
When the old tap position is the same as the previous one |t,;4 — t| term is zero when
b, is one. Therefore, the cost of tap operation is zero for the objective function. When
the old tap position is different from the previous one |t,;; — t| term is positive when
b; is one. Therefore, the cost of tap operation is non-zero for the objective function,
and it increases with the number of performed tap operations.

3.1.3 Representation as a convex optimisation problem

The non-linear equality constraint of (7) is non-convex, and it is relaxed in equation
(16). Relaxed constrain (16) represents a second-order cone. Then upper bound as an
additional linear inequality constraint (equation (17)) is used to add linear cuts to SOC
relaxation. This upper bound is reduced in each iteration. Squared current magnitude

generated from a load flow using previous iteration’s data is used as a part of the upper

bound.
pimn qimn
LAmn = Wa,, + Wa,, (16)
L <Ir 2 10000 17
Amn = |"Amn (Load flow) 10iteration ( )
The term 10};% in (17) is a constant for a particular iteration. It reduces to 100 in

the third iteration. This constant was chosen empirically to allow a larger search space

at the first iteration. Additional search space from I, . (Load flow) WS reduced 10

. . . . 10000
times for subsequent Iteration using ————: term.

10iteration

To represent a discrete set of transformer voltages, equation (18) was used. b;-bq are
binary variables, and only one among them is 1 according to the required voltage. The

primary side voltage of the transformer is assumed to be constant at the nominal value.

Wy, = 218.64%b; + 221.63%b, + 224.63%b; + 227.62%b, + 230.622bs +
233.61%b, + 236.61%b, + 239.602bg + 242.602b, (18)
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This equation set was repeated for the other 2 phases.

From equations (12), (13), and (14), the objective function in (19) was derived. Then
the slow time scale optimisation problem is represented as below subjected to the
constraints given by (9) to (11), (16) to (18), and (A1), (A2), (A4) for all 3 phases.

minimise 0.11 X {Yvier(Rs;) X La; + Zviee(Rs;) X Lg; + Tvies(Rs;) X Le;} +0.11 %

C C 12755
{ZViENA P+ Yvieny Pguri + Yvien, Pcuri} * 200000 % Y1 b X [torq — t
(19)

such that (9) to (11), (16) to (18), (A1), (A2), and (A4) for all 3 phases.

This optimisation problem is a mixed-integer second-order cone program (MISOCP).

Then the fast time scale optimisation problem is represented as below subjected to the
constraints given by (9) to (11), (16) to (18), and (A1), (A2), (A4) for all 3 phases.

minimise {ZviEE(Rsi) XLg; + ZViEE(RSi) XLg; + ZViEE(RSi) X Lci} + {(Zvien, PACWL- +
Dvieng Pguri + Lvien, Pccuri]

(19)
such that (9) to (11), (16) to (18), (A1), (A2), and (A4) for all 3 phases.

This optimisation problem is a second-order cone program (SOCP).

3.1.4 Solution method

Due to the relaxation in line apparent power equations, solutions generated from the
optimisation program do not satisfy the power flow equations in some situations. To
mitigate this effect, in this algorithm, the squared line current is upper bounded by a
constant as shown in inequality (16). Three or fewer runs of the optimisation program
were used while reducing the upper bound of squared current. This acts as an
increasingly tightening cutting planes to SOC relaxations in each phase. Because of
this upper bound, a sufficiently exact solution can be obtained after the third or fourth

iteration of the optimisation program. Here, *is the squared magnitude

IAmn (Load flow)
of the current value generated from the load flow from the previous iteration in
OpenDSS. Non-convex terms in unbalance three-phase Dist-flow equations are

another obstacle faced when applying convex optimisation. This difficulty was
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addressed by keeping non-convex terms as constants in the optimisation program and
updating variables in the non-convex terms by running a load flow using OpenDSS.
Therefore, optimisation is performed for much larger convex terms with variables
( WapoLamn + Papm Qapn @4 PA*7, ) While variables in  non-convex terms
(ug IR U™ 17" ) acting as constants for the considered iteration of the
optimisation program. When the number of iterations increase, updating terms become
closer to the solution generated by the optimisation program. This was verified after
observing the load flow generated, and the optimisation program generated current
magnitudes and voltage magnitudes plots for each iteration. The flow chart of the
proposed algorithm is illustrated in Figure 12. This solution approach closely relates
to sequential convex programming [18]. Since the optimisation problem is a MISOCP.
The proposed solution approach can be categorized as sequential mixed-integer

second-order cone programming.

