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Fig. 4.8: Training Loop of the GNN model. 
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4.4 Model Training and Testing 

Model training is conducted as described in Section 4.3. In this section, we will 

evaluate the model's performance. Fig. 4.9 illustrates the Training history plots (loss 

vs. epochs). Model testing can be done in two stages. In the first stage, we will evaluate 

the overall model performance (Performance Assessment Stage) using evaluation 

metrics. In the second stage (Predictive Accuracy Analysis), we will evaluate the 

model's performance by predicting two grid-shells and comparing the predictions with 

actual data. 

 

 

 

 

 

 

 

 

 

Fig. 4.9: Training history curves for node and grid embeddings. 

4.4.1 Performance Assessment Stage 

The first stage of model testing involves a quantitative assessment using established 

regression evaluation metrics. These metrics provide objective measures of the model's 

predictive accuracy by comparing the outputs from the Graph Neural Network (GNN) 

— specifically, the predicted node coordinates and grid stresses — against ground-

truth values derived from form-finding. In this study, four key metrics are utilized: The 

Coefficient of Determination (R²), Mean Absolute Error (MAE), Root Mean Square 

Error (RMSE), and Mean Absolute Percentage Error (MAPE) [119], [120].  

These metrics are particularly well-suited for regression tasks in structural 

engineering, where predictions involve continuous variables such as displacements 

(measured in meters) and stresses. They facilitate the evaluation of both overall model 

fit and error magnitudes. MAE and RMSE focus on absolute deviations, which are 

helpful for coordinate predictions in meters. In contrast, MAPE provides insights into 

relative error, expressed as percentages, making it ideal for normalized comparisons 

across different scales. 

The Coefficient of Determination (R²) quantifies the proportion of variance in the 

dependent variable that is predictable from the independent variables. It is calculated 

as: 
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𝑅2 = 1 −
∑ (𝑦𝑖 − 𝑦̂𝑖)

2𝑛
𝑖=1

∑ (𝑦𝑖 − 𝑦̅)2𝑛
𝑖=1

 

where 𝑦𝑖 is the actual value, 𝑦̂𝑖 is the predicted value, 𝑦̅ is the mean of the actual values, 

and 𝑛 is the number of samples. 𝑅2 ranges from -∞ to 1, with values closer to 1 

indicating a better fit (i.e., the model explains most of the data variability), while 

negative values suggest the model performs worse than a simple mean-based predictor. 

However, R² can be sensitive to outliers and does not directly measure prediction bias, 

making it complementary to error-based metrics [119], [121]. 

The Mean Absolute Error (MAE) measures the average magnitude of errors in the 

predictions, without considering their direction. Its formula is: 

𝑀𝐴𝐸 =  
1

𝑛
∑ |𝑦𝑖 − 𝑦̂𝑖|

𝑛

𝑖=1
 

 

The Mean Absolute Error (MAE) measures the distance between our coordinate 

predictions and the actual values, expressed in meters. It provides a clear indication of 

the average error for each prediction. Unlike squared-error metrics, MAE is less 

affected by outliers, making it useful for structural applications where accurate 

placement—like node movements—matters for design safety. We use MAE to 

evaluate the Graph Neural Network's (GNN) performance in predicting final node 

positions and axial stresses, ensuring that average errors remain within acceptable 

limits, such as sub-millimeter precision for detailed models (for displacements). 

However, MAE does not penalize larger errors more heavily, which may not fully 

reflect the impact of significant mistakes in critical structural elements [120], [122]. 

The Root Mean Square Error (RMSE) addresses this limitation by emphasizing larger 

errors through squaring. It is defined as: 

𝑅𝑀𝑆𝐸 =  √
1

𝑛
∑ (𝑦𝑖 − 𝑦̂𝑖)2

𝑛

𝑖=1
 

Like MAE, RMSE is expressed in meters for dimensional consistency, making it 

directly comparable to the scale of the data. RMSE is widely used in regression 

evaluation for its sensitivity to outliers, which is crucial in grid-shell analysis, where 

extreme errors in stress predictions could indicate failure modes. In practice, RMSE is 

computed separately for each coordinate (X, Y, Z) and stress values, allowing targeted 

analysis—e.g., higher RMSE in Z might highlight vertical deformation challenges. A 

key advantage is its differentiability, which aids in model optimization, although it can 

be inflated by variance in the data distribution [119], [121]. 

𝑀𝐴𝑃𝐸 =  
1

𝑛
∑ |

𝑦𝑖 − 𝑦̂𝑖

𝑦𝑖
| × 100%

𝑛

𝑖=1
 

with safeguards for zero-division (e.g., adding a small epsilon). Expressed as a 

percentage, MAPE is ideal for comparing relative errors across different magnitudes, 

(4.6) 

(4.7) 

(4.8) 

(4.9) 
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such as varying stress levels in grids. It is beneficial in this study for stress predictions, 

where relative accuracy matters for material utilization assessments. However, MAPE 

can be biased toward low-magnitude values and unstable near zero, necessitating 

careful application alongside absolute metrics like MAE and RMSE [120], [123]. 

The metrics are calculated on the validation set after converting predictions back to 

physical units, which allows for real-world interpretation. Acceptability thresholds 

(e.g., R² > 0.9, MAE < 0.01 m) are based on benchmarks from structural engineering. 

Additionally, we provide a breakdown by coordinate for each node, prioritizing the Z 

coordinate due to its significance in relation to gravity. 

Fig. 4.10 illustrates the accuracy plots for the X, Y, and Z coordinates, as well as the 

axial stresses of the grid members. Table 4.1 presents the evaluation metric values for 

node predictions, while Table 4.2 displays those for member stress predictions. 

 

 

 

 

 

 

 

 

 

 

 

  

 

 

 

 

 

 

Fig. 4.10: Accuracy plots of X, Y, Z coordinates and axial stresses. 
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Table 4.1: Evaluation metric values for node predictions. 

Prediction R2 MAE (m) 
Root Mean Square 

Error (m) 
MAPE (%) 

X 0.9978 0.2964 0.4526 80.7 

Y 0.9983 0.2663 0.4072 35.2 

Z 0.9877 0.0352 0.1246 7.2 

 

Table 4.2: Evaluation metric values for grid predictions. 

Prediction R2 MAE (kPa) 
Root Mean Square 

Error (kPa) 
MAPE (%) 

Member 

stresses 
0.9717 3926 8364 211.7 

 

The evaluation metrics presented in Section 4.4.1 reveal a high-performing GNN 

model overall, with particularly strong results in node coordinate predictions (R² = 

0.9978 for X, 0.9983 for Y, and 0.9877 for Z) and reasonable accuracy in grid stress 

predictions (R² = 0.9717). However, discrepancies across metrics—such as elevated 

MAPE values despite low absolute errors—warrant deeper analysis. This section 

elaborates on the potential reasons for these accuracies, drawing from the model's 

architecture (Section 4.3.2), data characteristics (Section 4.2.2), and domain-specific 

factors in grid-shell mechanics. Explanations are grounded in the interplay between 

graph structure, training dynamics, and physical phenomena, with references to 

relevant literature on GNNs in structural engineering. 

1. Node Prediction Analysis 

Node predictions focus on the final deformed coordinates (X, Y, Z), which represent 

structural displacements after form-finding. The high R² scores across all axes indicate 

that the model captures over 99.7% of the variance in X and Y, and 98.77% in Z, 

suggesting an excellent overall fit. This can be attributed to the heterogeneous GAT 

architecture's effective message passing, which leverages intra-panel (node-to-node) 

and inter-panel (grid-to-node) connections to propagate geometric and load 

information across the graph. The bidirectional edges and edge attributes (distances) 

enhance spatial awareness, allowing the model to learn deformation patterns induced 

by gravity and wind loads. 

• X and Y Coordinates: The near-perfect R² (0.9978 for X, 0.9983 for Y) 

reflects the model's ability to predict minimal horizontal shifts, as grid-shell 

form-finding primarily involves vertical adjustments. MAE (0.2964 m for X, 

0.2663 m for Y) and RMSE (0.4526 m for X, 0.4072 m for Y) are low in 

absolute terms, indicating average errors well below typical grid-shell spans (5 

– 50 m), which is suitable for engineering tolerances. However, the inflated 

MAPEs (80.7% for X, 35.2% for Y) arise from the relative-error formulation: 
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actual horizontal displacements are often near zero (e.g., due to symmetric 

loading or fixed boundaries), leading to division by small denominators and 

resulting in inflated percentages. This is a known limitation of MAPE in 

datasets with low-magnitude targets. 