This algorithm was implemented in Matlab with CVX optimisation toolbox [58] and
MOSEK as the solver. OpenDSS was used to run the load flow and update variables

in non-convex terms.
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Figure 12 - Flow chart of the OPF solving algorithm for slow time scale optimisation
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Figure 13 - Flow chart of the OPF solving algorithm for fast time scale optimisation
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4 CASE STUDIES

In this section, the simulation results of the suggested method for two distribution
systems are analysed. The primary voltage of the transformer was assumed as the
nominal (11 kV). The L-N voltages at the transformer busbar are adjusted in £1.25%

voltage steps analogous to the tap positions from 1 to 16 [59].
Details of the transformer are as follows:
Primary voltage (L-L) 11 kV

Secondary voltage (L-L) 416 V

Capacity 0.8 MVA
Vector group AIY
Reactance (%) 4
Resistance (%) 0.4

For modelling the transformer, the reactance and resistance of the distribution
transformer were added to the positive sequence reactance and resistance values of the
first line section from bus 1 to 2, as shown in Figure 3. An ideal voltage source was
connected to bus 1. The same transformer was used for two case studies. Details of the
cables provided by IEEE power and energy society [60] were used for the simulation
of two test cases. Simulations were performed in a PC with an Intel Core i7 @ 1.8
GHz processor and 8 GB RAM.

41 Testcasel

Test case 1 is a synthesized network with 18 nodes, as shown in Figure 14. This test
case was used to demonstrate the voltage control and reactive and active power control
throughout the daytime. Nine single-phase consumers are connected to this network.
The details of the network are given in Table 1 and Table 7. Cable lengths were
extended to obtain a voltage rise with realistic PV generation. This test case is provided
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to closely observe the output of the suggested control algorithm for load and generation

conditions.

Transformer
Impedance

Figure 14 - Network diagram of test case 1

Randomly selected single-phase inverter capacities from 1 k\VA to 4 kVA were placed
in randomly selected five consumers from available nine single-phase consumers. PV
generation profile (Figure 17) that results in a voltage rise was selected for the case

study.

Details of the inverter capacities and loads are provided in the Table 1.

Table 1 - Details of loads and inverter capacities of test case 1

Name Bus phases cap!::\i/f;(tliil A)
Load 1 5 B 1
Load 2 6 B 2
Load 3 7 A 0
Load 4 11 A 0
Load 5 12 A 0
Load 6 13 B 4
Load 7 15 B 4
Load 8 17 C 0
Load 9 18 A 4

The details of the cables in each segment are provided in Appendix A. All the cables
are underground cables.
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Figure 15 - Voltage profile comparison of case study 1

Voltage rise generated from reverse power flow at 12.00 p.m. is observed in Figure 15.
The permissible voltage range is within two black circles. The resulting voltage profile
after using the suggested control methodology is also included in Figure 15. The
performance of the algorithm from 12.00 p.m. to 12.50 p.m. is considered next.

The voltage profile from 12.00 p.m. to 1.00 p.m. is presented in Figure 16. VVoltage
values are obtained from load flows simulated using OpenDSS. From Figure 16,
voltage rise above 244 V can be seen at the far end of phase B. Active power generation
in phase B is comparatively larger as shown in Figure 17. Larger active power
generation at node 13 and 15 is the main reason for the voltage rise in phase B. A
voltage rise within the allowable range in phase A also can be observed from 12.40
p.m. to 1.00 p.m. when active and reactive power consumption in phase A is close to

ZEro.
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Figure 16 - Voltage profile before voltage control

A low voltage below the permissible range in the far end of phase A can be observed
in Figure 16 at 12.10 p.m. and 12.20 p.m. Higher active and reactive power
consumption in the far end of phase A has resulted in the low voltage situation. From
Figure 18 and Figure 19, higher active and reactive power consumption can be
observed. The voltage rise of phase B is reduced to the allowable range at 12.20 p.m.
and 12.30 p.m due to active power consumption. Active power consumption in node
15 of phase B can be observed at 12.20 p.m. and 12.30 p.m. in Figure 18 and Figure
19.
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Figure 18 -Active power consumption of loads
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Figure 20 - Voltage profile after voltage control (12.00 p.m. — 12.50 p.m.)
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The voltage profile after executing the proposed algorithm can be observed in Figure
20. Voltages of all nodes are within allowable limits. Also, it can be observed that the
voltage at the far end of phase B is always close to 244 V. When the voltage is at the
maximum possible values, line loss is minimum since the current flown is minimum.
Therefore, it can be observed that the line loss is reduced with the proposed algorithm.
Voltage is controlled through controlling OLTC, active power curtailment and reactive

power compensation.

Voltage control from OLTC can be observed in Figure 20 from the voltage of node 1.

Voltage control of each time step within 12.00 p.m to 12.50 p.m. is analysed next.
Voltage control at 12.00 p.m. :-

The default tap position was given as 5, which is corresponding to 230.62 V.

Transformer voltage is reduced to 224.63 V at 12.00 p.m. to reduce the voltage rise.

Active power curtailment can be observed at node 15 as shown in Figure 22. This is
performed to reduce the voltage rise at phase B.