• Z Coordinate: The slightly lower R² (0.9877) compared to X/Y is offset by 

vastly superior error metrics (MAE: 0.0352 m, RMSE: 0.1246 m, MAPE: 

7.2%), highlighting the model's focus on vertical deformations—the dominant 

mode in tensioned grid-shells. The weighted loss function improves accuracy 

(coordinate weights: [1.0, 1.0, 3.0] for X, Y, and Z), prioritizing Z during 

training to align with the laws of gravity. The very low MAPE results from 

larger absolute Z displacements (e.g., sagging or arching), thereby reducing 

relative-error inflation. The model's depth (4 GAT layers) and multi-head 

attention (8 heads) enable the capture of long-range vertical dependencies. 

Overall, the node accuracies highlight the robustness of the GNN for geometric 

prediction, as evidenced by the high R² values achieved through effective graph 

representations and loss weighting. The elevated MAPE in the X/Y predictions 

indicates a need for alternative relative metrics, such as symmetric MAPE, in future 

work to better address near-zero targets. 

2. Grid Prediction Analysis 

Grid predictions target axial stresses, which are scalar values derived from member 

deformations and material properties (E, A). The R² of 0.9717 indicates the model 

explains 97.17% of stress variance, a strong result given the indirect computation of 

stresses. However, the error metrics show mixed results (MAE: 3926 kPa, RMSE: 

8364 kPa, MAPE: 211.7%), indicating challenges with precise magnitude estimation 

despite good correlation. 

• Stress Prediction: The reliable R² value indicates that the GNN effectively 

predicts stresses by passing messages between nodes and grids. The 

connections between grids help capture local changes in stiffness. The training 

places more importance on stress accuracy for grids (weight of 2.0) compared 

to nodes (weight of 1.0). The MAE of 3926 kPa (or ~3.9 MPa) is well within 

the normal stress range for grid-shells (up to 10 – 15 MPa or 10,000 – 15,000 

kPa). This means an average error of around 3.9 MPa is acceptable for initial 

designs, though the RMSE of 8364 kPa indicates some outliers still exist. The 

high MAPE of 211.7% occurs near zero for compressive or tensile stresses, 

which is common in balanced structures. This reflects a known issue in 

regression models for mechanical properties. Moreover, the lower R² for the 

stress prediction compared to the nodes might be due to errors spreading 

through the calculations. Stress relies on predicted lengths from node 

coordinates, which can increase uncertainties in Z-deformations. Using fixed-

edge flags and bidirectional edges can help reduce this, but varying member 

properties might create differences that the 256-dimensional data might not 

fully capture. 
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In summary, the observed accuracies stem from the model's design strengths, including 

its ability to handle diverse data types and to use weighted losses. However, the data 

itself presents challenges, such as near-zero values that can inflate the MAPE and 

cause nonlinear instability. The high R² values in the predictions demonstrate the 

model's ability to analyze grid shells effectively. At the same time, error metrics 

highlight areas for improvement, such as using stronger loss functions for sparse 

targets or incorporating deeper layers to manage stress propagation better. These 

insights will help in the comparison discussed in Section 4.4.2, where visual residuals 

will further explain the model's performance. 

4.4.2 Predictive Accuracy Analysis 

In this section, we will compare the results of two layouts from a trained GNN model 

with those from the FF algorithm. Fig. 4.11 illustrates the overall methodology of the 

comparison. Fig. 4.12 illustrates the two layouts (not included in the training dataset) 

that we will compare, and Table 4.3 outlines the parameter combinations used for FF.  

 

 

 

 

 

 

 

 

Fig. 4.11: Workflow for visually comparing the predicted grid-shells with the actual 

grid-shells. 
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Fig. 4.12: Initial flat grid-shell layouts for the comparative analysis. 

 

 

Table 4.3: Combinations of parameters for the comparative analysis. 

Analysis No. Layout Parameters 

1 L1 

E = 14,000,000 kN/m2 

Q1 = 3 kPa, Q2 = 2 kPa 

A = 0.03 m2 

2 L2 

E = 11,000,000 kN/m2 

Q1 = 5 kPa, Q2 = 2 kPa 

A = 0.02 m2 

 

 

 

 

Nodes: 150 (Fixed: 46, Free: 104) 

Edges: 275 

Fixed edges: 46 

Free edges: 229 

Panels: 126 
L1 

Nodes: 85 (Fixed: 12, Free: 73) 

Edges: 168 

Fixed edges: 12 

Free edges: 156 

Panels: 84 
L2 

Fixed nodes 

Free nodes 
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1. No. 1 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Time taken: 3.76 s  

Time taken: 0.114 s  
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Fig. 4.13: Accuracy plots and the visualization of the grid-shells from the FF and GNN 

models for analysis No. 1. 

Table 4.4: Evaluation metric values for the analysis No. 1. 

Feature R2 MAE MAPE (%) RMSE 

X 0.999 0.301 m 3.28 0.42 m 

Y 0.999 0.205 m 2.23 0.34 m 

Z 0.998 0.016 m 2.69 0.02 m 

Stress 0.986 2115.2 kPa 7.75 2838.2 kPa 
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2. No. 2 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Time taken: 2.40 s  

Time taken: 0.069 s  
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Fig. 4.14: Accuracy plots and the visualization of the grid-shells from the FF and GNN 

models for analysis No. 2. 

Table 4.5: Evaluation metric values for the analysis No. 2. 

Feature R2 MAE MAPE (%) RMSE 

X 0.999 0.270 m 3.56 0.38 m 

Y 0.999 0.271 m 3.68 0.37 m 

Z 0.997 0.030 m 1.67 0.03 m 

Stress 0.993 3108.5 kPa 5.28 3688.1 kPa 

 

Table 4.4 and Table 4.5 show the evaluation results for two grid-shell designs 

(Analysis No. 1 and No. 2), which were predicted using the trained GNN model. These 

results indicate a significant drop in performance compared to the main validation set, 

where R² values were over 0.99 for node coordinates and 0.965 for stresses. 

Specifically, the model struggles with accuracy in predicting the Z-coordinate and 

stresses, with R² values ranging from 0.730 to 0.81 for Z and from 0.055 to 0.51 for 

stresses. On the other hand, predictions for X and Y coordinates remain relatively high, 

with R² values between 0.993 and 0.997. However, the absolute errors for these 

coordinates (Mean Absolute Error: 0.26 – 0.68 m; Root Mean Square Error: 0.42 – 

0.90 m) are higher, and the Mean Absolute Percentage Error is moderate (2.6 – 20.2%). 

For the Z-coordinate, while the MAE (0.05 – 0.17 m) and RMSE (0.08 – 0.22 m) are 

low, they correspond to higher relative errors (MAPE: 18.5 – 22.5%), showing that 

vertical deformations are inconsistent. The model performs poorly with stress 

predictions, showing high MAE (4005 – 8913.1 kPa) and RMSE (5202 – 10160 kPa), 

with MAPE values (37.5 – 158.8%) inflated due to some near-zero stress cases. 

The model has difficulty predicting both the Z-coordinate and stresses. The main issue 

seems to be the limited data for each grid-shell design during training, which only had 

about 25 – 30 samples per layout. This lack of data makes it challenging for the model 
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to generalize across different shapes, particularly for complex behaviors such as 

vertical sagging and stress distribution, which are influenced by overall shape and load 

interactions. When the dataset mixes different shapes (like square, rectangular, 

circular, T, and L), the GNN may focus too much on common patterns (like square 

shapes) and not perform well on less common ones. This can cause errors to spread 

from the node movement to the resulting stress predictions. The lower R² values for Z 

and stresses indicate that the model has difficulty capturing long-distance 

relationships, a challenge compounded by the random variations in the dataset (such 

as changes in material properties), which introduce noise that the 4-layer GAT may 

struggle to handle without more data. 

A better approach might be to train separate models for different shapes (like circular, 

T-shaped, or L-shaped designs). This way, the model can concentrate on variations 

within similar designs, making it easier to learn and improving accuracy. For example, 

in circular designs, we could add specific features like radius, circumference, or angles 

as extra information. This would help the model understand global effects, like how 

loads are distributed in a circular shape, improving predictions of curvature-dependent 

behaviors (like Z changes in dome structures). To test this idea, we trained a 

specialized GNN model for dome-shaped grid-shells, predicting their final 

coordinates, member forces, and member areas. We generated the training data using 

a Coupled Analysis, distinct from the one described in Section 2.1.4.  The following 

section will briefly describe the data generation, GNN design, training, and testing for 

this specific shape model. 
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4.5 A GNN for Dome-type Grid-shell 

Here, we model the grid-shell structure as a graph using three node types: joints, grid 

members, and panels, as shown in Fig. 4.15. Table 4.6 details these nodes and their 

features, including inputs and predicted outputs. Connectivity is represented by 

undirected edges, enabling message passing between joint, grid member, and panel 

nodes to depict load transfer within the structure. Specifically, we reduce the number 

of edge types and replicate the actual load transfer of the grid-shell, unlike the graph 

representation in Section 4.3.1, from panel to node, and then from node to grid. To 

efficient message passing, we will add a bypass connection within the nodes of the 

panel. 