Reactive power is absorbed from the inverter at node 15 due to voltage rise as shown

in Figure 21.
Voltage control at 12.10 p.m. :-

Then at 12.10 p.m. transformer voltage is increased back to 233.61 VV to compensate
for the low voltage situation at phase A. Fast time scale optimisations with tap position
of 12.00 p.m has become infeasible at this moment. Therfore, new tap position is

determined again by executing slow time scale optimisation program.

Active power curtailment of phase B at node 15 and node 13 is increased even though
the generation and consumption of phase B are the same as in previous time slots.
There is an increase in active power consumption in node 18 of phase A at 12.10
p.m.while the transformer voltage is increased to mitigate the low voltage situation as
described in the previous paragraph. To keep the voltage level of phase B within the
permissible range at 12.10, the active power of node 15 and node 13 is curtailed by
more than that at 12.00 p.m.
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Voltage control at 12.20 p.m. :-

Transformer voltage is maintained at 233.61 V at 12.20 p.m since fast time scale
optimsation is feasible with previous tap position. Reactive power is injected at node
18 to compensate for load reactive power absorption.

Voltage control at 12.30 p.m. :-

Transformer voltage is maintained at 233.61 V at 12.30 p.m since fast time scale
optimsation is feasible with previous tap position. At 12.30 p.m. there is less active
power curtailment compared to other time instances due to loads in phase B node 15.

Voltage control at 12.40 p.m at 12.50 p.m. :-

Transformer voltage is maintained at 233.61 V at 12.40 p.m and 12.50 p.m. since fast
time scale optimsation is feasible with previous tap position.

Generation and consumption in these two-time instances are nearly similar. Therefore
similar control strategy can be observed. At 12.40 p.m at 12.50 p.m., Active power
curtailment can be observed at node 15 of phase B. Reactive power absorption can be
observed in node 13 and 15 of phase B.

Reactive power injection :-

Reactive power injection from inverters can be observed in Figure 23. Reactive power
injection from inverter at node 18 of phase A can be observed due to low voltage
conditions at phase during 12.00 p.m. to 12.20 p.m. All the inverters inject reactive

power corresponding to the reactive power absorption by loads as shown in Figure 19.
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Figure 22 - Active power curtailment from inverters
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Figure 21 - Reactive power compensation from inverters (absorption)

42



I Prase A
[ Phase B
I Frase C

@ |nverter reactive power injection(¥y)
o

Time (hours)

Figure 23 - Reactive power compensation from inverters (injection)
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Voltage profile from 10.00 a.m. to 2.50 p.m. is provided in Figure 24. Tap operations
are performed in one-hour duration using slow time scale optimisation unless fast time
scale optimisation is infeasible. Tap operations performed within one-hour duration
are performed due to the infeasibility of fast time scale optimisation using previous tap
position. Transformer voltage from 6.00 a.m. to 15.50 p.m. is provided in Figure 25.
In most cases, fast time scale optimisation is feasible to solve the OPF during one-hour
period between slow time scale optimisations.
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Figure 24 -- Voltage profile after voltage control (10.00 a.m. — 2.50 p.m.)
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Evaluating the exactness of the proposed method is important to investigate the
adverse effects of the relaxations and approximations used in the mathematical model.
The difference between voltage values obtained from load flow (simulated using
OpenDSS) which is simulated using transformer voltage, inverter curtailment, and
reactive power compensation values obtained from the optimisation program, and
voltage values obtained from optimisations program (simulated using CVX/ Mosek)

is analysed next.

Voltage dif ference = Voptimization — Vioaa flow (22)

Voltage dif ference is calculated according to equation (22) for all nodes. It is
plotted for three iterations of optimisation programs in Figure 26 to Figure 28.

A reduction in differences between two voltage profiles can be observed from the first
iteration to the third iteration, as shown in Figure 26 to Figure 28. In Figure 26 , voltage
differences above 4 V can be observed. Having this level of voltage difference can
generate voltage violations after control since voltage values of the optimisation
program are kept within the allowable range. The maximum voltage difference is
reduced below 1 V as shown in Figure 28. This is a result of bound tightening in
equation (19). From Figure 28, the accuracy of the proposed OPF solving algorithm
can be observed. The difference between voltage values obtained from the
optimisation algorithm and voltage values obtained from the load-flow executed with
curtailment and reactive power values generated from the optimisation program is
negligible. This further validated the accuracy of the optimisation method used in this

study.
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Figure 26 — Voltage difference between load flow and first iteration of optimisation program of phase A

Figure 27 - Voltage difference between load flow and second iteration of optimisation program of phase A
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Figure 28 - Voltage difference between load flow and third iteration of optimisation program of phase A
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Total line losses of each time instance are compared in the below chart.
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Figure 29 - Line losses in each time instance before voltage control

When analysing Figure 29, line loss reduction can be observed after applying the
algorithm. This results from active power curtailment and reactive power control from
smart inverters. The algorithm adjusts the reactive power, curtailment, and tap position
to minimise the objective function. Line loss is a component in the objective function.
Therefore, a reduction in line losses further demonstrates the performance of the
algorithm.