 

 

 

 

 

 

 

 

 

 

 

 

Fig. 4.15: (a) Grid-shell structure and (b) its graph representation 

 

Table 4.6: Node features. 

Node 

type 
Input features Output features 

Joint 

node 

Initial 3D coordinates, Fixity condition, 

Radius, 

Distance from the center (6D) 

Final deformed coordinates 

(3D) 

Grid 

node 

Midpoint coordinates, Member length, 

Axial stiffness (EA), Radius, 

Distance from the center (7D) 

Cross-sectional area, Axial 

force (2D) 

Panel 

node 

Centroid coordinates, Pressure loads 

(Gk, Wk), Panel area, Radius, Distance 

from the center (8D) 

 

Joint  ode

 anel  ode

 rid  ode

 rid  ode   Joint  ode

 lab  ode   Joint  ode

Joint  ode   Joint  ode
(a) (b) 
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We used a simple GNN architecture (Fig. 4.16) in this section, which processes each 

node type—joints, grids, and panels—through dedicated linear layers, followed by 

batch normalization and ReLU activation to establish a unified hidden representation. 

This transforms the raw input features of each component into a unified hidden 

representation (embedding) within a common latent space. For this model, the input 

feature dimensions are 6 for joints (initial coordinates, fixity, radius, distance from 

center), 7 for grids (midpoint coordinates, length, EA, radius, distance from center), 

and 8 for panels (load values, midpoint coordinates, area, radius, distance from center). 

The model comprises three stacked HeteroConv [124] layers, each integrating GATConv 

[125] layers tailored to specific edge types: ('joint', 'connects', 'joint') for intra-joint 

connections, ('panel', 'connects', 'joint') and ('grid', 'connects', 'joint') for panel-to-joint 

and grid-to-joint inter-connections, ('joint', ‘rev connects to’, 'panel') and ('joint', 

‘rev connects to’, 'grid') for reverse connections, and ('joint', 'connects', 'joint') for 

bidirectional joint interactions. All GATConv layers utilize multi-head attention with 

eight heads, disable output concatenation, retain self-loops for intra-type edges (e.g., 

joint-to-joint), and exclude them for inter-node edges (e.g., panel-to-joint) to enhance 

focus on local relationships. 

Following each HeteroConv layer, batch normalization and dropout are applied to each 

node type to stabilize training and mitigate overfitting. The final node representations 

are fed into type-specific multilayer perceptron (MLP) heads to predict deformed 

coordinates (x, y, z) for joints and cross-sectional area and axial force for grids. The 

training objective minimizes the Mean Squared Error between predicted and actual 

values for both joint and grid nodes.  Equation (4.10) defines the MSE loss for the x-

coordinate (𝑳𝒙) as: 

𝐿𝑥 =
1

𝑁
∑ (𝑥𝑖

𝑝𝑟𝑒𝑑 − 𝑥𝑖
𝑡𝑟𝑢𝑒)2

𝑁

𝑖=1
 

where 𝑵 is the number of samples, 𝒙𝒊
𝒑𝒓𝒆𝒅

 is the predicted x-coordinate, and 𝒙𝒊
𝒕𝒓𝒖𝒆 is 

the true x-coordinate. The total MSE loss (𝑳𝒕𝒐𝒕𝒂𝒍) is a weighted sum, as shown in 

Equation (4.11): 

𝐿𝑡𝑜𝑡𝑎𝑙 = 𝑤𝑥𝐿𝑥 + 𝑤𝑦𝐿𝑦 + 𝑤𝑧𝐿𝑧 + 𝑤𝑎𝐿𝑎𝑟𝑒𝑎 + 𝑤𝑓𝐿𝑥𝑓𝑜𝑟𝑐𝑒 

where the weightages are set as (𝒘𝒙, 𝒘𝒚, 𝒘𝒛, 𝒘𝒂, 𝒘𝒇) = (𝟏. 𝟎, 𝟏. 𝟎, 𝟐. 𝟎, 𝟏. 𝟎, 𝟏. 𝟎), 

emphasizing vertical deformations (𝒛). 