4.2 Testcase 2

An underground European network provided by IEEE power and energy society was
selected as the test case [60]. The network diagram is presented in Figure 30. Nodes
with loads at phase A, B, C are marked with red, green, and blue squares, respectively,
and load profiles at 12 p.m to 12.50 p.m. are selected. Voltage rise can be observed
after 12.10 p.m as shown in Figure 31, Figure 32 and Figure 34.
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Randomly selected single-phase inverter capacities from 1 kVA to 7 kVA were placed
in randomly selected 45 consumers from available 55 single-phase consumers. Power

generation provided in the table depends on the irradiance
inverter.

Q@ 4 24/25 23
22
3 3 20
o 19,
2 Y 9 5
z 1 k18 P21
3
17
6 12413 i 2
4 34
11 B35
2 9 2
0 15 229 35
61 65
2 27 32 62
14 30 61
269 11 59
2 3 Is 60
55 s d
38 20 54
Q &(los
45 51 3
37¢ 44 Ns2
39 41 < 106
o @101
67, 43 47 50
= ] 49 = 02
68 9 4 104 107
70 A9
7 46
& 93 98 103
. 48 & 100
74 D73 p 9
2 3 9P
w77 87 9%
a
79
76 B o 95
74 4 2
90
80 86 Tgo
33 84
& 85

Figure 30 - Network diagram test case 2

and efficiency of the

66

PV curtailment compared to PV generation of phase C at 12.10 p.m is presented in
Table 2. As shown in the table, reactive power is injected to reduce line losses. Active

power curtailments are negligible.

50



Table 2 - PV generation, curtailment, and reactive power of inverters in phase C (test case 2)

Time Node E’\)V/)generation (F:)lztailment gR::::;\t/ieon (\r;z\r/\)/er
(W)

12.10 19 2197.501 | 2.15E-07 | -121.996
12.10 20 7325003 | 2.16E-07 | -17.1148
12.10 35 2930.001 | 3.00E-07 | -102.625
12.10 36 5127.502 | 3.34E-07 | -15.8734
12.10 40 2197.501 | 3.42E-07 | -751.339
12.10 47 5127.502 | 3.42E-07 | -69.4695
12.10 65 5127.502 | 8.89E-07 | -63.8564
12.10 68 2197.501 | 3.58E-07 | -37.608
12.10 71 2930.001 | 4.22E-07 | -9.3175
12.10 72 1465.001 | 4.23E-07 | -59.8619
12.10 78 5127.502 | 7.58E-07 |-18.9123
12.10 89 5127.502 | 2729.947 | 2450.946
12.10 90 4395.002 | 1729.371 | 2100.811
12.10 103 5127.502 | 3027.692 | 2450.946
12.10 104 5127.502 | 3364.675 | 2450.946

Voltage rise generated from reverse power flow at 12.10 p.m. can be observed in
Figure 31. The permissible voltage range is within two black circles. The resulting
voltage profile after using the suggested control methodology is also included in Figure
31. Only the voltages of some critical nodes are shown in p.u. in Figure 31.
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Figure 31 - Voltage profile comparison test case 2

Voltage values of all nodes before voltage control is demonstrated in Figure 32. The
voltage rise generated from PV integration can be observed in Figure 31 and Figure
32. The resulting voltage profile after adjusting the taps of OLTC and inverter
active/reactive power is included in Figure 33. A comparison between voltage values
generated from the optimisation program (simulated using CVX/Mosek) and voltage
values generated from load flow (simulated using OpenDSS) at 12.10 p.m is provided
in Figure 33 and Figure 34. A small deviation between two voltage profiles verifies
the capability of the proposed algorithm to generate exact solutions to the optimum
power flow problem. The performance of the algorithm from 12.00 p.m. to 12.50 p.m.

is considered next.
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Figure 32 - Voltage profile of case study 2 at 12.10 p.m without using any control scheme
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Figure 33 - Voltage profile of case study 2 at 12.10 p.m after using the control algorithm.
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Simulation is performed for six-time instances next, to demonstrate the tap operation,
line loss and curtailment minimisation. Load profiles at 12.00 a.m, to 12.50 p.m. are
selected. Voltage rise above 244 V after 12.10 p.m. in phase C is eliminated after
execution of the control algorithm as shown in Figure 35.
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Figure 34 — Voltage profile before voltage control — case study 2
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Figure 35 - Voltage profile after voltage control — case study 2

Table 3 - Comparison of outcomes from the algorithm for 3-time instances (test case 2) - 1

Time ;]r:r:?ration z-k(i/t\?)l loads -crtj)rtgilment Issration
(kW) (W)

12:00 134.8 36.220 5470 5t06
12:10 134.8 31.480 12190 -

12:20 134.8 25.180 13880 -

12:30 134.8 14.680 13710 -

12:40 134.8 9.843 13110 -

12:50 134.8 14.220 9391 -

Table 3, at the start, the default tap position is given as 5 (230.62 V), and in the first
10 minutes, it is adjusted to 6 (233.61 V) from the slow time scale optimisation. By
doing this step, line loss is reduced because of higher voltage. Fast time scale
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optimisation is executed for remaining 5 time insantces with the tap postion
determined by slow time scale optimisation at 12.00 p.m. Tap position is kept at same

position for the one hour of slow time scale optimisation.