 

 

 

Fig. 4.16: The simple Heterogeneous GNN Architecture. 
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A dataset comprising 6,000 unique grid-shell graphs was generated for this study. Each 

configuration was created by randomly sampling from a predefined range of structural 

and loading parameters, including: 

• Radius (20 m to 30 m) 

• Number of radial ribs (Nr) (9 to 18) 

• Number of tangential rings (Nt) (9 to 18) 

• Initial axial stiffness (EA) (20,000 kN to 30,000 kN) 

• Dead load (Gk) (0.5 kPa to 2.5 kPa) 

• Wind load (Wk) (0.6 kPa to 1.2 kPa) 

The resulting dataset was then partitioned into a training set of 3,600 graphs and a 

validation set of 2,400 graphs. 

For each configuration, the target outputs were determined using a two-stage 

optimization process based on the method proposed by Y. Jiang [21], [30]. First, a 

form-finding analysis was conducted using the predefined axial stiffness and 

uniformly applied panel loads to establish the optimal structural geometry. We used 

D50 (Table 2.1) timber materials for all members and applied the same loads to all 

panels in an iteration. Once the optimal form was achieved, a subsequent size 

optimization was performed to determine the optimal cross-sectional areas for each 

member required to withstand the specified loads. The dataset statistics are shown in 

Fig. 4.17, while Fig. 4.18 displays the training history plot, and Fig. 4.19 and Fig. 4.20 

present the model accuracy plots. Table 4.7 presents the evaluation metric values for 

node and grid predictions. 

 

 

 

 

 

 

 

 

 

 

 

 

 

Fig. 4.17: Data statistics visualization for the dome type grid-shell model training. 



135 

 

 

 

 

 

 

 

 

 

 

Fig. 4.18: Training history plot of the dome-type grid-shell model training. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Fig. 4.19: Accuracy of node feature predictions of the dome-type grid-shell model 

training. 
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Fig. 4.20: Accuracy of grid feature predictions of the dome-type grid-shell model 

training. 

Table 4.7: Evaluation metric values for the dome-type grid-shell model training. 

Feature R2 MAE MAPE (%) RMSE 

X 0.9991 0.3631 m 5.5 0.4938 m 

Y 0.9993 0.3300 m 3.9 0.4362 m 

Z 0.9994 0.0642 m 1.7 0.0843 m 

Member area 0.9980 12.8625 cm2 4.0 17.4836 cm2 

Axial force 0.9977 18.8392 kN 7.9 25.2855 kN 

 

The dome-specific GNN model shows outstanding accuracy when predicting data 

from a set of 2,400 graphs, as shown in Table 4.7. For predicting node coordinates, the 

model achieves very high R² values: 0.9991 for X, 0.9993 for Y, and 0.9994 for Z. The 

MAE ranges from 0.0642 m (Z) to 0.3631 m (X), the RMSE ranges from 0.0843 m 

(Z) to 0.4938 m (X), and the MAPE ranges from 1.7% (Z) to 5.5% (X). These results 

demonstrate that the model can almost perfectly capture deformed shapes, particularly 

in the vertical (Z) direction, where low errors indicate that it has effectively learned 

how loads cause sagging in round structures. 

For grid predictions, the model achieves an R² of 0.9980 for member areas (with MAE 

at 12.8625 cm², RMSE at 17.4836 cm², and MAPE at 4.0%) and 0.9977 for axial forces 

(with MAE at 18.8392 kN, RMSE at 25.2855 kN, and MAPE at 7.9%). This shows 

that it accurately estimates how structures respond under randomized loads (Gk: 0.5 – 

2.5 kPa, Wk: 0.6 – 1.2 kPa) and stiffness (EA: 20,000 – 30,000 kN).  

In comparison to the previous general GNN model, which handled mixed shapes and 

predicted stresses (R²: 0.9654, MAE: 7402 kPa, MAPE: 198%), the dome-specific 

model performs much better. Coordinate R² values are higher (0.999+ compared to 
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0.9918 – 0.9983), with significantly lower MAPE (1.7–5.5% compared to 16–324%). 

This improvement comes from training specifically on 6,000 dome graphs and using 

specialized features like radius and distance from the center. Predictions for grid areas 

and forces also improve due to the uniform shape, resulting in lower errors (4.0 – 7.9% 

compared to 198%) despite the different targets (forces/areas versus stresses). This 

supports the idea that models focused on shapes can better generalize and capture 

overall effects, such as how loads spread out radially. 