Table 4 - Comparison of outcomes from the algorithm for 3-time instances (test case 2) -2

Time Line loss | Line loss | Execution | Exactness
before (W) | after (W) time (s) )
12:00 3143 2652 71.67 0.0423
12:10 4224 2916 7591 0.2548
12:20 4465 3141 76.62 0.1813
12:30 4763 3375 76.93 0.1766
12:40 4783 3533 7729 0.1805
12:50 4251 3387 76.79 0.1266

A reduction of line losses is obtained after the execution of the algorithm for all time
instances, as shown in Table 4. The average voltage difference is used as a
measurement of the exactness of convex optimisation-based methods. This parameter
was calculated according to equation (23).

Z(Voptimization_vload flow) (23)

Average voltage difference (V) = umber of nodes

Values of this parameter are provided in Table 4. Demonstrating the accuracy of the

proposed algorithm, values of average voltage difference are negligible.

Transformer voltage from 11.00 a.m to 14.50 p.m is provided in Figure 36. In all time
instances, fast time scale optimisation is feasible to solve the OPF during one-hour
period between slow time scale optimisations. Only one tap operation was performed

during this period.
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Figure 36 - Transformer voltage (10.00 a.m. - 02.50 p.m.)

4.3 Comparison with other optimisation methods

The following optimisation techniques are implemented and compared with the
methodology suggested in this paper. The flow chart shown in Figure 37 was used for
genetic algorithm and particle swarm methods described in subsequent sections.

4.3.1 Linear programming-based technique

The methodology suggested in [37] was implemented and used for the comparison. In
this method, the nonlinear terms in load flow equations have been replaced with first-
order Taylor approximations, and it was assumed that voltage magnitudes of three-
phases of the same node are nearly similar. A load flow was performed using
OpenDSS to provide operating points for linearization. Only active power curtailment
and reactive power compensation are used in [37] for voltage rise mitigation. OLTC
is added for the originally proposed algorithm using the same equation used in the
method suggested in this thesis. The method was implemented using CVX in Matlab.
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4.3.2 Genetic Algorithm Optimisation

Genetic algorithm-based OPFs were implemented using Matlab functions. Default
values of Matlab built-in function were used for reproduction, mutation, cross-over,
and migration options. Voltage constraints were added as penalty functions to the
objective function. Curtailment is utilized as the only voltage control method due to
high execution time. For test case 1, 50 generations were simulated. For test case 2,
the genetic algorithm method is not simulated because of the high execution time. The
flow chart of the genetic algorithm based OPF problem-solving algorithm is provided
in Figure 37.

4.3.3 Particle Swarm Optimisation

Particle swarm optimisation algorithm-based OPFs were implemented using Matlab
functions. Default values of the Matlab built-in function were used. For test case 1, 50
iterations were simulated. Active power curtailment is used as the only voltage control
method due to high execution time. For test case 2, the genetic algorithm method is
not simulated because of the high execution time. The flow chart of the particle swarm-

based OPF problem-solving algorithm is provided in Figure 37.
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4.3.4 Simulation results comparison — test case 1

A comparison of the simulation results of test case 1 is provided in Table 5. Line losses
were obtained from the load flow executed in OpenDSS after including curtailment
values, reactive power compensation, and transformer voltages generated from the
optimisation program. Only curtailment values were included in genetic algorithm and
particle swarm simulations. A comparison of phase B voltage profiles is provided in

Figure 38.

As demonstrated in Figure 38, the voltage rise is successfully mitigated using all the
methods. The execution times of the evolutionary computing methods (genetic
algorithm and particle swarm) are significantly higher than the convex optimisation-
based methods (linear program and proposed methods) even though the number of
variables is less than half of the variables in convex optimisation-based methods.
Therefore, it is clear that the evolutionary computation based methods are not suitable
for the real-time application considered in this study. For test case 1, the linear program
has superior performance compared to the proposed method in all the analysed
components except the average voltage difference. Since the average voltage
difference is small both the proposed method and the linear program can be used for
test case 1. However suitable optimisation method should be selected considering the
performance after applying to a real-world network.