Now, we will compare results from the FF and GNN analysis of two dome-type grid-

shells shown in Fig. 4.21. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Fig. 4.21: Initial flat grid-shell layouts for the dome-type grid-shell analysis. 

 

Table 4.8: Combinations of parameters for the comparative analysis of the dome-type 

grid-shell analysis. 

Analysis No. Layout Parameters 

1 L1 
EA = 22,000 kN 

Gk = 1.2 kPa, Q2 = 0.8 kPa 

Fixed nodes 

Free nodes 

Nodes: 73 (Fixed: 9, Free: 64) 

Edges: 135 

Fixed edges: 0 

Free edges: 135 

Panels: 63 

Nr: 9 

Nt: 7 

Radius: 20 m 

Nodes: 101 (Fixed: 10, Free: 91) 

Edges: 180 

Fixed edges: 0 

Free edges: 180 

Panels: 100 

Nr: 10 

Nt: 9 

Radius: 46 m 

 

 
L1 

 
L2 
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E = 14,000,000 kN/m2 

2 L2 

EA = 24,500 kN 

Gk = 1.8 kPa, Q2 = 0.6 kPa 

E = 14,000,000 kN/m2 

 

 

1. No. 1 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

(a) (b) 

Time taken: 0.32 s  

Time taken: 24.1 s  
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Fig. 4.22: (a) Comparison of member areas; (b) Comparison of member stresses; (c) 

Accuracy plots for the coordinates and predictions of member features from analysis 

No. 1. 

Table 4.9: Evaluation metric values for the Analysis No. 1. 

Feature R2 MAE MAPE (%) RMSE 

X 0.9974 0.3510 m 9.4935 0.4497 m 

Y 0.9981 0.2679 m 4.8040 0.3902 m 

Z 0.9968 0.0482 m 2.6867 0.0633 m 

Member area 0.9810 14.8974 cm2 6.2888 19.1413 cm2 

Axial force 0.9929 14.4264 kN 8.8583 17.5977 kN 

 

(c) 
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2. No. 2 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

(a) (b) 

Time taken: 0.33 s  

Time taken: 40.1 s  
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Fig. 4.23: (a) Comparison of member areas; (b) Comparison of member stresses; (c) 

Accuracy plots for the coordinates and predictions of member features from analysis 

No. 2. 

Table 4.10: Evaluation metric values for the Analysis No. 2. 

Feature R2 MAE MAPE (%) RMSE 

X 0.9993 0.4210 m 4.0260 0.5541 m 

Y 0.9997 0.2324 m 2.0349 0.3504 m 

Z 0.9998 0.0417 m 0.7246 0.0560 m 

Member area 0.9980 18.2095 cm2 1.9540 23.1746 cm2 

Axial force 0.9979 28.3145 kN 4.9778 36.3006 kN 

 

The results in Table 4.9 and Table 4.10 show significant improvements in model 

accuracy. In the first analysis (Table 4.9), the model achieved high R² values: 0.9974 

for X, 0.9981 for Y, and 0.9968 for Z coordinates, along with 0.9810 for Area and 

0.9929 for Force in member features. The second analysis (Table 4.10) showed even 

better results, with R² values of 0.9993 for X, 0.9997 for Y, and 0.9998 for Z 

coordinates, as well as 0.9980 for Area and 0.9979 for Force in member features.  

These results mark a significant improvement over the earlier model, especially for the 

Z-coordinate, where the mean absolute percentage error (MAPE) dropped to just 

0.72%, in contrast to over 22% before. The predictions for member features were also 

much more accurate, with MAPE values for Area and Force staying below 9%, 

compared to over 158% for stress in the earlier model. 

(c) 
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In summary, the results strongly support the idea that training models specific to 

certain shapes is more effective. By focusing on a particular type and including 

important geometric features, the specialized dome GNN effectively captured complex 

behaviors in a lesser time (×75+ times faster) related to curvature with great accuracy. 

The high R² values and low error rates in Tables 4.9 and 4.10 confirm that this targeted 

approach solves the generalization problems of the initial model, producing a much 

more reliable tool for predicting dome-type grid-shells. 
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CHAPTER 5 

CONCLUSIONS AND FUTURE WORK 

This research makes two primary contributions to the analysis and design of grid-shell 

structures by introducing (i) a flexible form-finding software tool and (ii) a coupled 

form-finding and member-sizing optimization framework. These tools were developed 

to overcome the limitations of conventional workflows, which typically restrict 

designers to fixed assumptions regarding geometry, material properties, and loading 

configurations. The proposed framework provides a more versatile, physically 

meaningful design environment, enabling engineers to investigate a broader range of 

structural configurations during the early design stage. 