Table 5 - Simulation results comparison (test case 1)

Proposed | Linear Genetic algorithm | Particle swarm
method program (Matlab built-in (Matlab built-in
function) function)
Execution time (s) at 12.00 p.m. | 33 4.13 3696.99 4974.93
Tap changes within 12.00 p.m. 11 6 Not included in Not included in
to 1.00 p.m. with 10-minute the simulation the simulation
intervals
Line losses (W) at 12.00 p.m. 559.1 660.1 359.9 363.5
Curtailment (W) at 12.00 p.m. 526.1 0 1891.5 1667.8
Average voltage difference (V) | 0.15 0.21 0 0
at12.00 p.m
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4.3.5 Simulation results comparison — test case 2

A comparison of the simulation results of test case 2 is provided in Table 6. Only the
linear program and the proposed method are compared since the execution time of
other methods are too high for the application. Line losses were obtained from the load
flow executed in OpenDSS after including curtailment values, reactive power
compensation and transformer voltages generated from the optimisation program. A

comparison of phase C voltage profiles is provided in Figure 39.

As shown in Figure 39 the voltages are within the allowable range in both the linear
program and the proposed method. The average voltage difference is significantly high
in the linear program based method. The voltage difference at node 112 and close by
nodes are nearly 6 V as shown in Figure 41.The Vy, Vg, V. are voltage values generated

from the optimisation program (linear program and proposed method) when
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determining minimum cost operation setpoints, O4, O, O, are voltage values
generated from the load flow executed using transformer voltage, curtailment values
and reactive power compensation values, generated from the optimisation program.
This is occurring due to linearizing approximations used when converting to a linear
program. Since voltages in the optimisation program satisfy the voltage constraints,
the voltage difference between the optimisation program and load flow can result in a
voltage violation in the actual system. For example, the actual voltage of the system
can be 250 V in many nodes after applying the set points provided by the linear
program method due to the 6 V voltage difference. Therefore, it can be concluded that
the linear program is not a suitable method for reliable voltage control in LVDN. As
demonstrated in Figure 40, the voltage deviation in the proposed method is sufficient

for practical applications.

Table 6 - Simulation results comparison (test case 2)

Proposed method | Linear program

Execution time (s) at 12.00 p.m. 165 23.17
Tap changes within 12.00 p.m. to 12.10 p.m 2 3
with 5-minute intervals

Line losses (W) at 12.00 p.m. 3128 2390.1
Curtailment (W) at 12.00 p.m. 0.14 0
Average voltage difference (V) at 12.00 p.m. 0.024 212

61



5 4
63 61 59 55 53 51
57

e=@== | inear
program

==@==Proposed
method

e "+6%"

Figure 39 - Test case 2 phase C voltage comparison (pu) at 12.00 p.m

62



226 1 1 1 1 1
0 20 40 60 80 100 120

242 1

240 iy

| voltage

* %k ¥ >D>D>
>

Voltage(V)

230

,AOAO.OAQ‘O‘O.O‘O:‘O“‘*

228 “. AL

226 - 1 1 1 1 1
20 40 60 80 100 120

Node
Figure 41 - Voltage profile test case 2 at 12.00 p.m. (Linear program)

63



5 CONCLUSION

Voltage rise resulting from high solar penetration is a common problem faced by
distribution network operators. Voltage rise can be mitigated using voltage control
from OLTC transformers, reactive power compensation, and active power curtailment
from smart PV inverters. Each of these actions implies a cost and they should be
optimised. For example, (a) excessive tap operations of an OLTC will reduce the
lifetime of the device, (b) active power curtailment is an energy loss, and (c) reactive
power absorption from PV inverters incur more line losses. Therefore, the number of
operations of an OLTC, reactive power control of smart PV inverters and active power
curtailments should be carried out to optimise the overall cost. Since PV generations
and power consumption of loads change in real-time, minimum cost incurring
operating setpoints of OLTC and smart inverters need to be calculated in real-time.
Therefore, an OPF technique that is fast and accurate for determining the minimum
cost incurring set points for OLTC and smart inverters were developed.

Optimum power flow solving algorithms running in two time scales are used to control
OLTC and smart inverters. In slow time scale OPF, the optimisation problem was
formulated as a radial OPF that minimises the cost of tap operations, line losses, and
inverter active power curtailment for unbalanced distribution systems. The problem is
a non-convex optimisation problem, and it was converted to a MISOCP problem using
relaxations and approximations. Line loss, active power curtailment reduction in PV
inverters, and tap operation reduction in OLTC are considered as the objective of
MISOCP. Then MISOCP problem was solved for three iterations while tightening the
second-order cone relaxations and updating the approximations with load flow data.
In fast time scale optimum power flow problem, tap position which was obtained from
slow time scale optimisation, was kept as a constant. Fast time scale OPF is a SOCP
and the same technique used in slow time scale OPF is used to solve the fast time scale
OPF. The proposed algorithm is tested for two test cases. One smaller test case is used
to analyse the performance of the algorithm closely. Test case 2 is a real-world LVVDN.
The performance of the algorithm was evaluated in terms of preventing voltage rise,
optimality, execution time and accuracy. Finally, the proposed algorithm is compared
with three other OPF problem-solving techniques after implementing them and

simulating them for the same test cases.
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Simulation results validated the capability of the proposed technique in controlling
voltage to mitigate voltage rise while reducing line losses with negligible PV
curtailment. The algorithm provided optimum reactive power injection amounts of
smart inverters to avoid voltage rise and reduce the cost incurred due to line loss,
curtailment and tap change, as demonstrated in the simulation results.

When using convex optimisation-based methods to solve OPF, relaxations and
approximations are used to convert the problems to convex optimisation problems.
Approximations and relaxations introduce inaccuracies to the solutions. Therefore,
testing the exactness is required for convex optimisation-based methods. In this study
voltage values obtained from a load flow are used as the voltages of actual LVDN to
compare against the voltage values obtained from the proposed method. The deviation
between the voltage profiles generated from the optimisation program and load flow
is negligible. The average voltage difference is 0.024 V for the real-world test case at
12.00 p.m. Therefore, unexpected voltage deviations after the application of generated
set-points of OLTC and inverters is avoided. According to comparison, the inaccuracy

of the linear program based method is too high to be used in practical applications.

A faster convex optimisation approach that has a polynomial-time solution algorithm
was utilised. The execution time for the real-world test case is around 165 s. The
algorithm was developed to obtain exact solutions using increasingly tightening
cutting planes in relaxations. The proposed method is much faster than evolutionary
computing-based methods as shown in the comparison section. The linear program
based method is faster since there is only one iteration of the linear program. But, it is
not usable for real-world test case due to the larger difference of calculated voltages
from actual voltages. Therefore, from the compared methods, the proposed method is
the fastest usable OPF solving technique for real-time optimisation of LVDN with
OLTC transformer and smart PV inverters.

5.1 Limitations of the study and proposals for future work

Even though the proposed algorithm is sufficiently fast, communicating measurements
can be delayed with the use of low-cost wireless communication. Also, installing
communicating devices in every inverter is costly. Voltage measurements can be

distorted due to momentarily voltage fluctuations because of cloud passing. In these

65



situations, the proposed optimisation method can be integrated with a suitable state
estimation algorithm to obtain measurements of some inverters.

Line losses and curtailment values are weighted against the cost of tap operation using
the cost of energy loss for thirty minutes. It was assumed that the same line loss and
curtailment would remain for the next thirty minutes when the optimisation algorithm
is executed in every five-minute interval. The weighting of line losses and curtailment
components in the objective function can be made further accurate by incorporating
load and generation prediction algorithms to determine the weights of curtailment and

line loss minimisation components.

Since a polynomial-time algorithm for solving non-convex optimisation problems has
not been found yet, there are possibilities to find more optimum, faster and accurate
algorithms to solve the OPF problem in LVDNSs. In addition to using mathematical
techniques to further improve performance, additional computing power can be used
to increase the performance of the algorithm. To use the advantage of parallel

computing, the proposed algorithm can be implemented in a graphical processing unit.

The proposed method in this study is designed for radial distribution systems. Further
improvements can be introduced to use the proposed method in meshed networks. A
conic optimisation method is introduced for balanced three-phase systems in [61].
Summation of voltage angle difference is made zero for each loop as additional
constrained in [61]. In [62], by selecting breakpoints, a meshed network is converted
to a radial configuration. To keep the same operating condition, the branch currents
interrupted by the formulation of every breakpoint is restored by current injections at
its two end nodes. Similar techniques can be incorporated into the proposed method in

this study as future works.
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APPENDIX A

Table 7 - Details of cable of test case 1

Name Busl | Bus2 | Length | Units ct:;gée
LINE1 1 2 220 m 4c_70
LINE2 2 3 6 m 2c_16
LINE3 2 4 120 m 4c_70
LINE4 3 5 3 m 2c_16
LINE5S 3 6 4 m 2c_16
LINE6 4 7 10 m 2c_16
LINE7 4 8 220 m 4c_70
LINES 8 9 9 m 2c_16
LINE9 8 10 260 m 4¢c_70
LINE10 9 11 4 m 2c_16
LINE11 |9 12 4 m 2c_16
LINE12 | 10 13 17 m 2c_16
LINE13 | 10 14 120 m 4c_70
LINE14 14 15 15 m 2c_16
LINE15 14 16 120 m 4c_70
LINE16 | 16 17 15 m 2c_16
LINE17 | 16 18 21 m 2c_16

Impedances of cable types used in case studies are provided in Table 8. Types of each
cable used in each section is provided in Table 7 — cable type column.

73



Table 8 — Impedance values of cables used in test cases.