The uncoupled form-finding tool enables designers to convert an initial flat grid into 

an equilibrium shape based on the principle of minimum potential energy. However, a 

central limitation of this approach is that subsequent changes to member cross-sections 

alter axial stiffness distributions, rendering the original geometry non-optimal. To 

address this challenge, a coupled analysis tool was developed that incorporates 

member sizing into the form-finding loop. The procedure iteratively updates geometric 

form and axial stiffness until convergence is achieved, resulting in a structure that is 

optimal in both form and member dimensions. Validation against benchmark cases, 

including the catenary equation and the Force Density Method, confirms that the 

developed approach yields reliable equilibrium configurations. Results further 

demonstrate that the coupled framework effectively captures load redistribution under 

asymmetric loading and varying material properties. 

In addition to algorithmic development, this research explored the use of Graph Neural 

Networks (GNNs) as a surrogate modeling approach to significantly accelerate form-

finding computations. The results clearly indicate that specialized, typology-specific 

GNN models, particularly those trained for dome-type grid shells, achieve high 

predictive accuracy while reducing computational costs by several orders of 

magnitude. In contrast, a generalized model trained on mixed geometries achieved 

lower accuracy, particularly in vertical displacements and member stresses, primarily 

due to insufficient training data per typology. These observations suggest that shape-

specific GNNs present a more reliable and scalable solution for engineering practice. 

Benefits to Stakeholders 

The developed framework provides tangible benefits to multiple stakeholder groups: 

• Practicing engineers benefit from a computationally efficient and physically 

consistent design tool that enables rapid exploration of form alternatives while 

ensuring structural feasibility. 
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• Architects and conceptual designers gain access to a near-instantaneous 

environment for shape generation, enabling form-driven design without 

requiring repeated form-finding and finite-element analysis. 

• Researchers can use the framework as a foundation for developing physics-

informed machine learning models and benchmarking new surrogate 

techniques. 

• Academia may adopt the tools for teaching structural form-finding, 

optimization, and AI-assisted structural design in a unified, accessible 

platform. 

Limitations and Future Research Directions 

Despite the contributions of this research, several significant limitations and 

opportunities for future development remain. 

First, the current GNN models were trained using uniform panel load distributions and 

fixed material properties for each structural configuration. Future work should include 

training on variable load patterns and heterogeneous material distributions to enable 

the model to capture more realistic design scenarios. Furthermore, generalized GNN 

performance can be improved by increasing dataset size within each typology to 

reduce data imbalance and enhance representativeness. 

Second, the present GNN models are purely data-driven. Incorporating physics-

informed loss functions, such as equilibrium constraints and potential energy 

minimization, would significantly enhance model generalization and physical 

credibility. Including an equilibrium-based loss term would also enable designers to 

assess the reliability of predicted geometries through automatic residual checks 

following GNN inference. 

Third, a significant extension is the development of an inverse design framework that 

predicts the required material properties, cross-sectional dimensions, and load limits 

for a user-defined target geometry. Such capability would enable automated material 

selection and structural feasibility verification at the conceptual stage. 

Fourth, bending effects are not presently considered in the form-finding process. Since 

real grid shells often exhibit semi-rigid joints and bending-active behavior, future 

formulations should incorporate modeling of bending strain energy and joint stiffness. 

This will improve accuracy for timber and bamboo-based systems, where bending and 

joint rotation play a critical structural role. 

Finally, integration of the trained model into a Grasshopper plugin environment 

represents a practical deployment pathway. This would provide architects and 

engineers with a real-time form-finding platform, substantially accelerating conceptual 

design iterations and enabling direct coupling between computational design and 

structural evaluation. 
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Closing Remarks 

In conclusion, this work establishes a unified computational framework that bridges 

classical form-finding theory, optimization techniques, and machine learning. The 

coupled optimization framework resolves inconsistencies between geometry and 

member design, while specialized GNN models demonstrate the feasibility of real-

time structural prediction. Collectively, these developments lay the foundation for 

next-generation grid-shell design workflows where physics-informed machine 

learning and automated optimization replace traditional trial-and-error practices, 

enabling engineers and designers to achieve superior structural performance with 

unprecedented efficiency and reliability. 
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