Cable type phases Impedance (' km)
R1 X1 RO X0 C1 Co
'2¢c_.007' 3 3.97 0.099 3.97 0.099 0 0
'2c_.0225' 3 1.257 0.085 1.257 0.085 0 0
'2c_16' 3 1.15 0.088 1.2 0.088 0 0
'35_SAC_XSC' 3 0.868 | 0.092 0.76 0.092 0 0
‘4c_.06' 3 0469 | 0.075 | 1.581 | 0.091 0 0
‘4c_.1' 3 0.274 | 0.073 | 0.959 | 0.079 0 0
‘4c_.35' 3 0.089 | 0.0675 | 0.319 0.076 0 0
‘4c_185' 3 0.166 0.068 0.58 0.078 0 0
'4c_T70' 3 0.446 | 0.071 | 1.505 | 0.083 0 0
'4c_95_SAC_XC' 3 0.322 | 0.074 | 0.804 | 0.093 0 0
APPENDIX B

The equations (Al) and (A2) were obtained by expanding equations (2) and (3).
Variables in non-convex terms (Uf ,If U4™ 17" ) were replaced from
respective values obtained from the load flow. Then, w, =|v,, | and L., = |la,,|"

substitutions were made to make the equations linear.

DAy, = Zk:(jk)eE Payy, T Plfn - an + RsnLayn T Ry (Ifmn Igmn +
Iflmmn Iémmn) - Xmmn (It‘llzmn Iémmn - II‘Ilmm Igm) + Rmmn (It‘}lzmn Igmn +

IIm IIm (Al)

_ R Im _ gim R
A mn°C mn) Xmmn(IAmn I mn A mICm)

quTL = Zk:(j'k)EE qAnk + an + an + XSanAmn + XI‘I‘lmn (Iz‘}lzmn Igmn +
I I R 1 I R R R
IAmmn IBmmn) + anmn (IA mn IBmmn - IAmm Ig m) + Xrnmn (IA mn Ic mn +

L i 1" ) F Ringe (I8 167y = 14" 1) (A2)
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Derivation of equation A4:

After separating real and, imaginary parts equation (8) was expressed as follows.
Up, =UR +U™ j—(F  +jIi" Y(Rs,  +iXs, )

- (Igmn + jlémmn) (Rmmn + ijmn)

- (Igmn + jlémmn)(Rmmn + ijmn)

After multiplications between current and resistance terms following equation was
obtained.

U, + UA™J = UL, + U™

n
R . R . I I

- {RsmnlA mn + ]XsmnlA mn + ]RsmnIAmmn - XsmnIAmmn}

o {Rmmnlgmn + ijmnlgmn + ijmnIémmn - Xmmnlémmn}

—{R + jRo I — I

Mmn'C mn Mmn'C mn

R . R
mmnIC mn +]XmmnIC mn

The squared magnitude of the complex number is obtained after the summation of

squares of real and imaginary parts.

2 _ (1R R I R I
|UAm| - (UA n_ RsmnlA mn + XsmnIAmmn - RmmnIB mn + XmmnIBmmn
R I 2 I R I R
RmmnIC mn + Xmmnlcmmn) + (UAmn - XsmnlA mn RsmnlAmmn - XmmnIB mn
1 R 1 2
RmmnIBmmn - XmmnIC mn Rmmnlcmmn
(A3)

After expanding above A3, simplification, and substituting from equation (7), equation
A4 was obtained.

_ 2 2 2 2
WAm - WAn + Rsmn LAmn + XSmn LAmn + Rmmn Lan + Xmmn Lan +

2 2 R R
anmn LCmn + Xmmn Lcmn —2 Pmny — 2 Amny — 2V, anmnIB mn +

R 1 R R R I I R

2V, nXmmnIBmmn —2Vy anmnIC mn +2V4 nXmmnICmmn - 2VAmnXmmnIB mn
I 1 1 R I 1

ZVAmanmnIBmmn - ZVAmnXmmnIC mn - 2VAmanmnICmmn +
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R R R I R R
ZRSmnIA manmnIB mn ZRSmnIA mnXmmnIBmmn + ZRSmnIA manmnIC mn

2Rs IR X 0" —2Xs L™ Ry IR+ 2Xg L™ Xy "

Mmn'C mn mn mn“*Mmn mn

I R I 1 R R
ZXSmnIAmmanmnIC mn 2XsmnIAmmnXmmnICmmn + 2RmmnIB manmnIC mn

R I I
2R IR X I+ 2K B, X

Im R R
Mmn'B mn I¢ mn + ZXSmnIA mnXmmnIB mn +

Mmn Mmn

R I R R R 1
ZXSmnIA manmnIBmmn + ZXSmnIA mnxmmnlc mn + ZXSmnIA manmnICmmn +

2R, Ii™  Xpo I +2Rg I Ry I 420 X IR+

A mn A mn""Mmn'B mn A mn

2Rs, Ii™ R

Im R R R Im
mn mmnIC mn + ZXmmnIB mnXmmnIC mn + ZXmmnIB mnR I +

Mmn'C mn

2R, IIm R [m (Ad)

Mmn'B mn "Mmn'C mn
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